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SMART SENSORS FOR RAILCAR MONITORING

Darrell Socie
Mechanical Science and Engineering Department
University of Illinois at Urbana-Champaign

ABSTRACT

Ubiquitous computing and smart sensor technology has seen tremendous growth over the
last five years. The latest generation of very low-power microprocessors, low power spread
spectrum radio transceivers, and networking software has driven a new round of smart sensor
research, development, and commercialization. A smart sensor is distinguished by the ability to
not only sense and collect data, but to process, reduce and make decisions based on its own data
and data from the surrounding sensor network. The multi-sensor network is a key aspect of
ubiquitous computing and promises to significantly lower the barriers that afflict current long-
term, in-field monitoring systems. Those barriers include: 1) high installation and maintenance
costs due to placement of sensors and routing of power/data lines 2) limited time duration due to
limited battery life and 3) penalties associated with the physical size and weight of the data
collection system. To be practical the whole system must be designed to totally require only a few
milliwatts of power and be able to be produced in large quantities for less than €100 each.

The barriers described above establish the need for energy harvesting solutions. Smart sensors
require about 10 mW of power. A visible lack of energy harvesting solutions for smart sensor
systems exists today. Until recently, there were very few applications where 10 mW of power was
useful. There are many different sources of energy available from the ambient environment.
These sources include solar, vibration, thermal, and wind. Each of these sources has the potential
to provide the 10 mW of energy needed to power a smart sensor indefinitely. In addition, the
relatively small footprint of smart sensors, less than 10 cm’, adds an additional constraint to the
energy generation mechanism.

This paper reviews available power sources focuses on the design trade-offs associated with a
linear electromagnetic energy harvester. The main constraint placed on the harvester is the overall
size. Because smart sensors are themselves small, the energy harvesting device must also be
correspondingly small. For this study, the size of the device is limited to a cylmder 2.5 cm in
diameter and having a height of 2.5 cm for a total volume of about 10 cm’. The goal is to
maximize power output from the device by adjusting the following design parameters: 1) number
of magnets 2) number of coils 3) orientation of magnets with respect to coils and 4) trading outer
coils for steel casing.
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TRANSITIOLAMPOTILAKRITEERIEN TAUSTA JA MERKITYS
HAURASMURTUMISMITOITUKSEN KANNALTA

Kim Wallin
VTT
PL 1000, FIN-02044VTT
E-mail: kim.wallin@vtt.fi

Transitiolampétilakriteerit kehittyivit toisen maailmansodan aikana ja pian sen jilkeen. Tilldin
tajuttiin laajemmin, ettd rakenneterfisten sitkeys riippuu limpétilasta. Ilmié oli toki jo aiemmin
tunnettu, mutta sithen mennessi ei ollut mahdollista kehittdd sitkeydelle kvantitatiivista arviota.
Toisen maailmansodan aikana yleistyneet hitsatut laivat kokivat kuitenkin useita murtumia. Tami
tuotti laajan vertailuaineiston, jonka pohjalta kvantitatiivisia sitkeyden arviointikriteerejd lihdettiin
kehittimadn. Viidentoista seuraavan vuoden aikana kehitettiin titd varten lukuisia koemenetelmi,
joiden avulla laivaterdsten murtumiskfyttdytymistd pyrittiin selittiméén. Eri kokeita yhdistimésin
kehittyi lampotilaan perustuva vertailu. Télloin kehittyivdt transitiolimpétilakriteerit, jotka
suurelta osin ovat kdytossd tiAndkin pdivind. Tdnddn, kuitenkin, on suurelta osin unohdettu
kritecrien empiirinen tausta ja niiden rajoittuminen alun perin vanhanaikaisiin matalalujuuksisiin
laivaterdksiin. Tédnd paivdnd kéytetyt terdkset poikkeavat ominaisuuksiltaan suuresti niistd
terdksistd, joille transitioldimpdétilakriteerit alun perin kehitettiin. Tdmén takia on pakko arvioida
uudella tavalla kriteerien merkitys haurasmurtumismitoituksen kannalta. Tdmé voidaan tehdi
murtumismekaniikan avulla.

Murtumismekaniikka, tieteenala jossa yhdistetidn rakenteen jdnnitystila, mahdollinen vika ja
materiaalin murtumisvastus, on kehittynyt valtavasti viimeisten kahdenkymmenen vuoden aikana.
Tén4 pédivind on siten mahdollista tutkia eri transitioldmpétilakokeiden merkitystd uudella tavalla
ja ndin ollen myds kriteerien merkittivyyden arviointi on mahdollista my8s nykyisin kiytossi
oleville terdksille. Tdn4 pdivdnd yleisimmin kiytetty transitiokiyttdytymistd mittaava koe, Charpy-
V iskukoe, on mahdollista korrelaation avulla kytked materiaalin murtumissitkeyteen, jolloin
rakenteen/materiaalin kvantitatiivinen murtumismekaaninen arviointi on mahdollista. Murtumis-
sitkeyden ja Charpy-V iskukokeen vilisiid korrelaatioita on toki ollut olemassa jo pidemmiin aikaa,
mutta vasta viime vuosina tapahtunut murtumismekaniikan kehitys on mahdollistanut luotettavien
korrelaatioiden kehittimisen. N4itd uusimpia korrelaatioita hy6dynnetddn tind pdivind vikojen
kriittisyyttd arvioivissa menetelmissd, kuten BS7910. Uusimpana menetelmidnd on kehitetty
FITNET arviointimenetelmé, josta on valmistumassa "CEN workshop agreement" -dokumentti.

Téssd esitelméssd kdydddn lipi alkuperdisten transitiokriteerien kehitys ja esitetddin niiden
merkitys nykyisille teriksille, haurasmurtumismitoituksen kannalta, uusimman murtumismekaa-
nisen tietimyksen pohjalta.
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DESIGN OF ECONOMIC STEEL STRUCTURES

K. JARMAI
Professor at the Faculty of Mechanical Engineering, University of Miskolc,
H-3515 Miskolc-Egyetemvaros, Hungary, altjar@uni-miskolc.hu

ABSTRACT

Design of economic steel structures is an important issue to be competitive. Optimum design,
structural analysis, fabrication technologies and economy are in close connection is this process.
We have developed a cost calculation system to calculate both material and different fabrication
costs, like welding, cutting, grinding, painting, etc. The used optimization techniques can solve
highly nonlinear problems. The newly developed evolutionary techniques are very robust. On a
simple example we show the application of this kind of approach. The structure is a stiffened plate
and we optimize it with different welding technologies.

1 INTRODUCTION

People in their everyday life always make optimization on a conscious or a subconscious way
,,t0 reach the best, which is possible with the resources available”. The consciousness makes the
act more efficient. They have always targets to reach and constraints to control them. The birth of
optimization methods as mathematical techniques can be dated back to the days of Newton,
Lagrange and Cauchy. The further development in optimization was possible by the developments
of differential calculus by Newton, Leibnitz, the variational calculus by Bernoulli, Euler, Lagrange
and Weierstrass, the introduction of unknown multipliers by Lagrange. The concept of
multiobjective optimization was formulated one hundred years ago by Pareto in 1896.

The first written analytical work published on structural optimization was made by Maxwell in
1890, followed by the well-known work of Michell in 1904. These works provided theoretical
weight minima of trusses, using highly idealised models, but the analytical way of solution of the
structural optimization problem is still usable.

During the Second World War and in the late 1940's and the early 1950's the development of
optimization concerned to the minimum weight design of aircraft structural components: columns,
stiffened panels, subject to compressive loads and to buckling. Digital computers appear in the
early 1950's and gave a strong impulse to the application of lincar programming techniques. The
applications were focused primarily on steel frame structures.

In the late 1950's and 1960's the applications of structural optimization on lightweight
structures concentrated to the aircraft and space industries. This time a some new optimization
techniques have been developed by works of Rosenbrock, Box, Powell. The great development of
this period is that the finite element method, which is a powerful tool for analysis of complex
structures, has been invented by Zienkiewich and applied by many others for structural analysis.

Modern structural optimization can be dated from the paper of Schmit in 1960, who drew up
the role of structural optimization, the hierarchy of analysis and synthesis, the use of mathematical
programming techniques to solve the nonlinear inequality constrained problems. The importance
of this work is that it proposed a new philosophy of enginecring design, the structural synthesis,
which clarifies the methodology of optimization.
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There are several international organizations which deal with optimisation, probably the largest of
them is the International Society of Structural and Multidisiplinary Optimization (ISSMO) which
has its own journal Structural and Multidisciplinary Optimization (Springer Verlag) and regularly
organises conferences.

The International Institute of Welding (IIW) also deals with cost calculations (Journal Welding in
the World), they have annual assembly each year. Also there are a great number of other
conferences and courses which have been organized connected to these two main fields. At the
University of Miskolc we have organised several conferences (Farkas & Jarmai (Eds.) 1996,
Jarmai (Ed.) 1997, Jarmai & Farkas (Eds.) 2003), also courses in CISM, Italy (Farkas & Jarmai
1996, Jarmai & Farkas (Eds.) 1999).

2 DESIGN VARIABLES, OBJECTIVE FUNCTIONS, CONSTRAINTS AND
PREASSIGNED PARAMETERS

The objective function (more functions at multiobjective optimization), the design variables, the
preassigned parameters and the constraints describe an optimization problem.

2.1 Design variables and preassigned parameters

The quantities, which describe a structural system can be divided into two groups: preassigned
parameters and design variables. The difference between them is that the members of the first
group are fixed during the design, the second group is the design variables, which are varied by
the optimization algorithm. These parameters can control the geometry of the structures. It is the
designer choice, which quantities will be fixed or varied. They can be cross-sectional areas,
member sizes, thicknesses, length of structural elements, mechanical or physical properties of the
material, number of elements in a structure (topology), shape of the structure, etc.

2.2 Constraints

Behaviour means those quantities that are the results of an analysis, such as forces, stresses,
displacements, eigenfrequencies, loss factors etc. These behaviour quantities form usually the
constraints. A set of values for the design variables represents a design of the structure. If a design
meets all the requirements, it will be called feasible design. The restrictions that must be satisfied
in order to produce a feasible design are called constraints. There are two kinds of constraints,
explicit and implicit ones.

Explicit constraints

Explicit constraints which restrict the range of design variables may be called size constraints or
technological constraints. These constraints may be derived from various considerations such as
functionality, fabrication, or aesthetics. Thus, a size constraint is a specified limitation, upper or
lower bounds on a design variable. Examples of such constraints include minimum slope of a
portal frame structure, minimum thickness of a plate, minimum or maximum ratio of a box section
height and width, etc.

Implicit constraints ,

Constraints derived from behaviour requirements are called behavioural constraints. Limitations
on the maximum stresses, displacements, or local and overall buckling strength, eigenfrequency,
damping are typical examples of behavioural constraints. The behaviour constraints can be
regarded as implicit variables. The behavioural constraints are often given by formulae presented
in design codes or specifications. Other part of the behavioural constraints are computed by
numerical technique such as FEM. In any case the constraints can be evaluated by analytical
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technique. From a mathematical point of view, all behavioural constraints may usually be
expressed as a set of inequalities.

2.3 Objective function

In most practical cases an infinite number of feasible designs exists. In order to find the best one,
it is necessary to form a function of the variables to use it for comparison of design alternatives.
The objective function (also termed the cost, or merit function) is the function whose least, or
greatest value is sought in an optimization procedure. It is usually a nonlinear function of the
variables x, and it may represent the mass, the cost of the structure, or any other function, which
extremum can give a possible and useful solution of the problem. The minimization of f{x) is
equivalent with the maximization of - f{x).

3 DIVISIONS IN OPTIMIZATION TECHNIQUES

The different single-objective optimization techniques make the designer able to determine the
optimum sizes of structures, to get the best solution among several alternatives. The efficiency of
these mathematical programming techniques is different. A large number of algorithms has been
proposed for the nonlinear programming solution Himmelblau (1972), Vanderplaats (1984),
Schittkowski et al (1994), Snyman (2005). Each technique has its own advantages and
disadvantages, no one algorithm is suitable for all purposes. The choice of a particular algorithm
for any situation depends on the problem formulation and the user.

The general formulation of a single-criterion nonlinear programming problem is the following:

minimize f(x) x={xX,Xp... %y} e
subject to g,(x)<0, j=12,.,P 2)
h(x)=0 i=P+l.,P+M 3)

f{x) is a multivariable nonlinear function, gj(x) and h;(x) are nonlinear inequality and equality

constraints respectively.

The optimization models can be very different from each other.

- Analytical and numerical

- Unconstrained and constrained

- Single- and multivariable

- Single- and multiobjective

- Discrete and nondiscrete

- Structure free and structure dependent techniques

- Single- and multilevel optimization
Detailed description is given in (Farkas & Jarmai 1997, Jarmai & Ivéanyi 2001, Farkas & Jarmai
2003).

4 COST ELEMENTS

The cost of the structure can be calculated from the material and the various fabrication costs,
where one should consider the cost differences between different technologies and also their
effects on the structure. The fabrication cost at welded steel structures can be welding, flattening,
cleaning, painting, cutting, grinding, etc. (Peurifoy 1975, Volkov 1978, Yeo 1983, Winkle 1986,
Ramirez & Touran 1991). If one does not consider the costs elements directly, but the fabrication
times, which are available for a given technology, it is easier to calculate later the real cost in a
given country (Jarmai & Farkas 1999).
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4.1 Material cost

The material cost can be calculated as

Kn = knpV, “4)
where K, [in § or in any other currency] is the material cost, &, [$/kg] is the corresponding
material cost factor, p [kg/mm’] is material density, ¥ [mm’] is the volume of the structure. The

range of k,, is between 0.5 — 1 [$/kg] according to the producers’ pricelists.
4.2 Fabrication cost

The fabrication cost can be expressed as (Pahl & Beelich 1992)
K=k 2. T,. s)

where K;[$] is the fabrication cost, & [$/min] is the corresponding fabrication cost factor, T; [min]

are production times. It is assumed that the value of k;is constant for a given manufacturer. If not,
it is possible to apply different fabrication cost factors simultaneously in Eq. (5).

4.2.1 Fabrication times for welding

The most important times related to welding are as follows: preparation, assembly, tacking, time
of welding, changing the electrode, deslagging and chipping.

Calculation of the times of preparation, assembly and tacking

The times of preparation, assembly and tacking can be calculated with an approximation formula
as follows

Twl . Cl@dw v KpV H (6)
where C; is a parameter depending on the welding technology (usually equal to 1), ® 4, is a
difficulty factor, K is the number of structural elements to be assembled. Formula (6) can be
approximately derived from Lihtarnikov (1968).
The difficulty factor expresses the complexity of the structure. Difficulty factor values depend
on the kind of structure (planar, spatial), the kind of members (flat, tubular). The range of values
proposed is between 1-4 (Farkas & Jarmai 1997).

Calculation of real welding time

The welding technologies applied are given in Table 1. Real welding time can be calculated on the
following way

= ZI;C asL M

2i%wi™wi s

where a,,; is weld size, L,,; is weld length, C; and » are constants for different welding

technologies. C, contains not only the differences between welding technologies but the time
differences between positional (vertical, overhead) and normal welding as well (see
Farkas&Jarmai 2003).

Calculation of additional fabrication actions time
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There are some additional fabrication actions to be considered such as changing the electrode,
deslagging and chipping. The time of these is as follows

Tw3 . ' @dw Z C3iav2viLwi . (8)

Formulae (6,7,8) was proposed by Pahl & Beelich (1982) and used in (Farkas 1992, Farkas &
Jarmai 1993, Jarmai & Farkas 1999).
Ott & Hubka (1985) proposed that C; = (0.2-0.4) C; on average C; = 0.3C,, Thus, the modified

formula for T,,+T,; neglecting /@, , is

T,+T,=13YC,a’L, . ©®)

2iwi™wi

In the negligence of ,/@ it is assumed that the difficulty factor should be considered only for

dw
T,

The software COSTCOMP (1990) was developed by the Netherlands Institute of Welding. It
gives welding times and costs for different welding technologies (Bodt 1990) on the basis of
theoretical and experimental investigations. Considering the times given by companies all over the
world and the times calculated by COSTCOMP here Eq. (6) is used for T,,; and the other times are
calculated with a generalized formula, where the power of a,, is », which is some cases equal to 2,
or close to it.

T,+T,=13YC,a,L, . (10)
The different welding technologies are shown in Table 1. The weld types are given are as follows:
fillet welds, V-, X-, T-, 1/2 V-, T-, U-, Y- butt welds and the double version of T-, U-, Y- butt

welds and the K-butt weld.

Table 1. Welding technologies applied

SMAW Shielded Metal Arc Welding

SMAW HR Shielded Metal Arc Welding High Recovery
GMAW-C Gas Metal Arc Welding with CO,
GMAW-M Gas Metal Arc Welding with Mixed Gas
FCAW Flux Cored Arc Welding

FCAW-MC Metal Cored Arc Welding

SSFCAW (ISW) Self Shielded Flux Cored Arc Welding
SAW Submerged Arc Welding

GTAW Gas Tungsten Arc Welding

Using COSTCOMP the welding times T, (min) were calculated versus weld size ay, (mm) for

all kind of welding types in downhand position. The values of power # in Eq. (7) come form curve
fitting calculations.

The welding times T, (min/mm) versus weld size a,, (mm) also were calculated for
longitudinal fillet welds and for longitudinal V butt welds in positional welding, which means not
downhand, but vertical or overhead positions.

Figure 1 shows the welding times for longitudinal V butt welds in decreasing order SMAW,
SMAW-HR, GMAW-C, GMAW-M, FCAW, FCAW-MC, ISW and SAW. The highest being
SMAW and the lowest is SAW.
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Size of V-butt welds [mm]

Figure 1. Welding times Ty, (min/mm) versus weld size ay, (mm) for downhand position

Calculation of the times of special welding technologies

The arc-spot welding is used for many structures, where only one side welding is possible. The
production time is given by

T, =nT;, (11
where ng is the number of spots, Ty is the time of welding one spot weld and of transferring the
electrode to the next spot. Ts depends on the welding equipment and the degree of automation

(Jarmai et al. 1999).
4.2.2 Fabrication times of post-welding treatments

To increase the dynamic behaviour of welded structures, often post weld treatments (PWT) are
used (Jarmai et al. 2000). These treatments are grinding, TIG dressing, hammer- and shot peening,
ultrasonic impact treatment (UIT). Time for PWT is

TPWT:TOLz, (12)
where T} is the specific time (min/mm), L, is the treated weld length (mm). Table 2 shows the
specific times for the given PWT.

Table 2. Time needed for different PWT techniques

Method Ty (min/m)
Grinding 60

TIG dressing 18
Hammer peening 4

UIT 15
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4.2.3 Time for flattening plates

The smallest possible initial imperfection is important at the stability behaviour of plated
structures that is why flattening plates can be necessary depending on the producer. In the
catalogue of different companies one can find the times for flattening plates (7 [min]) versus a
plate thickness (¢ [mm]) and the area of the plate (4, [mm?]). Based on curve fitting calculations
the time function can be written in the form:

1
T, = @df(ae +bt + — ]Ap , (13)

€

where a,~9.2*10™* [min/mm?], b= 4.15*107 [min/mm’], © ar is the difficulty parameter (&, =
1,2 or 3). The difficulty parameter depends on the form of the plate.

4.2.4 Surface preparation time

The surface preparation means the surface cleaning, sand spraying, etc. The surface cleaning time
can be defined versus the surface area (4, [mm®]) as follows:
Ty =0 a,4 (14)

ds“sp“is 2
where ag, = 3%10°% [min/mm?], @  is a difficulty parameter.

4.2.5 Painting time

The painting means making the ground- and the topcoat. The painting time can be given versus
the surface area (4, [mm’]) as follows:

T,=0,(a, +a,.)4,, (15)
where ag, = 3*10°° [min/mm’] , a,. = 4.15% 10 [min/mm?], ® ,, is a difficulty factor, ® 4=1,2 or
3 for horizontal, vertical or overhead painting. Tizani et al. (1996) proposed a value for painting
14.4 [$/m’].

4.2.6 Plate cutting and edge grinding times

The cutting and edge grinding can be made by different technologies, like Acetylene, Stabilized
gasmix and Propane with normal and high speed.

The cutting time can be calculated also by COSTCOMP. The normal speed acetylene has the
highest time and the high-speed propane has the smallest cutting time (Fig. 2).
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Figure 2. Cutting time for 1 mm length of plates, Tcp (min/mm) versus thickness for fillet, T-,
V-, 1/2 V butt welds

The cutting cost function can be formulated versus the thickness (# [mm]) and cutting length (L,
[mm]):
Tep = ZCCPitinLci ) (15)

where ¢ the thickness in [mm], L,; is the cutting length in [mm]. The value of n comes from curve
fitting calculations.

4.2.7 Times of hand cutting and machine grinding of strut ends

At tubular structures a main part of the total cost is the cost of hand cutting and machine grinding
of strut ends. We use the following formula (Farkas & Jarmai 1997)
Tpo =0, 5 2 (4,541 0.4220¢2), (16)
T sing
where the fabrication cost factor is taken on the basis of Tizani et al. (1996) as £.25/h = 40$/h =
0.6667 [$/min], and the difficulty factor is considered as ® ,, = 3. The diameter of the brace is d;
in m, thickness is £ in mm. @ is the angle between the two members (chord and brace) connected.

Note that Glijnis (1999) proposed a formula for one strut end in the case of oxyfuel cutting on
CNC machine as follows:

Kou(§)= 2.5, an
(35021, )0.3sing,

where 350 mm/min is the cutting speed, 0.3 is the efficiency factor, d; and # are in mm.

4.2.8 Total cost function



427

The total cost function can be formulated by adding the previous cost functions together
(depending on the structure some can be zero).

k
k£= pV+k—f(Tw| AT+ s+ T+ Toyr +Tp + T +TP+TCP+TCG) (18)

m m

Taking k,, = 0.5-1 $/kg, k;=0 -1 $/min. The k/k,, ratio varies between 0 - 2 kg/min. If k/k, =0,
then we get the mass minimum. If k¢k,, = 2.0 it means a very high labour cost (Japan, USA), k/k,,
= 1.5 and 1.0 means a West European labour cost, k/k,, = 0.5 means the labour cost of developing
countries. Even if the production rate is similar for these cases, the difference between costs due to
the different labour costs is significant.

5 NUMERICAL EXAMPLE
We show the cost calculations at stiffened plates, where the welding cost is larger.

5.1 Welded stiffened plate

Figure 3. Stiffened plate

The problem is to minimise the cost of a stiffened plate considering the stress, overall and local
buckling constraints in the case of different welding technologies.

The stiffened plates are widely applied in bridge and ship structures. Since the welding cost is a
great part of the total cost, it is economic to optimize these structural components for minimum
cost (Farkas & Jarmai 1993, Jarmai 2000a, 2000b).

The cost function is calculated according to Eq (18), where

A=bot+phit, e, =3, K=+, L,=2Lp and ¢ isthe number of stiffeners.
The stiffeners are welded to the plate by double fillet welds. The welding costs can be calculated
for different welding technologies (Fig. 1).

The main data for the optimization are as follows:
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Young modulus of the steel is E = 2.1*10° MPa, material density is p = 7.85¥10° kg/mm’,
Poisson parameter is v= 0.3, yield stress is f, = 235 MPa, width of the plate is ;=4200 mm and
the plate length is L=4000 mm.
The compression force is

N = f,byt f ax =235%4200*20=1.974*10" (N) (19)
The independent design variables are as follows (Fig. 3):
Thickness of the plate (¢ ), height and thickness of the stiffeners (A5 f) and the number of
stiffeners (p=>by/a).

5.2 Design constraints

a) Overall buckling design rules, according to API (1987) for the compressed plate with uniform
distance stiffeners ( Fig. 3).

N<if,A4 (20)
where, y is the buckling constraints, versus the reduced slenderness factor:
r=1 when 4<0.5,
;g=1.5—:1- when O.SS/ISI,
x=% when 421 (21)
and
- 12(1-v?)yf,
2, =b_0 71!)' 3 (22)
t; Ex“k
km!ri = "”'in(k-" ’kﬁ') ’ (23)
k,=4¢*. 24)
!1+a' ) +(0y
when @ = — < 44/1+ 25
ke = (+95,) h, vi+or 25)
and
21+ 41
lﬂ—)when o241+ ¢y (26)
I+py
where
5y=e, @n
byt
EI
==L 28
=% 28)
Bt
I === 29
$=73 (29)
3
Et;

2= G

Eq (28) can be rewritten as

3 3
y=dll-v?) s 236000 31)
bt byt
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where 1, is the moment of inertia of one stiffener about an axis parallel to the plate surface at the
base of the stiffener, D is the torsional stiffness of the main plate.
b) Buckling constraint of the stiffener is (Eurocode 3 1992):

bty [B -

t, B, f
The size constraints for the variables are as follows:
& =6-20mm,
& =84 -280 mm,
& ;=6-25mm,
¥ p=4-15mm

The elements of cost function for the welded stiffened plate are as follows
Size of welded joint a,, =

Cross sectionarea A=bot+ @ht,

Material cost pV=pLA

Fabrication costs &gk, . T,

1., = Cl@dw,/lch , where p = 7.85%10°,C, =1, k= g+l , @4,=2
T,,+T,,=13YC,a..L, where C;=0.7889, n=2 for SMAW, L,,=2L ¢
Tip = @de[ae +b,1° +ﬁ}4p where a,=9.2%10, b=4.15*107 , t=1, or t;,

A, =@hd orb)l, O =1,
Ty = O a,,4, = 5*107 where a,=3*10", 4,= @hL + b, Oy =1,
T, =0,,(a,+a,)A, where a,.=3*10°, a, =4.15%10°, 4,= @ hL + byL,

®dp = 25
T =3 Cogt'L,; where C;=1.1388 ,t="t,0rt;, n=0.25, L= (h; +L)

i
or (by +L).

Table 3 shows the optimum discrete sizes of the stiffened plate with different welding
technologies.

5.3 Conclusions

Figures 4 shows the distribution of the total cost. The diagrams illustrate that this distribution
depends on the welding technologies, the type of welding, the ratio of material and fabrication
specific costs and the structure type too.

The welding technologies in Figure 4 are given in decreasing order relating to the welding time
and cost. The differences are great among them. The welding time and cost is the greatest for
SMAW, the quickest and cheapest are the SAW, FCAW and ISW. For stiffened plates using
SMAW 46% of the total cost is the welding cost, using SAW, this is only 20%.

The mass of stiffened plate is pLA = 3258 kg (Table 3), the fabrication cost is 100 (15559-
3258) / 15559 =79 % of the total cost.
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Table 3. Optimum rounded sizes of welded stiffened plates in mm with fillet welds using different
welding technologies for k/k,=2.0

Welding technology  k#k,, hy t o t pV (kg) K/k,, (kg)
0.0 210 17 13 11 2737 2737
0.5 230 17 6 19 3242 6313
SMAW 1.0 235 17 6 19 3258 9409
1.5 235 17 6 19 3258 12484
2.0 235 17 6 19 3258 15559
0.0 210 17 13 11 2737 2737
0.5 230 17 6 19 3242 5749
SMAW HR 1.0 230 17 6 19 3242 8257
1.5 230 17 6 19 3242 10764
2.0 235 17 6 19 3258 13306
0.0 210 17 13 11 2737 2737
0.5 230 17 6 19 3242 5553
FCAW-MC 1.0 230 17 6 19 3242 7864
1.5 230 17 6 19 3242 10175
2.0 235 17 6 19 3258 12521
0.0 210 17 13 11 2737 2737
GMAW-C 0.5 230 17 6 19 3242 5299
GMAW-M 1.0 230 17 6 19 3242 7357
L5 235 17 6 19 3258 9444
2.0 230 17 6 19 3242 11471
0.0 210 17 13 1t 2737 2737
SAW 0.5 230 17 6 19 3242 5064
ISW 1.0 230 17 6 19 3242 6886
FCAW 1.5 230 17 6 19 3242 8707
2.0 235 17 6 19 3258 10564

Cost savings can be achieved using a cheaper welding technology, like SAW instead of
SMAW or GMAW, if it is possible. Table 4 shows the cost savings for the two different structures
and for the five different groups of welding. For stiffened plates the cost savings can be 32 % of
the total cost. All compared results are optimized.

Table 4 Cost savings using different welding technologies

Welding technology Stiffened plate
kik,=2.0 Total cost Cost savings in %
SMAW 15559 0
SMAW-HR 13305 14
FCAW-MC 12521 20
GMAW-C 11471 27

SAW 10560 32
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Figure 4. The total cost distribution of the welded stiffened plate with fillet welds using different
welding technologies for k/k,=2.0

SMAW 1sp TP reo SMAW-HR T .
5% 12% o Mass Tsp 14% 14y,  Mass
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36% 0% 27% 0%
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TP TCG
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5% Tw2+Tw3 Twil
20% 0%

There are a great number of examples published on different fields to demonstrate the usability of
optimisation forming a structure or a system to be more reliably and more economic. For example
for bridgedecks (Jarmai et al. 1997), for pipelines (Jarmai & Lukacs 1999), for sugar drying
(Szab6 & Jarmai 2000), for furnace wall structures (Sziics et al. 1997), etc.
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ABSTRACT

In this contribution, we deal with a posteriori error estimates and adaptivity for mixed
finite element discretizations of second-order elliptic equations. Here, the method proposed
is applied to the mixed model problem of the Poisson equation which is discretized by
mixed finite elements of the so-called Raviart-Thomas type. The residual-type a posteriori
error estimator presented relies on a postprocessed and therefore improved solution for
the displacement field that can be carried out locally, i.e. on the element level, see also
[10]. With this postprocessed solution at hand, upper and lower bounds on the finite
element discretization error can be obtained. Finally, a numerical example is presented
that illustrates our theoretical results.

1 Introduction

Following the recent paper by Lovadina and Stenberg [10], we consider mixed finite
element discretizations of second-order elliptic equations. In this paper, we choose the
Poisson problem as a model problem in which we search for a solution u € H}(Q) such that

—Au=f inQCR™ (1)
Upon introducing the flux o, we may recast (1) into the system

c—Vu=0 in§, (2a)
dive+f=0 in{. (2b)

The associated finite element discretization then results into the following mixed method
of solving

(oh,T)+ (divr,up) =0 Y78}, (3a)
(diven,v)+ (fiv) =0 YweV, (3b)

for a solution (o, ur) € Sp x Vi, € H(div:Q) x L2(Q).
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In this method, the polynomial used for approximating the flux o is of higher de-
gree than the one used for the displacement u, which is counterintuitive with respect to
(2a). Consequently, the mixed method has to be carefully designed in order to satisfy
the Babugka-Brezzi conditions, cf. e.g. [7], which can be shown either by means of the
H(div : Q)-norm for the flux and the L?(2)-norm for the displacement or by means of
so called mesh dependent norms [3] which are close to the energy norm of the continuous
problem. Note that both ways yield the same a priori error estimate.

The a posteriori error analysis of mixed methods has been shown in (1], [9] and [4], where,
e.g. in [9], the H(div:)-norm has been used which is, however, trivially computable and
also may dominate the error. Furthermore, an estimate for the L%-norm of the flux, as
used e.g. in [4], is not optimal, since the estimator includes the element residual in the
constitutive relation (2a) which is large due to the fact that the polynomial degree of the
displacement approximation is lower than that for the flux.

In this paper, we present a remedy to this in terms of a postprocessed solution for the
displacements. Since the work of Arnold and Brezzi [2] it is known that the mixed finite
element solution can be locally postprocessed which results in an improved displacement
field. Later, other postprocessing has been suggested [5, 8, 6, 14, 13]. The cornerstone of
the postprocessing presented in this paper is that the postprocessed displacements are of
one degree higher than the flux, which is in accordance with (2a).

2 A priori estimates and postprocessing

In this section, we derive a priori error estimates for the model problem presented.
Furthermore, we introduce the postprocessing method for the displacements as used in the
a posteriori error analysis later in Section 3.

To begin with, let us introduce the finite element regular partitioning C; in terms of
triangular (or tetrahedral) elements K and the collection I'y, of edges (or faces) E. In this
paper, we confine ourselves to triangular finite elements of the Raviart-Thomas type [12],
although also Brezzi-Douglas-Marini elements could be chosen for the FE-discretization.
In this case, we define the finite-dimensional subspaces Sy, x V, C H(div: Q) x L*(Q) as
piecewise polynomial spaces on Cp, defined as

S, = {7 e H(div:Q) | 7|k € [Po_1(K)]" ® xPp_1(K) VK € Cp } (4a)
Vi ={veL*Q)| vk € Pr_1(K) VK €Ch } (4b)

with integer k > 1 and Py_;(K) denoting homogeneous polynomials of degree k — 1.
Throughout this paper, we also use the following norms for the displacements

Wis= D IVold e+ > hg'lllIE e (®)

KeCy, Eel'y

and for the flux

ITl8n = l7I5+ D helr-nlb e (6)
Eel'y

where n is the unit normal to E € [’y and [v] is the jump in v along the interelement
boundaries and the boundary 99.
Upon defining the bilinear form

B(p, w;T,v) = (¢, T) + (divT,w) + (div ¢, ), (7)

the mixed method can be defined in a more compact fashion as:
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B(on,ur;T,v) + (f,v) =0 Y(r,v) € Sy X V. (8)

In order to derive an a priori error estimate we employ the interpolation operator Ry, :
H(div:Q) N [L*(Q)]™ — Sh, with s > 2, such that

(div(r — RpT),v) =0 Yo €V}, 9)

which can be constructed by using the degrees of freedom for Sy, cf. [12, 11, 8, 6]. With

the equilibrium property
div S, C Vi, (10)

and denoting by Py, : L2(Q) — V}, the L2-projection, it then follows that
(divr,u — Pou) =0 VY71 € Sh. (11)
Moreover, the projection and interpolation operators satisfy the commuting property:
div R, = Prdiv. (12)

With these notations at hand, we arrive at the following a priori error estimate: There
is a positive constant C such that

llo = onllo + [[Pre — ual1,n < Cllo — Ruoflo (13)

which results in
llo = onllo + | Pree — unllin < Ch¥|o. (14)

For further details we refer to [10]. Notice that these estimates contain a superconvergence
result for || Pyu—up||1,n. Recalling (2a), it is furthermore obvious that o, is a good approx-
imation of Vu. Hence, we may construct an improved approximation for the displacements
4 by introducing a local postprocessing technique on the element level. Here, we use the
approach as introduced in [14, 13], i.e. we seek an improved solution uj, € V;* such that

Pruj, = uy, (15)
and
(VUZ,V’U)K = (O‘h,V’U)K Yv € (I — Ph)Vh*lKa (16)
where the space V¥ C V, is defined as
Vi ={ve L*Q)| vlx € P(K) VK €C }. (17)

The error analysis of this postprocessing has been carried out in [14, 13]. In this paper,
however, we consider the method and the postprocessing as one approach. Therefore, we
define the bilinear form

Br(p,w*; T,v%) =(@,7) + (divr,w*) + (div ¢, v*) (18)
+ > (Vu* —, V(I - Pyv")k.
Kecy,

Then, the following equivalence to the original problem can be easily verified: Let (o, u}) €
Sh x Vi be the solution of

By(on,up; 7,0*) + (Puf,v*) =0 Y(r,v*) € Sp x V7, (19)
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Figure 1: System, loading and measurements.

and set up = Pyu} € Vi. In this case, (oh,un) € Sp x Vj coincides with the solution of
(3a)-(3b). Conversely, let (an,ur) € S X V3, be the solution of (3a)—(3b), and let u;, € Vj
be the postprocessed displacement defined by (15)—(16). Then (o, u}) € Sp x V* is the
solution to (19). It can now be shown that the following a priori error estimate holds:

o — anllo + lu—ulllie < Cllo — Raollo+ inf |lu—v*|1n).
VeV

For our choice of space we obtain the a priori estimate (with the assumption of a sufliciently

smooth solution)
lo = onllo + llu— uhlln < CA*fulita (20)

for a positive constant C.

3 A posteriori estimates

In what follows, we briefly derive a posteriori error estimates for the mixed problem
presented which are based on the postprocessed and therefore improved displacement field
up.

As a starting point, let us define local error indicators on the element level. More



Figure 2: Approximate solution of the displacements.

precisely, we define the element domain contributions

m,k = IVu}, — orllo,x, (21a)
ne,k = hi|lf — Pufllo,x (21b)

and the edge contribution
ne =g/ [[ufllo,- (21c)

With these local error indicators at hand, we may then define the global error estimator

1= (X Gt + X n3) (22)

KeCp Eely,

All that remains is to show the efficiency and the reliability of the error estimator presented
above.
The efficiency of the estimator is simply given by the lower bound
M.k < [[V(u—up)lox + llo — onllox,
—1/2 " (23)
ne = hg "lu—uilllo.£,
which is an immediate consequence of (2a), using the triangle inequality, and of (21¢) noting
that [u] = 0 on each edge E.
The reliability of the estimator can be shown in two different ways, namely either via a
saturation assumption or via a Helmholtz decomposition. For further details we refer the
interested reader to Lovadina and Stenberg [10].
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Figure 3: Distribution of the estimated error.

4 Numerical example

In the numerical example, let us consider an L-shape domain which is clamped along
the entire boundary 9 as depicted in Fig. 1. Here, the loading f = 1 is equally distributed
over the whole domain Q. As a consequence, the term 7, g vanishes in the error estimator
(22).

The approximate displacement solution to the model problem, which is visualized in
Fig. 2, is obtained using lowest-order Raviart-Thomas finite elements, i.e. we get a piecewise
constant solution u in each triangle and a linear approximation for o. It should be noted
that the homogeneous boundary condition is fulfilled only in a weak sense, i.e. the solution u
converges towards zero with finer meshes, whereas in a standard displacement formulation
of the model problem the homogeneous boundary condition is a priori fulfilled with the
choice of FE-spaces.

In Fig. 3, the qualitative distribution of the estimated error on a uniformly refined mesh
with 3904 degrees of freedom is plotted. More precisely, dark areas or edges indicate areas
where the estimated error is large (either in the element or on its edges according to (21a)
and (21c)), whereas light areas indicate quite small estimated errors. Obviously, the error
estimator finds large errors around the edge singularity and small errors in some parts of
the interior of the domain €.

This qualitative error distribution then explains the adaptive mesh refinements as can
be seen in Fig. 4. In this figure, the 23rd adaptively refined mesh is plotted with 19373
degrees of freedom. As can be observed, the mesh is clearly heavily refined around the edge
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Figure 4: 23rd adaptively refined mesh with 19373 degrees of freedom.
singularity. In this paper, an element is refined if the error indicator on an element divided

by the maximum error indicator is larger than a given tolerance which was set here to 0.5.

Finally, the convergence of the estimated error as obtained in terms of (22) is visualized
in Fig. 5 on a double logarithmic scale and an optimal convergence can be verified.

5 Conclusions

In this paper, we derived a priori and a posteriori error estimates for the mixed model
problem of the Poisson problem. The error estimator relies on a postprocessed finite element

solution than can be done locally, i.e. on the element level. With this postprocessed solution

at hand both upper and lower bounds on the error can be computed in terms of volume and
edge terms. In the computed example we obtained good numerical evidence of the error

estimator presented.
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ABSTRACT

In this paper, an adaptive approach based on a time discontinuous Galerkin method
(dG) is proposed. For large time steps and in a linear non-autonomous case, it reduces to
the asymptotically second-order accurate Lobatto ITIC type implicit Runge-Kutta method,
which is equal to the Padé-(0,2) approximation of the exponential function. In the asymp-
totic range it will result in the asymptotically third-order accurate scheme, the dG(1)
method.

Accuracy and efficiency of the proposed method are studied in detail for common models
in creep and plasticity. Comparisons are made to the commonly used backward Euler
scheme which is known to give accurate results for large time steps.

1 INTRODUCTION

There are many different algorithms for the integration of inelastic constitutive models.
However, the fully implicit backward Euler scheme seems to be the most popular, although
it is asymptotically only first-order accurate [1, 2, 3]. In analysing practical problems,
especially in creep analysis and viscoplasticity, the time steps to be used are often large,
several magnitudes larger than the critical time step of some explicit methods, e.g. the
forward Euler method. Therefore, the integrator should be unconditionally stable and
sufficiently accurate for large time steps.

As shown in [4], the asymptotic convergence rate does not necessarily reflect high ac-
curacy outside the asymptotic range, which is usually step sizes smaller than the critical
time step of the explicit Euler method. The asymptotically first-order accurate implicit
Euler method seems to be more accurate than many asymptotically higher-order schemes
for large time steps. Therefore, an integrator for inelastic constitutive models should be at
least [4]:

1. L-stable
2. for ¢ + Ao =0 (A = constant), the amplification factor should be

(a) strictly positive, and
(b} monotonous (convex).
It is obvious that the standard backward Euler scheme fulfills these requirements.

The discontinuous Galerkin family of methods seem rather ideal for the integration of
inelastic constitutive models. However, they have some shortcomings, as explaned in [4].
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Figure 1: Amplification factors of different time integrators.

The second-order accurate two-stage Lobatto IIIC type implicit Runge-Kutta method
(IRKL3C) exhibits good accuracy properties also for large time steps. When the integrals
in the dG(1) scheme are underintegrated by using the two-point Gauss-Lobatto scheme
(endpoint rule) the dG(1) scheme is identical to the IRKL3C-scheme [5]. The dG(0) and
dG(1) schemes have been used in elastoplasticity by Alberty and Carstensen [6, 7). In [8] the
first-order accurate Rosenbrock method is recommended to inviscid plasticity computations.

The amplification factors applied to the linear scalar problem ¢ 4+ Ao = 0 are shown for
certain integrators in Fig. 1.

2 NUMERICAL INTEGRATION

In this section, the basic equations of discontinuous Galerkin and implicit Runge-Kutta
methods are described. More details can be found in [10, 11].

2.1 The discontinuous Galerkin method

The following evolution problem will be considered:

o =f(o), (1)

where f is some function of the stress o. The discontinuous Galerkin method of degree ¢
can be stated as: in a time interval I, = (tn,tn+1] find o (polynomial of degree g) such
that
/ (6 —f(o)): T dt+[o,] : 7t =0. (2)
In
For the test functions 7, polynomials of degree g are used. The notations o} and o, are
the limits o = lim._o o (t, * |€]),[on] = ot — 0, . These notations are illustrated in
Fig. 2.
The discontinuous Galerkin method allows the use of piecewise constant trial and test
functions. In this case, 7;; = 1 and o is constant on the time step n and the dG(0) method



Figure 2: Discontinuous Galerkin method, dG(1); notation.

can be stated as follows

Frst — /, F(@nir) dt = o, @)

where ony1 = 0, = o}, and o, = 0. If the function f is linear in the stress, i.e
f=Ffo—A:o, where f,, A are second- and fourth-order tensors independent of the stress,
the dG(0) method can be written as:

(]I + An+1) 1O0nt1 =0n + g Jo dt, (4)

where
An+l = A dt (5)
I,
and I is the fourth-order identity tensor. For constant A and without the source term
(fo = 0), the dG(0) method is identical to the implicit backward Euler scheme.

2.2 Implicit Runge-Kutta methods

There is a close connection between the implicit Runge-Kutta (IRK) and discontinuous
Galerkin methods. The discontinuous Galerkin method of degree ¢, dG(q), is equivalent to
the q + 1-stage Radau ITA type IRK-method, which is of order 2¢ — 1. Their amplification
factors are the (g, ¢ + 1) subdiagonal Padé approximations of exp(—AAt) and the methods
are L-stable.

An s-stage implicit Runge-Kutta method for the solution of the evolution equation (1)
can be defined as

ki=O’n+AtZaijf(tn+CjAt,kj) i=1,...,8 (6)
j=1

Ont1 =0pn + At D> bif(tn + c;At, kj). ()
j=1

For the third order accurate two stage Radau IIA method, the coeflicients have the
values ail = 5/12,(121 = 3/4,(1,12 = —1/12,(122 = 1/4,01 = 1/3,62 = 1,b13/4,b2 = 1/4
This scheme is equal to the dG(1)-method. If the dG(1)-method is integrated by the two-
point Gauss-Lobatto rule, is it equal to the second order accurate two stage Lobatto IIIC
method, which have the following values for the coefficients: a1 = a21 = ag2 = —a12 =
1/2,61 = 0,02 = 1,b1 = bz = 1/2
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3 SMALL STRAIN ELASTOPLASTICITY

Next, we briefly present the small strain elastoplasticity problem. The isotropic elasto-
plastic body is given by the closure of a bounded open set Q C R?® with a piecewise smooth,
polyhedral and Lipschitz continuous boundary I" such that I' = r D ul vand CpNTy =0,
where I', and 'y are the portions of the boundary I'" where Dirichlet and Neumann bound-
ary conditions are imposed, respectively.

Due to the assumed additive decomposition of the total strain tensor € = sym gradu
into an elastic part €° and a plastic part €P, the elastic strains can be determined by

e’ =¢e—€P. (8)

From the dissipation inequality we then infer the constitutive relation

ow
= 9
o= o (9)
with stress tensor o and specific strain-energy function W = %ee : C° : e°, where we
introduced the elasticity tensor
C® =x1®1+2uP. (10)

Here, 3¢ denotes the bulk modulus, p is a Lamé parameter, 1 is the second-order identity
tensor and P is the fourth-order projection tensor defined as P =1 — %1 ®1.

In order to determine the elastic strains (8) and thus the stresses (9) we need to determine
the plastic strains. Therefore, we next introduce the yield function ® = ®(o) which defines
the closed and convex set

E={o: ®(o) <0} (11)
in stress space. The interior £ of this set is called the elastic domain, whereas the boundary
O is called the yield surface. In this paper, we restrict our considerations to the case of
von-Mises plasticity as used to model, e.g., steel structures. In this case, the yield function

is defined as
2
®(o) =||devo| — \/;yo (12)

with yield stress yo and ”"dev” denoting the deviator.
From the principle of maximum dissipation we then obtain the associative flow rule

P =An (13)
and the Kuhn-Tucker conditions, also referred to as loading and unloading conditions,
A>0 ; ®(o)<0 ; AP(o)=0. (14)

In the above, n is the normal defined as n = 8®(o)/0c and X is the plastic parameter. In
the special case of von-Mises plasticity we obtain n = deve/||deve| and A =n: €.

In order to determine the plastic flow and thus the stresses at the end of the time step
I,,, we make use of the well-known operator split technique, i.e. we split the problem into
an elastic predictor and a plastic corrector step.

In the elastic predictor step we assume that no plastic flow appears. Hence, we solve
the initial value problem

&= 6-.e,trial (15)
=0 (16)
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subjected to the initial condition .
Ez,—l— — E(Tel,trlal,+ (17)

for the trial strains e2%'1*"". The notations are illustrated in Fig. 2.

Integrating (15) over the time interval T, yields

/ édt = / gotrial gy (18)
I, I,

n

and thus )
57_1-}-1 _ E,';t _ Eib,-t;_rial,— _ si,tr]al,+. (19)
With the initial condition (17), the exact solution reads

e,trial— __ _ — p,+
En+i =E€nt1~En - (20)

Clearly, the stresses at the end of the time interval I, can then be computed as

ol = € 2 (21)
If the trial stresses are element of £, then no plastic flow appears and thus no plastic
corrector step is required. If, however, the yield condition is not satisfied by the trial
stresses o-fffll’—, then we have to solve the following initial value problem, also referred to

as the plastic corrector step,

é +ée,trial -0 (22)
éP =An (23)

subjected to the initial condition
oty = gt ()

and the Kuhn-Tucker conditions (14).
The associated discontinuous Galerkin method dG(q) of polynomial order ¢ (in terms of
stresses) then reads: find a solution o, such that

bo(o,7)+ 0} 7} = —cp(o,7)+ 0, T} (25)

with the bilinear form

bp(o,7) = /1 o7 dt (26)

and the semi-linear form (i.e. it is linear only with respect to its second argument)
cn(a,'r):/ An:C®: 7 dt. (27)
I,

In the special case where g = 0, i.e. for piecewise constant functions in time, we can set
7;; = 1 and thus the dG-method (25) reduces to

ot = —/ An: C® di+o,. (28)
I,

Consequently, the stresses at the end of the time interval I,, can be determined by

Oriy = —Atydn : C° + O'ff_ifll’_, (29)
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where Aty is the length of the time interval I,,. Evaluating n at the end of the time interval,
the classical backward Euler scheme

01 = —ADtadniinpyr : C +oit” (30)

can be recovered.
In the case where ¢ > 1, we first have to linearise the nonlinear variational problem (25)
which yields the linearised problem of solving

ba(AG,T) + Cn o (AT, T) = —bn(6,7) — co(o,7) —af s i 4o o 1) (31)

for a stress increment Aco. In the special case of von-Mises plasticity, the bilinear form ¢y,
is given as

Cno(A0,T) = /In Ao [(g—: : e') ®(n: (De)] T+ Mo g—: :C° 7 dt, (32)
where it was used that N on
9% — 55 ¢ (33)
with on
oo =l deval @ -n@n). (34)

Clearly, the exact solution should be continuous in time. Hence, the jump in the time
discretization at the end of each time interval I,, can be used to estimate the error in the
time discretization. Consequently, it becomes possible to refine the time mesh adaptively
based on the jumps at the end of I,,.

4 NUMERICAL EXAMPLES

In a uniaxial case and using the Garofalo type creep model [12], the evolution equation
for the stress (1) has the form

6 =F[¢— f*exp(—Q/RO)sinh™ (o /0y)], (35)

where E is the Young’s modulus, f* the fluidity parameter, () the process activation energy,
R the gas constant, 6 the absolute temperature and oy is the “flow stress” stress. In this
example, the exponent m and the coefficient f* are assumed to be constant, although they
depend on the grain size [12].

Thermally softening and hardening cases have been studied, although the results are only
presented from the softening case since the behaviour of the integrators is similar for both
cases. The temperature is assumed to change linearly with time 0(f) = 8o £ AG(t/tmax),
and 0y = 293 K, A6 = 40 K. Increase or decrease in temperature result in softening or
hardening behaviour, respectively. The material parameters used correspond to the binary
near eutectic Sn40Pb solder and are the following [13]: E = 33 GPa, @ = 12 kcal/mol, R
= 2:1072 keal/mol-K, o, = 20 MPa, f = 10° s™%, m = 3.5.

The behaviour of the dG(1), with two-point Gauss-Legendre integration, the underin-
tegrated dG(1), with two-point Gauss-Lobatto integration, abbreviated as dG(1)-Lobatto,
the two stage IRKL3C-scheme and the backward Euler (bE) methods are studied numeri-
cally using two loading patterns; a constant strain rate loading (e = éqt, &0 = 1075 1/s) and
a pulsatile cyclic straining, see Fig. 3. As shown in [4, 5] the behaviour of the dG(0)-scheme
is inferior as compared to the backward Euler method, hence the results of the dG(0) are
not shown here.
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Figure 3: Loading types: (a) constant strain-rate loading ¢ =107%s
tmax = 1000s, (b) pulsatile loading with alternating strain-rates &= +107%s
Emax = 0.001, g = 100 s.

It can be seen from Fig. 4 that the IRKL3C method is equivalent to the dG(1) method
with two point Lobatto integration at the endpoints of the steps. The dG(1) largely over-
shoots the stress at the end of the first step. However, the linear dG(1) solution is clearly
a good approximation in an average sense over the time step. At the strain 0.01 (after the
fifth step) the relative error in stress is 0.16 % for the dG(1) method and only 0.02 % for
the IRK3LC and dG(1)-Lobatto methods.

It can also be seen from the figure that the backward Euler-scheme perform well in the
second, fully inelastic step. Therefore, the most disasterous case for the bE-scheme seems
to be a cyclic loading with repeated changes from elastic to inelastic states. In Fig. 5 the
results of a pulsatile uniaxial straining case are shown. A large time-step, At = tg = 100 s
is used. Convergence of the error at the end of loading, t = t;,,x = 5%9, is shown in Fig. 6;
linear, quadratic and cubic rate of convergence in the asymptotic range is clearly visible for
the bE, dG(1)-Lobatto and dG(1) methods, respectively. As expected for large step sizes,
the underintegrated dG(1) is the most accurate.

5 CONCLUDING REMARKS

Formulation of the symptotically third order accurate dG(1)-scheme for small strain
plasticity and creep-type inelastic models is presented. It is also shown that underinte-
grating the coefficients in the dG(1)-method by the two-point Gauss-Lobatto quadrature
results in a quadratically convergent scheme, which has improved accuracy properties for
large step sizes, even better than the popular first order accurate backward Euler scheme.
The underintegrated dG(1)-method is shown to be equal to the two-stage Lobatto ITIC type
implicit Runge-Kutta method.

Further investigations for the dG(1)-type schemes are needed to relate the jump in
the stress to a proper error indicator. Also design of a switching strategy to change the
quadrature from Gauss-Lobatto to Gauss-Legendre to obtain maximal accuracy for all step
sizes is under development.
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ABSTRACT

A general scheme for a posteriori estimation of computational errors in terms of linear
functionals for elliptic type boundary value problems is presented. In the framework of this
scheme easy-to-code construction of error estimator and error indicator is proposed. Both
techniques are studied in several numerical tests, in which the indicator is used to perform
mesh adaptivity and the estimator to verify quality of final solution.

1 INTRODUCTION

During the past decades, a posteriori error estimation has become a crucial part of reli-
able numerical schemes. There exists several main approaches for the construction of such
estimates for errors measured in the global energy norm. The most popular approach is to
evaluate the negative norm of the residual (see, e.g., [1, 2, 3, 15, 22]). Other relevant ap-
proaches include using special post-processing procedures (see [22, 23, 24]) or tools provided
by the duality theory [18].

However, engineers are often much more interested in errors over some critical (usually
local) part of the domain, or in the errors in some quantities of interest (e.g., for problems
in fracture mechanics [19, 20] and electrostatics [17, 21]). Global estimation in the energy
norm gives only a general view of the quality of the solution, thus it has limited relevance
for most of engineering applications. It is also important to realize, that error measured in
the energy norm can be relatively small, while the error over the critical part of the domain
is excessively large. For example, in some electrostatic problems, the relative error in the
energy norm can be below 1%, while in some parts of the domain it is still above 1000%
(see [17]).

Error estimates are often used to provide feedback for adaptive solution strategies aiming
to produce meshes minimising the error (see, e.g., [1, 4, 7, 22]). However, if the main
interest lies in some local part of the domain or in some quantity of interest, meshes aiming
to minimise the corresponding errors can be very different respect to meshes aiming to
minimise the global error. Hence, decay of these local errors in adaptive procedures based
on error control in the energy norm can be very slow, and more appropriate mesh adaptation
methods should be applied.

Consequently, engineering applications require more refined error control techniques for

! The author was supported by the project no. 211512 from the Academy of Finland.



453

estimation of solution quality and providing feedback for adaptive procedures. One common
way to obtain such techinques is to introduce a suitable linear functional £ related to the
crucial part of the domain or to the quantity of interest, and construct a computable a
posteriori estimate for £(u — @) (here u denotes the exact solution and u is the approximate
solution). This approach has been the focus of active research work for the past ten years.
Several techniques for such a type of estimation have been presented in [1, 11, 13, 16, 17,
18, 19, 20, 21].

In this note, we describe a general error estimation framework for the error measured in
terms of linear functionals. This approach was first suggested in (13] and {18], and it is based
on a decomposition of the error £(u — @) into two terms, in which the first term is directly
computable and the second term requires separate estimation (see Theorem 1). Such a
decomposition naturally leads to two different techniques for constructing error indicators
and error estimators.

The construction of indicators is based on the superconvergence property often observed
for averaged gradients of the finite element solution for linear elliptic problems [5, 10, 14].
This property actually requires the approximation @ to be computed with the finite element
method, thus the construction applies only to exact finite element solutions. Moreover, the
resulting estimates only serve as preliminary, but fast-computable, error indicators. In fact,
they provide a good indication of the error ¢(u — @) with low computational costs, but do
not guarantee real estimation of the error from above or from below.

Estimators are constructed by reducing error control in terms of linear functionals to
the error control in the energy norm. With suitable error control methods in the energy
norm, this technique is capable of building guaranteed two-sided (upper and lower) bounds
for the error £(u — @). These bounds are completely independent of the method used to
obtain the (admissible) approximation @. The bounds are also consistent, i.e., they can be
made arbitrarily close to the true error. However, the price for having sufficiently sharp
guaranteed bounds is that more computer resources (and time) are required compared to
corresponding computatonal costs needed for indicators.

The presented methods are complementary, e.g., the indicator can serve as feedback for
mesh adaptation (see [11] for a definition of the relevant adaptive strategy). The estimator
can be employed later on, when guaranteed estimation of quality of the solution is really
essential.

Effectivity and main features of both error estimation techniques are demonstrated in
several numerical tests. These tests aim to demonstrate how error over local part of the
domain behaves in adaptive procedure based on the presented indicator. The obtained
result is compared with error behavior in adaptive procedure based on the error measured
in the energy norm. Our aim is to emphasize the fact, that adaptive procedure in the
energy norm is not always suitable, namely when interest lies in error over local part of the
domain. Finally, quality of the last solution obtained with adaptive procedure is verified
by computing two-sided bounds using the estimator.

Some previous numerical tests on adaptivity based on same type of indicator can be
found, e.g., form [11, 19] and results on the effectivity of the estimator in [9]. Similar
comparison between the two different error measures, but using different error control tools
is performed in [1, 21].

2 MODEL PROBLEM

In order to describe the approach in short we shall deal only with a simple scalar elliptic
model problem, whose classical formulation reads: Find a function u such that



454

—div(AVu)=f in , u=0 on 90 (1)

In what follows, @ c R? is a bounded connected domain with a Lipschitz continuous

boundary 0SY, f € Ly(2), the matrix of coeflicients A is symmetric and positive definite,
with bounded entries a;; € Lo (), 4,7 =1,...,d, i.e.,

alf]? 2 A@@)E-€>alfl?  VEeR? Vzeq. (2)

We use the weak formulation of the problem (1), which reads : Find v € H(f) such that

a(u,w) =F(w) Ywe H(Q), (3)

where bilinear form and linear functional are defined as

a(v,w) = Q/AVU -Vw dz F(w) = Q/fw dz. (4)

Under the above conditions, the solution of problem (3) exists and is unique [8].

3 ERROR CONTROL IN TERMS OF LINEAR FUNCTIONALS

Let @ be some function from H}(S2) considered as an approximation (computed by the
finite element method or some another numerical technique) of solution u to problem (3). In
truly reliable simulations it is necessary to control the error e := u— % during computational
process in some suitable way(s).

In what follows, our interest lies in the value of ¢ measured in terms of some bounded
linear functional ¢, i.e., in estimation of

t(e) = t(u —u), (5)

in the following also called the error. Note that estimates for such an error also allow
estimation of the value £(u) (called quantity of interest or goal-oriented quantity [1, 16,
17, 19, 20, 21]), since £(u) = (v — @) + £(@), in which £(@) is computable and £(u — 4) is
estimated.

Example 1: One example of a possible linear functional for the error control is

Lw) = /cpw dz, w € Hy (), (6)
Q

where ¢ € L,(£2) and supp ¢ = w C Q. In this case, the value £(e) gives a certain informa-
tion about the local behaviour of the error in subdomain w, and its reliable estimation can
help to control local errors and perform a mesh adaptivity (see, e.g., [11, 12, 13]).

3.1 Principal error decomposition

In estimation of the error (5), a common practice is to employ an auxiliary (called
adjoint or dual) problem {1, 4, 13, 16, 21], whose right-hand side is formed by the linear
functional: Find v € H}(Q) such that

a(v,w)=~£(w) Ywe H ). (7)
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The solution of problem (7) is known to exist and to be unique [8]. Similarly to problem
(1), called the primal problem, we can rarely find the exact solution v of problem (7)
analytically. Hence, in practice, only the approximation o € H{(£2) is available.

Theorem 1. The following error decomposition holds
(u—u) = Eo(,0) + Ei(e, eg), (8)

where
Ey(u,9) = F(0) —a(v,2), Ei(e,er) =aleer), (9)

and ep = v — 7.

Proof: Using weak formulation (3) and (7) we observe that

L(e) = alese)—a(D,u)+a(v,u)
F(9) —a(v,u) + a(ese) = Eo(@, ) + Er (e, €). o

The term Ey in (8) contains only known approximate solutions @ and o, so it is directly
computable. Estimate for the error £(e) only requires estimation of the term E,. This esti-
mation is performed in two different ways: by using superconvergence property of averaged
gradient ( indication) and by reducing the problem to the error estimation in the energy
norm and applying suitable two-sided estimates ( estimation).

3.2 Error indicator constructed via averaged gradients

In construction of error indicators we assume, that 4 and v are computed by the finite
element method. To emphasize this situation we denote these finite element approximations
by u;, and v,, where the symbols h and 7 are discretization parameters related to finite
element schemes used to approximately solve problems (3) and (7), respectively.

It is well known that averaged gradients of finite element approximations for linear
elliptic problems usually demonstrate a superconvergence effect (see, e.g., [5, 10, 14]). This
suggests to replace the unknown gradients in (9) by easily computable averaged gradients
and finally to estimate (5) by the following error indicator

F(un,vr) := Eo(up, vr) + E1(upn, vr), (10)

where

By (un, ) = / A(GA(Vv,) — Vo, ) - (Gh(Vup) — Vun) da, (1)
Q

and G}, and G, are suitable gradient averaging operators. A particular choice of averaging
technique defines a concrete form of the above indicator.

Remark 1: Asymptotic convergence of estimator (10) is analysed in [13], where it is proved,
under some regularity conditions on the meshes, that

E—f(u—uy) as v, — o

Later, such an asymptotic behaviour was supported by various numerical tests in [11] even
if meshes used to solve primal and adjoint problems are nonuniform.
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3.3 Error estimator constructed via reduction to the energy norm

Estimation of the term E; in (8) can be reduced to error estimation in the energy norm,
Ilvll = a(v,v), with two techniques. The first method is a direct application of the
Cauchy-Schwartz inequality, wich implies

—lecllllel < Ev(eese) < llecllllell- (12)

However, over/underestimation of E; can be substantial. A more refined estimate is
obtained by noticing that

i 1
2B1(es,€) = flae + —ee|” — o®flel® — — lec]l”, (13)

which is valid for any positive . The above identity contains the errors in the energy norm
for both primal and adjoint problems. For the first term in the right-hand side of (13), we
observe that

1 - 1 1\
— _ L 14
lloe + =eel|* = || <au + v) (au -4 v) Il (14)

It is clear that function cu + %’U is the solution of the following ( mixed) problem: Find
Uy € H () such that

1
a (g, w) = aF (w) + EK (w) VYw € Hy (), (15)
and function au + %17 can be considered as an approximation of u,,.
By using either identity (12) or (13), we can apply any two-sided a posteriori error
estimates in the energy norm to obtain two-sided estimates for the error (5). Let us denote
the required two-sided estimates as

i
MR < fell* < M2, MP <lle|® < MP, MQp, <lae+ e’ < MJp,.  (16)

Now, based on identity (13), we immediately observe that

1 1
5 (Mape = "ME — = MP) < Ei(e, e0), (17)
and
Lo 20 1o
Er(eee) < 5 (Mg g~ "Mp — — M), (18)

which together with the computable term Ey provide two-sided estimates for the error (5).
In this approach, the main task is to apply suitable a posteriori error estimates in the energy
norm and to select parameter .

Parameter o can be selected, for example, by noticing that

1 1
floe + Effelll2 — oM — —Mp

2E (ee,€) >

IA

1

1
= 2a(e,eq) + el + —lleell* — o’ MR — —MP

1
< 2a(e,er) +a®(MR — ME) + —(MP — M§). (19)
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Now, minimising (19) with respect to « yields

o= it (20)
F F

4 ERROR ESTIMATES IN THE ENERGY NORM

To compute bounds (17) and (18), we apply the following two-sided estimates for error
control in the global energy norm. The upper estimate has the form

1Y c? o _ 1«
bl < (1 t 3) D) vy o+ 0 +8) IVE- A7 (21)

where y* is any function in H(div; ), parameter 3 > 0, || - ||o,n denotes the standard
Ly(Q))-norm and

Ivlla = /Av v dz.
Q

In the following, this upper bound is denoted as M ®(uy, 8, y*). The constant ¢; in (21) is
the smallest eigenvalue of the coefficient matrix A and cq is the constant from the Poincaré-
Friedrichs inequality

llvllo,e < calvl,o-

In practice, value for this constant is determined by the smallest eigenvalue Aq of the
Laplacian for {2 as cqo = \/%—n Note, that several other existing estimation techniques

(e.g., of the residual type) involve several unknown constants. These constants are usually
related to patches of the computational meshes and their estimation is very difficult, and,
in general leads to a very big overestimation of the error even in simple cases (see [6]).
Moreover, such constants have to be recomputed if adaptive computations changing the
computational mesh are performed, whereas constants cq and c; remain the same under
any changes in the computational mesh.

Altough, the upper bound can be applied for every approximation # € H &, the practical
realization is presented here in the context of finite element method. To compute value for
MO (up, 3,y*) parameters y* and 8 have to be selected. For each y* optimal (minimizing)
3 can be obtained with simple minimization of M®(us, 3,y*), so in practice only selecting
y* is required.

Finite element computations are often performed using series of successive meshes 7}, ,
Thys Thy, ..., where b = hy > ha > h3 > .... By using this information, a coarse upper
bounds can be obtained using values y* = G, (u,) € H(div,Q), where p = hy,ha, b3, ...
and G, is some commonly used gradient averaging operator [10]. However, sharper upper-
bound requires a real minimisation of M®(uy, 3, y*) with respect to variables y* and §.
In practice, minimisation requires parameter y* € H(div;2) to be selected from some
finite dimensional subspace of H(div; ). For convinience, we have chosen y* € (Sy/2n)?, in
which S}, /o= denotes to the subspace of standard linear basis functions connected to n-times
uniformly refined mesh T}. From this subspace, y* is selected with direct minimisation of
M®(uy,, 8,y*), or by finding the minimiser as a solution of the respective system of linear
equations.

Lower bound for ||e|| is derived by noticing that
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v — wi* = 2(J(w) - J(v)) Yw € Hy(9), (22)

where J(w) = 1a (w,w) — F (w) is the energy functional. Solution u for the weak problem
(3) minimises value of the energy functional, i.e., J(u) < J(w) Vw € H}(Q). Using this
fact, one can obtain a lower bound as follows

lell* > 2(J (@) - J (w)), (23)

where w is any function from H} ().

The lower-estimate (23) has a practical meaning only if it provides positive lower bound
for the (positive) error |le]]. One usually tries to have several successive approximations
Uhy, Uhy, Uy, - - ., satisfying J(up,) > J(up,) > J(up,) > .... This situation immediately
suggests a meaningful lower bound of the form

el = llw — unll® > 2(J (un) = J(uu)) > 0, (29)
where g = hg, hg,. ...

5 NUMERICAL EXPERIMENTS

In this section, the proposed techniques are applied to two numerical tests performed
in planar domains (d=2) in the context of the finite element method. To emphasize this
situation, we denote @ = up and 7 = v,.

The adaptive procedure applied in the tests is schematically described in Figure 1. In
each adaptive step a new mesh 7,14 is formed by refining the old mesh 7;. The refinement
is performed by using information provided by the error distribution: elements having
contributions bigger than a given treshold 6 € [0, 1] times the maximal value are refined.

The required error distribution can be constructed in several different ways. The aim in
following tests is to minimise the error £(u— uy,), so the natural choice is to use error distri-
bution for error measured in terms of linear functionals. In fact, other error distributions
are no suitable for this kind of error control. For example, in some cases, error distribution
for error measured in the energy norm produces very poor meshes for the error £(u — uy).

In the follwing tests, we study this situation by comparing adaptive procedure based
on error distribution computed by the indicator (10) in terms of linear functionals and a
similar indicator for the error in the energy norm. The indicator in the energy norm is
based on the superconvergence phenomenon of averaged gradients, and it is of the form

Ju — unlf® ~ /A (Gh(un) = Vun) - (Gr(un) — Vun) dz, (25)
Q

where G}, is some gradient averaging operator. Indicator in terms of linear functionals (10)
has the form

£(u — up) =~ Ey(un,vr) + By (up, vr). (26)

Computing value for the indicator requires solving the adjoint problem. We solve this
problem on adjoint meshes containg approximately the same number of nodes as the cor-
responding primal mesh.

The performance of the two error distributions are compared by monitoring the devel-
opment of error £(u —wuy). This monitoring is accomplished by the means of reference error,
which is obtained by approximating £(u — up) ~ £(up/on) — £(un). Here up/on is solution
obtained from n-times uniformly refined initial mesh.
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Generate initial mesh 7Ty

v 1:=0
P Based o distribu-
Solve problem on mesh 7; Compute error distribu- aSEe on o e
. > » tion, refine 7; to form a
— solution wup, tion for uy,
* i new mesh 7; 1

Iy
t:=1+1

Figure 1: Schematic presentation of the adaptive procedure used in numerical tests

Finally, two-sided bounds are used to verify thr quality of last solution obtained from
the adaptive procedure. To illustrate the effect, which adjoint problem has on the quality
of the bounds, the adjoint solution is computed on several different meshes. Parameters
required in the computation of upper bound for primal, adjoint and mixed problems are
denoted as yj,yr, vk , respectively. The parameters y; and y; are selected from spaces
(Shjan)%m =1,2,..., and (S;/2n)%,n = 1,2,..., with minimization of MO (uy, 8,y%). To
reduce computational costs the parameter y%, used for the mixed problem, is constructed
from these values as y% = ay}, + Ly

Parameters required for the lower bound of primal and adjoint problem, denoted as u,,
and v, are solutions from spaces S} a1 and Sr /241y, respectively. Parameter uq ,,
required in the lower bound of the mixed problem is obtained by adaptively solving (with
error distibution in the energy norm) the mixed problem. This adaptive procedure is
stopped, when number of nodes in the generated mesh is equal to number of nodes in the
primal mesh.

5.1 Test 1

In this test the failure of adaptive procedure based on error control in the energy norm
is demonstrated. The problem (3) is posed in a rectangular domain £ (see Figure 2) with
coefficient matrix A = I and the right hand side function f = 1in £, f = 20 in Q5. Here
Q; and . are partitions of domain Q, i.e., @ = Q; UQy and ©; N2 = 0. The interest
in error control lies in the local error over w C § (see Figure 2) measured in terms of the
linear functional (6)

Lw) = /tpw dz,

Q

where the function ¢ =1l onw , @ =0o0n N\ w.

The behavior of the reference error in adaptive refinement process is visualized in Figure
3. The reference error is obtained by using solution from 6-times uniformly refined initial
mesh with 24369 nodes and 48128 elements. In this case, the adaptive procedure based on
linear functionals yields better convergence rate. Actually, in this case, error control in the
energy norm produces no convergence at all. One reason behind this situation can be found
from the very different nature of the refinements (see Figures 6 and 7). Procedure based
on energy norm refines at those parts of the domain, where the gradient of the solution
undergoes rapid changes (cf. Figure 4). Thus, this method produces very little refinement
near the zone of interest (see Figure 5 for the initial mesh). On the contrary, approach
based on linear functionals produces mesh with heavy refinements near the zone of interest



460

and yields locally more accurate solution.

Figure 2: The solution domain 2, partitions  Figure 3: Comparison between two differ-

Q1,2 and the zone of interest w for Test 1.  ent mesh adaptivity procedures for Test 1.
Stars correspond to the error control in
terms of linear functionals and circles to the
error control in the energy norm.

Ty -1 -0 8 [T t 15

Figure 4: Approximate solution for Test 1  Figure 5: Initial mesh for Test 1 with 34
computed on the mesh in Figure 7. degrees of freedom.
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Figure 6: Final mesh (1002 degrees of free-  Figure 7: Final mesh (909 degrees of free-
dom) from mesh adaptivity in terms of lin-  dom) from mesh adaptivity in terms of the
ear functional for Test 1. energy norm for Test 1.

Two-sided bounds for the final solution are plotted in Figure 8. The reference error for
this solution is 1.76 - 1075, The bounds computed by selecting spaces n=1, produce bounds
from —0.0471 < e < 0.0495 (the adjoint mesh with 34 nodes) to —0.0141 < e < 0.0141
(the adjoint mesh with 160 nodes). Clearly, better approximate solution to adjoint problem
yields better bounds. Even larger improvement can be seen, when bounds are computed on
larger space n=2. Now, the obtained bound improve and range from —0.0220 < e < 0.0235
to —0.0069 < e < 0.0067.
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5.2 Test 2

In this test, the L-shaped domain Q (see Figure 9) is considered. Coefficient matrix
A = I and the right hand side function f = 10. Again, the interest lies in the local error
form the zone of interest w C Q (see Figure 9) measured with the same liner functional as
in Test 1.

a2
o

N
' w' 10"

'

Figure 10; Comparison between two differ-  Figure 11: Approximate solution for Test 2
ent mesh adaptivity procedures in Test 2.  computed on mesh in Figure 14.

Stars correspond to error control in terms of

linear functionals and circles to error control

in the energy norm.

The behavior of the reference error with respect to the degrees of freedom in both adap-
tive refinement processes is plotted in Figure 10. The reference error is obtained by using
solution from 6-times uniformly refined initial mesh with 15649 nodes and 30720 elements.
In this test problem, both approaches produce very similar convergence. However, the ob-
tained meshes have very different nature. The energy norm based approach refines heavily
at the corner singularity (see Figure 14), whereas the linear functional based approach re-
fines mainly near the zone of interest (see Figure 13). Note that the linear functionals also
produce some refinement at the corner singularity, probably, to avoid the pollution error.

Two-sided bounds for the solution obtained using the final mesh are plotted in Figure
8. The reference error for this solution is 5.65 - 10~5. Computations performed using spaces
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n=1, produce bounds from —0.0032 < e < 0.0026 (the adjoint mesh with 25 nodes) to
—0.0019 < e < 0.0016 (the adjoint mesh with 112 nodes). Again, better approximate
solution to adjoint problem yields better bounds and large improvement can be seen, when
bounds are computed using space n=2. Now, the obtained bounds improves and range from
—0.0019 < e £0.0017 to —0.0009 < e < 0.0010.
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TIIVISTELMA

Esittelemme epéjatkuvan Galerkinin menetelmin yhdistimisen sekaelementtitehtavain. Mal-
liongelmana, on sekamuodossa esitetty Poissonin tehtdvd. Tehtdvin numeerinen ratkaisu
muodostetaan epéjatkuvalla Galerkinin menetelmélli, jossa elementit on liitetty toisiinsa
Nitschen menetelmilld [1]. Tyon piipaino on a posteriori virhearvion todistamisessa, joka
téssi tyossd todistetaan Helmholtzin hajotelman [5] avulla. Lisdksi numeeristen esimerkkien
avulla tarkastellaan menetelmén ja a posteriori virhearvion toimintaa. Erityisesti ndytetdin
a posteriori virhearvion hyva soveltuminen adaptiiviseen verkon tihentémiseen.

1 JOHDANTO

Epédjatkuvassa Galerkinin menetelméssé jatkuvuutta voidaan pakottaa monilla eri ta-
voilla [8]. Erds nykydin varsin suosittu menetelmd perustuu J.A. Nitschen tapaan kisitelld
reunaehtoja [1]. Nitschen menetelmén suurin etu esimerkiksi sakkomenetelmién verrattuna
on menetelmén konsistenssi. Pieni haitta Nitschen menetelmissi on ettd menetelmi ei ole
elliptinen, symmetrisessi muodossa, ilman parametria, jolla painotetaan bilineaarimuodon
stabiloivia termeji. Parametrin arvo riippuu verkon elementtien muodosta ja valituista va-
pausasteista, esimerkiksi polynomiasteesta. Parametrin arvo voidaan laskea ennalta, mutta
esimerkiksi p-tihennystd (approksimaation parantaminen polynomiastetta kasvattamalla)
kiytettdessd parametrin arvon muuttuminen on otettava huomioon.

Epéjatkuvan Galerkinin menetelmén ja Nitschen menetelmén yhdistdminen on esitetty
ennenkin my0s sekaelementtitehtéville, katso esim. [8]. Téssé tydssd ndytadmme ettd sekateh-
téville esitetty Nitschen menetelmi on elliptinen riippumatta stabiloivien termien painois-
ta, kun ldhtokohtana oleva tehtiva on elliptinen, ja esittelemme menetelmiille a posteriori
virhearvion.

Tassd tyossd kiiytdmme mallitehtivind Poissonin tehtévii, joka on esitetty sekamuodos-
sa. Toisin sanoen ratkaisun gradientti on oma muuttujansa. Sekatehtavan kisittely luonnol-
lisesti kasvattaa tehtdvén kokoa. Tdmi ei kuitenkaan kiytdnndssa ole suuri ongelma, silla
gradientin vapausasteet voidaan kondensoida pois jo lokaalista matriisista, joten varsinaisen
ratkaistavan yhtiloryhmén koko pysyy ennallaan. Lisiksi gradientin polynomiaste on yhti
pienempi kuin ratkaisun polynomiaste, joten lokaalin jiykkyysmatriisin kokoamiseen tar-
vittava tyomairs ei kasva paljoa, vaikka kondensoinnissa vaaditaankin gradientin lokaalien
vapausasteiden ratkaisua yhtaloryhmasta.
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A posteriori virhearvion todistuksessa kiytetdin Helmholtzin hajotelmaa, jossa gradient-
ti jaetaan lihteettomiin ja pyorteettémiin osaan [5], [6]. Helmholtzin hajotelmaan perus-
tuvat todistukset soveltuvat hyvin myos moniin muihin tapauksiin. Tém#n tekniikan etuna,
on mahdollisuus kiiyttdi tavallisia Clément’n interpolantteja vaikka ratkaisua haettaisiinkin
epédjatkuvasta avaruudesta sill3 interpolantteja tarvitaan vain hajotelman funktioille, jotka
voidaan valita jatkuviksi.

Artikkelin sisdltoé on seuraava: kappaleessa 2 esittelemme tehtidvan ja notaatiota ja joh-
damme Nitschen menetelmin variaatiomuodon. Kappaleessa 3 ndytdmme ettd variaatio-
muoto on elliptinen riippumatta stabiloivien termien painoista. Kappaleessa 4 esittelemme
ja todistamme a posteriori virhearvion. Lopuksi kappaleessa 5 tarkastelemme numeerisia
tuloksia.

2 MALLITEHTAVA JA ELEMENTTI APPROKSIMAATIO

Tassi kappaleessa, esittelemme mallitehtévén ja johdamme tehtdvin variaatiomuodon.
Olkoon © C RY 3#irellinen alue, jonka reuna 9 on paloittain silei. Merkitiéin alueen
kolmiointia 7},:lla. £5 merkitsee elementtien sivuja, jotka ovat reunalla 92 ja Einy merkitsee
verkon siséisivuja. Merkitddn vield hr:lla elementin T' € 7}, kokoa ja hg:lla elementin sivun
E € & U Egq kokoa. Ratkaistaan tehtévas

—Au=f :ssa,

1
u=g O0Qlla, )

missi kuorma f € L?(Q) ja reunachto ¢ € H'Y?(99). Esitetdin tehtiivii ekvivalentissa
sekamuodossa

V-o=—f SUssa,
Vu=o  (ssa, (2)
u=g o:la.
Haetaan tille tehtiville variaatiomuoto. Maaritellisn aluksi tarvittavat avaruudet
Vii={veLl’Q) |vr eP, VT €Tp} ja
Wi, == {v € [L2(N | vr € [P VT € Tn},
missd P,, merkitsee n asteisia polynomeja. Y14 reuna-arvot pitad kiisittia (2:ssa madritelty-

jen funktioiden jalkind 0Q:lla. Kertomalla keskimé&inen yht&lo (2):ssa testifunktiolla 7 € W),
ja integroimalla alueen yli saadaan

(0,7)q — (Vu,7')Q =0. (4)

Kertomalla ylin yht&lo (2):ssa testifunktiolla v € V4, ja osittaisintegroimalla saadaan

(= fiv)g=(V-a,v)g= Z (V-o,0),

®)

TeTh
= Z {_(U’VU)T+(U'n’v)aT} (5)
TeT),
= Z —(o, V). + Z ({o-n},[v]) z + Z (- m,v)
TET E€&in Ecé&sn

missd olemme kiyttdneet hyviksi vuon normaalikomponentin jatkuvuutta ja merkinneet
1
{o-n}:= 5(0'1 +03) -1

[[U]] =V — V3.
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YlI& alaindeksi viittaa vierekkiisiin elementteihin ja n; kyseisen elementin ulkonormaaliin.
Dirichlet’n ehtoja ei ole asetettu ratkaisuavaruuteen V},, joten reunaehto pitdi asettaa va-
riaatiomuotoon. Lisdksi ratkaisun jatkuvuus pitdéd pakottaa variaatiomuotoon. Ratkaisu
on jatkuva ja yhtélon (2) perusteella ujgq = g, joten

y —%([[u]l,[[v]])E ~— 0 ja (6)

Ee&in:
- L(uo), = —X (g,v),, (7)
Eezg;m hE s EGZEBQ hE z

missd v € R, v > 0 on vapaa parametri. Yhtil (6) pakottaa jatkuvuutta ja yhtdld (7)
Dirichlet’n reunaehtoa. Mallitehtdvi on symmetrinen, joten myds variaatiomuoto on syyté
asettaa symmetriseksi. Jilleen jatkuvuuden ja Dirichlet’n reunaehdon perusteella saadaan

>, (Irnhlul)y = 0 ja ©)
Ec&n:
(‘r-n,u)aﬂ = (T-n,g){m. (9)

Lissamalld yhtildt (8) ja (9) variaatiomuotoon, saadaan variaatiomuoto symmetriseksi. Yh-
distdmalld yht&lot (5), (6), (7), (8) ja (9) saadaan tehtdvin variaatiomuoto, yhtils (10).

Menetelmi. Etsi (uy, o) € Vi, x W), siten etti

oy, o30,7) = L(,7) Y(v,7) € Vi x W, (10)
atusoin,m)i= 3 [(07); = (V) = (2,90
+ Z (o b, Bo) 5 + ({7 -7, Tul) ]
S oemalat (roma)y] w
—Egsjm EZE ([, o)
ja

L(v,T):= Z (= fv),+ Z (T m,9) 5 — Z %(g,v)E. (12)

TeT, Ecésq EcEpn

Menetelm&n johdon perusteella on selvii ettd tehtidvé on konsistentti eli vahvan tehti-
vén (2) ratkaisu toteuttaa myos heikon tehtéviin (10).
Tehtdvin energianormi on

o el i= 37 [IliZacry + IV0llEacy] + 32 7 |H[v1|nL2(E)+ > — lvum) (13)
TeT), Eegint E'Gfan

Jotta ehdotettu menetelma voidaan néyttdd jatkuvaksi ja elliptiseksi ylla maaritellyssi nor-
missa, tarvitaan seuraava lemma [3].

Lemma 1. On olemassa positiivinen vakio Cy siten ettd

hE‘”T“%ﬁ(@T) < CI”T”%z(T) VreW jaVT €Ty, (14)
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Huomautus 1. Vakion C; arvo on helppo laskea esimerkiksi paloittain vakioiden tapaukses-
sa, mutta korkeammille polynomiasteille tehtdvé on jo vaikeampi. Itse asiassa juuri tdmén
vakion arvosta riippuu tehtiville (1) asetetun Nitschen menetelmén elliptisyyteen tarvitta-
van parametrin arvo.

Lemman 1 avulla on helppo n&yttii ettd esitetty bilineaarimuoto a(:, -, -) ja lineaarinen
funktionaali £(-,-) ovat jatkuvia normissa ||, ||
3 ELLIPTISYYS

Tissé kappaleessa niytimme ettd esittimimme menetelmd, on elliptinen. Todistus pe-
rustuu Youngin epiyhtilodn ja bilineaarimuodon lineaarisuuteen. Erityisesti ndytdmme etté
parametrin v > 0 arvo ei vaikuta elliptisyyteen.

Lause 1. On olemassa positiivinen vakio C siten ettd

a(u, o3, 7)

sup > Cllu, ol Y(u,0o) € Vi x Wi, (15)

(U,T)EVhXWh |I|U’T”|

Huomautus 2. Lauseen (1) mukaan esitetty bilineaarimuoto on elliptinen, mistad seuraa
ratkaisun olemassaolo ja yksikisitteisyys.

Todistus. Todetaan aluksi etta

a(v,05-v,0) = Y _ llolfe(r + Z III[U]]IILz(E)+ Z ||u”L2(E) (16)

TET), Ee&‘.m Eegan
Valitaan x € W), siten ettd < = Vu, mistd seuraa
(5, Vu) = [Vulllery o lIkllzzery < I1Vullzzern). (17)
Edelld valitun x:n ja Schwarzin epayhtilon avulla saadaan
a(u,o;0,—K)

=3 [om)p+ (V)] = Y ({enhlul)p— Y. (komu),

TETh E€&ins E€Esa
> 3 IVl - ooy Il
TET),
il —1/2 1/2 -1/2
= 30 5 [l il b Mullzam + i e - malamhE Bl o)
Ecé&int
1/2 —1/2
> hd’lle - nllxmbs el -
Ecsa
(18)
Kayttimilla edelliseen lemmaa 1 ja Youngin epéyhtélod saadaan
1 )
a(u,0;0,—K) > Z IVullZa(ry = %HUH%Z(Q) -3 Z IVullZz(r)
TeTh TGTh
016
z ||VU”L2(T) 25 Z “l[u]]”L2(E) (19)
TETH Eine

C 6
== Z IVullZeer) — Z |"||L2(E)
25

TET, EEEbn
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Valitsemalla Youngin ep#yhtalosté tullut parametri § > 0 sopivasti saadaan

a(u,;0,—K) > ~Cil|o |32y + C2 D [VulFar
TeT,

1 1
-Cs Y E”IIU]]”%,Z(E)_C‘l P EHUH%Z(E)’

E€&ns E€€san

(20)

missd vakiot Cq, Cs, C3 ja C4 ovat positiivisia. Lineaarisuuden perusteella, yhdistamalli,
kaavat (16) ja (20), saadaan

a(u,o,—u, 0 —ex) > (1— eCl)||0']|%2(Q) +eCs Z ||Vu||%z(T)

TET),
1 1
+(v—€Cs) Y h—||[[U]]||%2(E) +(y—€Ca) Y h—|lu||2L2(E)-
E€fin ¥ Befsq T
(21)
Valitsemalla parametri € siten ettd
1 I ; Ji
0 e e X L 22
€>’€<CI’G<C3J36<C4 (22)
saadaan yhtilostd (21)
a(u, o, —u, o —ek) > Cl||lu, o|||? (23)

riippumatta parametrin y arvosta. Muuttujan « ominaisuuksien (17) perusteella on selvii
ettd
l—u, o — ex|l| < Cllju, ol (24)

Sijoittamalla yht&lst (23) ja (24) yhtélon (15) vasemmalle puolelle saadaan véite. O

4 A POSTERIORI VIRHEARVIO

Téassi kappaleessa esittelemme ja todistamme a posteriori virhearvion. Virhearvion to-
distus perustuu Helmholtzin hajotelmaan, jossa vektori jaetaan pyorteettomaén ja lahteet-
tomain osaan. Tadméin tekniikan hyvi puoli on ettd tarvitsemme interpolantteja vain jat-
kuville funktioille, vaikka ratkaisu onkin vain paloittain jatkuva. Yksinkertaisuuden vuoksi
kiiymme todistuksen lipi R%:ssa (N = 2).

Lause 2. On olemassa posititvinen vakio C siten ettd

1/2
llu —un, 0 —on]| <C ( > 77%) : (25)

TeTh
missa

17 = hzlIV - on + fllfeery + llon — VunlFz
2 1 2 1 2 (26)
+hg||[on - n] 7z 0rnem) T E”ﬂuh]]“Lz(aTnSim) + E”uh = 9llz2ornE00)-

Lauseen 2 todistuksessa tarvitsemme seuraava lausetta [7].
Lause 3. Vektorille T € [L2(Q)]N on olemassa ¢ € H}(R) ja g € HY(Q)/R siten ettd

T=Vytoulg ja ||7ll7a(0) = [VYlLaq) + lleurlqlz(q) - (27)
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Lausessa 3 on kiytetty operaattoria curl, joka on méaaritelty
_Ov
curlv := ( 59;”2) , (28)
2

kun v € HY(Q) ja Q C R?. Edellisti vastaavasti mairitelliin reunan tangentti

Y _ [(—n2
b= (t) B ( T ) , (29)
misséd n on sivun ulkonormaali, ja operaattori V x

V x (”1> e 2 G (30)

) dx; Oxy

Todistus. (Lause 2) Koska tarkka ratkaisu on jatkuva ja toteuttaa reunaehdot, saadaan

lle = un, 0 = anll®* = llo = onllZay + D IIVu— Vunllfzer
TET),

1 1
+ > el e+ Y, =lg — ualfagm:
E€Eine he E€&pn he

(31)

Yhtilon (31) kaksi jalkimmaéisté termié kuuluvat indikaattoriin nr, joten estimoitavaksi jaa
vain yhtilon (31) kaksi ensimmaiistsd termid. Aloitetaan ensimmdiisestd termistd. Normin
méidritelmin ja lauseen 3 perusteella

o—on,T
lo —onllz =  sup —(—)Q
rezd Tl

o—onV o — o, curl
o5 ( h 1/})9 s ( hs q)n
veri@) V¥l  gem@m  IValrz

(32)

Ryhdytsin tarkastelemaan yhtilon (32) ensimméistd termisi. Koska ¢ € H}(Q), télle on
olemassa jatkuva ja elementeittiin n-asteinen interpolaatiopolynomi /5, joka héviii alueen
reunalla. Lisdksi interpolantti toteuttaa

ST ohi g~ Il + Y. b0~ Intllemy < CIVYlLae).  (33)
TeTh E€&int

Yhtilosta
a(0,0'h;Ih'(/),O) = E(Ih’l/),O) (34)

saadaan osittaisintegroimalla

> (o —0n VInp), =0. (35)

TeT),
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Edells saadun ortogonaalisuuden perusteella

(O'—O'h,VI/))Q= Z (O'—O'h;v(w—Ih¢))T

TeT,
=Y [~(V-(o-on),¢—Inp)p + (0 —0on) -1, — In) ]
TET),
= (Voon+fip—Ip)p+ Y. (00w -nly—Iwp),
TeT,, Ec&in
< S b IV - on+ fllzeey b 19 — Tndbllaery )
TeT),
+ Z hf? o - n]||z2(m) hy % v — Inb|| 2w
FEe&in

1/2
< C{ Y WIV-on+ fliam + Y. he |||Iffh‘n]]||iz(E)} VY| 20

TeTh Eegint

Yhtdlon (32) ensimméinen termi on nyt saatu rajoitettua indikaattorilla n7. Ryhdytisn
tarkastelemaan toista termid. Otetaan funktiolle ¢ € H}(Q)/R interpolantti Ijq, joka on
jatkuva ja toteuttaa ehdon (33). Variaatiomuodon mairitelmisti saadaan

Z (o — O'h,curlIhq)T =a(0,0 — ap;0,curl I5,q) =0 (37)
TeT

ja tdmén avulla

(6 —on,curlg), = Z (Vu—a'h,curl(q—Ihq))T

TeTy
= Z [(Vu = Vup, curl(q — Inq)) . + (Vup — op, curl(q — 119)) 1) (38)
TET),
= R1 + Rs.

Osittaisintegroimalla ja kiyttamélld tulosta V x Vv = 0 saadaan

Ri= ) [-(VXxV@=un),q—Inq), + (V(u—un) t,q— Ing) o)

TET)

= > (V-wn) the-Ia) g+ D (Vlu-w)-t,a- L), (39)
E€&in Ecfsn

= > (Vun-tha—Ing) g+ Y. (Vu—ur)-t,¢—Ing) ;= S1+ Ss.
Ec&ins Eesqn

Schwarzin epéiyhtdlé summille ja interpolaatiotulos (33) antaa,

1/2 1/2
1
51 < ( z he [[[Vun 't]]”%Z(E)) ( Z E“‘I‘hQ”%Z(E))

E€&int Ec&int (40)

1/2
1
<C ( Z E”[[u - Uh]]”%%E)) IVallzz(a)-

E€&in
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Edelli on kiytetty myos tulosta
1
1V - il z2m) < CEH[[U]]”L?(E)' (41)

Yhtilon (40) perusteella indikaattori nr rajoittaa Sy:std. Samaan tapaan saadaan

1
Sy < C( Z EE”% —9||2Lz(E)> Va2 (42)

Ecsn

Yhdistamilld (40) ja (42) nahd3dn ettd indikaattori nr rajoittaa termid R;. Edelleen
Schwarzin epdyhtilé summille antaa

1/2 1/2
R2 S C ( Z ”v’LLh - O'hlliz(T)) ( Z ||Cur1(q - Ih‘])”%ﬂ(T))

TeT), TeTh
1/2 (43)
TeT),
Nyt on saatu

TeT),

Vield pitdd rajoittaa yhtdlén (31) toinen termi. Yht#lon (44) ja nrin miiritelmin mukaan

Z IV = un)liery = Y lo = Vunllz

TET, TETH

‘ (45)
< 3 [lo = anlei + llon = Vunlbam| <€ Y- nb-
TET, TET,
Yhdistamalli yhtilot (31), (44) ja (45) saadaan viite. ]

5 NUMEERISET TULOKSET

Tassa kappaleessa tarkastelemme esitetyn menetelmin numeerista kiiyttaytymisti. Aluk-
si toteamme optimaalisen konvergenssin vapausasteiden lukumé&&rén suhteen ja tdmén jil-
keen testaamme a posteriori virhearvioon perustuvaa adaptiivista verkon tihentamisti.

Mallitehtivi on sekamuodossa esitetty Poissonin tehtdva yksikkonelitsss,

V- o = —sin(rz)sin(ry) (z,y) € (0,1) x (0,1),

Vu=o (z,y) € (0,1) x (0,1), (46)
u = sin(2mz)/10 [={(zy) ly=1, z€(0,1)},
u=0 OQ\T.
Tehtdvén tarkka ratkaisu voidaan laskea Fourier-sarjoilla ja se on
1 ) ll . )
w(z,y) = ) sin{mz) sin(7y) + T0smb(2r) sin(27z) sinh(2my) . 47

Tehtivin elementtiratkaisuja on esitetty kuvassa 1. Kaikkissa laskuissa kiytetdin stabiili-
suusparametrin arvoa v = 1. Kuvasta nikyy ratkaisun epijatkuvuus erityisesti lineaaristen
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1/2

. . Sren, M1 .

Taulukko 1: A posteriori virhearvion tarkkuus. Taulukossa on suureen mu_ih"a_ 2“” arvoja
2

adaptiivisessa tihennyksessi seké lineaarisille ettd toisen asteen elementeille.

polynomiaste | 1. verkko 1. tihennys 2. tihennys
1 1.0 1.3 1.6
2 1.3 1.9 2.3

elementtien tapauksessa. Samoin ndhdaén ettd jo toisen asteen elementeilld epdjatkuvuutta,
on huomattavasti vihemman, johtuen tarkan ratkaisun sileydesta.

Kuvassa 2 esitetdsn menetelmin konvergenssi ||| - [||-normissa vapausasteiden lukumé&a-
ran funktiona lineaarisille ja toisen asteen elementeille. Tasaisessa tihennyksessd pitad ol-
la [9] v — up,0 — ap|| ~ N~/2 lineaarisille ja [|u — up,o — o4l| ~ N~ toisen asteen
elementeille, kun N on vapausasteiden lukumairi. Kuvasta 2 ndhdéin ettd menetelma to-
teuttaa a priori tuloksen hyvin tarkasti.

Lisdksi kuvassa 2 esitetdin virhe myGs adaptiivisen verkon tihennyksen tapauksessa.
Adaptiivisessa tihennyksessi tihennetdin 30% elementeisti ja tihennettivit elemenetit va-
litaan a posteriori virhearvion perusteella. Kuvasta 2 ndhdain ettd adaptiivisella tihennyk-
selld saavutetaan tasaista tihennystd parempi konvergenssi. Toisin sanoen ratkaisun adap-
tiivisella tihennykselld saavutetaan haluttu tarkkuus pienemmailla vapausasteiden magralla.

Edells adaptiiviset tihennykset on tehty ilman toleranssia, mutta kiytdnnossd kannattaa
kiyttad esimerkiksi seuraavaa tihennysalgoritmia. Pyritdan saavuttamaan

1/2
Clllu — un, 0 — anll| < ( D n%) <TOL ,

TeT)
miki saavutetaan esimerkiksi tihentdm3lla elementit, joille

S TOL?
= lkm (elementit)

Edelld vakio C on tuntematon, joten varmoja rajoja ei saavuteta, mutta kiiytinndssi vakion
C arvo on yleensi luokkaa 1. Kun elementeists tihennetiin aina 30%, saadaan vakiolle C
taulukon 1 arviot.

Kuvassa 3 ndytetdin a posteriori virhearvion jakauma ja adaptiivisella tihennykselld
syntyneitd verkkoja lineaarisilla elementeilld laskettaessa. Kuvista ndhd&in ettd virheindi-
kaattori huomaa reunalla I" ja alueen keskelld sijaitsevat suuremmat ratkaisun muutokset
ja tihentdd niissi alueissa.



473

polynomiaste=1 polynomiaste=2

0.1 ~
0.05
0
-0.05
0
-0.1 # 05
! 0
5
o 'y
% X

Kuva 1: Esimerkkitehtivin ratkaisuja kuvan 3 ensimmaéisells verkolla.

Virhe energianormissa vapausasteiden lkm funktiona
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Kuva 2: Esimerkkitehtéviin virheen konvergenssi energianormissa vapausasteiden lukumaé-
rin funktiona. Ylempi sarja on laskettu lineaarisilla elementeilld ja alempi sarja toisen
asteen elementeilld. Pallot merkitsevit tasaista tihennystd ja tihdet a posteriori virheen
perusteella tehtyd adaptiivista tihennystd. Pisteviivat ovat referenssisuorat NV —1/2 ja N71,
jotka vastaavat a priori virhearvion antamia oletuskonvergensseja Ch lineaarisille ja Ch?
toisen asteen elementeille.
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Kuva 3: Adaptiivisen tihennyksen kulkua. Ylh&3lta alas on verkko jolta aloitetaan ja kaksi
adaptiivisen tihennyksen tuottamaa verkkoa. Vasemmalla on kiytetyt verkot ja oikealla on
a posteriori virheindikaattorin antama virheen jakauma kyseiselld verkolla. Adaptiivisessa
tihennyksessd, on tihennetty 30% elementeisti.
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ABSTRACT

This paper is devoted to construction of a posteriori error estimators aimed at control
of computational errors for problems in the linear elasticity theory. The error control is
performed in terms of linear (continuous) functionals, which can be, in particular, designed
to verify the difference error between the exact solution and its approximation in local
subdomains of special interest. The approach employed has been earlier analysed in the
author’s works [17, 19] for a class of linear elliptic problems. It is based on usage of an
auxiliary (so-called adjoint) problem. In the framework of this approach the original and
adjoint problems are solved on noncoinciding meshes and averaging of gradients is used
to evaluate the term in the estimator that cannot be evaluated directly. In the present
paper, we consider the case of an elliptic system of partial differential equations arising in
the theory of linear elasticity, where the averaging procedures are now applied to the field
of strains (or stresses). Series of numerical tests performed shows that the error estimator
proposed is asymptotically exact, and also demonstrates that in many cases sufficiently
accurate evaluation of the error in terms of linear functionals can be obtained even if the
number of nodes in the adjoint mesh is essentially less than in the primal one.

1 INTRODUCTION

Linear elasticity problems, arising in many technical applications, are among the most
interesting engineering problems. Various numerical methods developed for finding approx-
imate solutions to these problems are well-known and are widely used in the computational
practice, see, e.g., [8, 9, 22, 25, 27]. Nowadays the finite element method seems to be the
most popular among all other numerical techniques used for this type of elliptic problems.

However, calculations always require a reliable control of accuracy of approximations
obtained. Development of analytical and computational tools for such a control is the main
purpose of a posteriori error estimation analysis. Various approaches for deriving estimates
for elliptic type boundary value problems for errors measured in the energy norm have
been suggested by many authors (see, for example, works [1, 2, 3, 4, 12, 14, 16, 23, 26]
and references therein), also useful error indicators for adaptive mesh refinement have been
constructed by special post-processing procedures (see, e.g., [26, 27]).

In the recent years, a new line in a posteriori error estimation has been actively devel-
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oping. It is based on the concept of the error control in terms of special problem—oriented
criteria (see, e.g., [1, 4, 14, 15, 21, 24]) instead of (or in addition to) the error control in
global energy norms. Error estimates of such a type are strongly motivated by the needs
of real-life problems, in which analysts are often interested not in the value of the overall
error, but mainly in various local errors over certain “subdomains of special interest” or
relative to some interesting characteristics (e.g., to the so-called J-integral in the fracture
mechanics, see [24] and references therein). A possible way for estimation of such errors is to
introduce a linear functional £ associated with “problem-oriented criterion” and to obtain
an estimate for the value ¢(u—a) , where u is the exact solution and % is the approximate
one. Known methods (see, e.g., [1, 5, 10, 11, 21]) find estimates of £(u — @) by employing
an auxiliary (adjoint) problem, whose right-hand side is formed by the functional ¢.

For linear elasticity problems, the basic example of the error control via linear functionals
is an estimation of the following integral

[26): i) - a)ds,

s

where S is a certain subdomain (or a line) in the problem domain € and @ is an
approximation for the displacement field u. More special (and problem-oriented) examples
of error control, via another functionals, can be found in the fracture mechanics, see, e.g.,
[24].

In the present paper, we use a new way of estimating the computational errors via linear
functionals, as proposed in our earlier work [19] (see also [11, 17, 18]) for the linear scalar
elliptic problem, and apply it to the case of elliptic system in the linear elasticity theory.
The approach is essentially based on two principles: (a) original and adjoint problems are
solved on non-coinciding meshes, and (b) term presenting the product of errors arising in
the primal and adjoint problems is estimated with help of one of various gradient recovery
techniques widely used in various applied problems (see [6, 7, 13, 26, 27]). This differs our
approach from the others, where the finite element approximations of both, the primal and
adjoint problems, are computed in the same finite-dimensional subspaces. We verify the
effectivity and demonstrate the asymptotic convergence of the constructed estimator in a
series of numerical tests.

2 PROBLEM FORMULATION AND ERROR DECOMPOSITION

Consider an elastic body occupying a bounded domain Q C R¢,d = 2,3, with a Lipschitz
continuous boundary 8Q = T'; UT'y, where I'y # () and I'; are disjoint and relatively open
parts of 8§2. The problem consists of finding the vector—valued function u (displacement)
and the tensor-valued function o (stress) such that

—dive =f in Q, (1)

1 T
ocg=Le €(u)= B Vu+ (Vu)* , (2)
u=u’ on Ty, (3)

on=g on I'g, (4)
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where the symbol n stands for the unit outward normal to 92, f and g denote the given
volume and surface loads, respectively, u® is the prescribed displacement on I';, and the
tensor L will be defined later.

In what follows, we denote the scalar product of vectors a,b € R¢ by the dot, a- b :=
S>% | ab;. Similarly, the scalar product of symmetric tensors T,k € MZx is denoted by
T K= E?,j:l Tijki;- The norm of a vector a is denoted by ||a|, ||la|| := (a - a)'/?, the
norm of a tensor 7 is denoted by ||7|| and is equal to (7 : 7)1/2.

In the above, L = L(z) = (Lijn (2))} j k=1 Stands for the fourth order tensor of elastic
coeflicients, which satisfy the following symmetry condition

Ljikl =Lijkl ZLk“j y ’i,j,k,l = 1,...,d . (5)
and the condition that there exists a positive constant C; such that
L(z)7:7> Cy||7||*? Vre Mf;,;{ (6)

almost everywhere in 2. We also assume that

Liji € Lo (), £ € (L2(Q))%, g € (L2(T2))%, u® € (H'(Q)). (7)
By definition,
d
Lr:k:= Z Lijrimij Kkt (8)
ik l=1

The weak formulation of problem (1)—(4) is given below. It will be called the primal
problem and denoted as (PP) in what follows.

Primal Problem (PP): Find u € V®+u® such that

a(u,w) = F(w) vYw e VO, 9)

where
Vl={ve(HQ)?|v=0 on I}, (10)
a(v,w) = /Le(v) :e(w) dz, (11)

Q
and
Fw):=[f-wdz+ [ g -wds. (12)
[rre]

Since the above defined bilinear form a(-, -} is continuous and coercive (due to the Korn’s
inequality, see, e.g., [20]), the primal problem (9)—(12) is uniquely solvable.

Let @i € V?+u® be an approximation of u (e.g., obtained by some numerical technique).
Our task is to derive an estimate for the following quantity

f(u — ), (13)

where £ : V® — R is a linear continuous functional selected for the error control. A common
way to obtain an estimate for £(u — @) is to introduce an auxiliary problem (often called
the adjoint problem and to which we refer as (AP)) in the following way.
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Adjoint Problem (AP): Find v € V? such that

a(v,w) = 4w) YweV° (14)

Under the above assumptions (5)—(7), the adjoint problem is uniquely solvable. However,
in general, the exact (weak) solution of (AP) cannot be found in analytical form and only
its approximation ¥ € VO is usually available.

Lemma 1: The following error decomposition holds

fu—1) = Eo(8,9) + Ei(@v), (15)
where
Eo(4,9) = F(¥)— / Le(q) : () dx, (16)
Q
and
Bi(5,9) = / Le(u—1): e(v — ¥)de. (17)
Q2

P r o o f: Decomposition (15) immediately follows from the following obvious integral
identities
fu—1) = /Le(v) : e(u - @) do =

Q

=/Le(v—\7):e(u—ﬁ)dw—l—/Le(\‘/) :e(u — 1) dz,
Q Q

and

Remark 1: We note that the term Ey is directly computable once @i and ¥ are known,
whereas the term F; should be still estimated.

Remark 2: The terms Ey(ti, ¥) and E; (4, V) can also be represented in terms of stresses
as follows:

Q Q

3 CONSTRUCTION OF ERROR ESTIMATOR

Let V! and V7 be two finite-dimensional subspaces of VY, not necessarily coinciding,
that are based on finite element meshes 73, and 7. We shall use V* and V for construction
of the finite element approximations for problems (PP) and (AP), respectively, i.e., pose
the following two problems:
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Problem (PP"): Find u® € V* +u® such that
a(u®, wh) = F(w") vwh € Vi, (19)

Problem (AP7): Find v7 € V™ such that
a(vi,wT) = £w") YwT e V7. (20)
Both above problems are, obviously, uniquely solvable.

Further, setting i = u® and ¥ = v” in the error decomposition (15)—-(17), we obtain

fu —uh) = By(uh,v7) + Ey(uP,v7). (21)

It is well-known that the finite element solution of the linear elasticity problems possesses
certain superconvergence properties (see, e.g., [13]), which makes it possible to prove that its
averaged gradient often presents a good image of the true one. This fact made a posteriori
error indicators based on the gradient averaging techniques very popular. It is natural to
exploit this property in the estimation of the term FEy, which contains unknown gradients
of the solutions of primal and adjoint problems.

Thus, let
G", G : (Loo())? — (H'(Q)*

be some gradient averaging operators related to the meshes 75, and 7, respectively.

In the simplest case of linear finite elements, both gradient averaging operators can be
defined as a mapping of a piecewise constant gradient (Vu® or Vv7) into a vector-valued
piecewise linear function by setting each its nodal value as the mean (or weighted mean)
value of the gradient values on all elements incident with the corresponding nodal point (cf.
[13)).

By means of G"* we can define an averaging operator for the strains (still denoted by
the symbol G") as follows

GH(e(u™) = 5 GH(Vul) +(GH(Tu)T (22)
and, similarly,
1
G (e(vT)) := 5 GT(Vv") + (GT(Vv)T . (23)
Then, the term E;(u®,v™) can be replaced by the explicitly computable term
By (u*,v7) = /L (GM(e(u™)) — e(uh)) : (G(e(v7)) — e(vT)) dz, (24)
Q

that leads to the error estimator in the form
E(uh, vT) = Ey(uh,v7) + Ei(u",v7), (25)
which is directly computable once the approximations u” and v™ are defined.

Remark 3: We note that Eg(u”, v") asymptotically contains the major part of /(u — u”)
as v — v. For the special case V* = V7 the term Ey, obviously, vanishes.

The above construction suggests the following numerical strategy, including suggestion
for the relevant mesh adaptive procedure:
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(a) Define V™ taking into an account the nature of the functional £ (e.g., by putting extra
trial functions in a subdomain associated with it), and calculate v7,

(b) Define V" and calculate u”,

(¢) Calculate Eg(u”,v7) directly and use post—processed values of Vu® and Vv™ to esti-
mate E;(u*, v") replacing unknown strains (stresses) by easily computable averaged
strains (stresses),

(d) The estimator F is, in fact, an integral over 2, i.e.,

E(u vT) = Z Iz, (26)

TeT,®

where each contribution I is a value of the integral taken over a particular element
T of the current mesh Th(i). To construct the next primal mesh Th(H'l) in order to
decrease the error, we propose the following adaptive procedure. First, we find the
maximum among all modulus |Ir|’s and, secondly, mark up those elements T’s which
have their contributions larger than the “user-given threshold” 8 € [0,1] times that

maximum value. Refining the marked elements (and making the mesh conforming),
we get the next mesh, Th(’H).

Note that computations made in the item (a) can be further used for estimation of errors
of an approximate solution obtained on another mesh and with different f, u’, g.

4 NUMERICAL EXPERIMENTS

In all the tests in this section, we shall deal with the plane stress problem with the
following parameters: Young’s modulus E = 10°, Poisson’s ratio v = 0.3, and volume
forces £ = (0,0). The mesh generator and the solver of the PDE Toolbox of Matlab are
used in all the calculations. We shall always estimate the error

fu—ut) = / & (u—ut)dz, (27)

where @ = (1,1)T in a small subdomain w C € and vanishes outside of w. The symbol
I.;¢ denotes the so-called effectivity index

E(ut,v7)

Ieff = E(u—uh) ? (28)

which shows how good the estimator’s values are.

Test 1: In the first test, the solution domain © := (-1.0,1.0) x (—0.2,1.0) and w :=
(=0.5,—-0.1) x (0.2,0.5), see Fig. 1 (left). We assume that u® = (0,0) on the lower part of
the boundary. Further, let the load g = (0, ~10%) acts on the upper part of the boundary
and it is assumed that g = (0, 0) on the remaining parts of 0§2. The finite element solution
u” is calculated on primal mesh 7;, with 44 nodes presented in Fig. 1 (left). One example of
corresponding adjoint mesh is given in Fig. 1 (right). Al the other adjoint meshes in the test
are obtained from 7, by the standard red-refinement procedure used one, two, etc, times.
The results of calculations are summarized in Table 1. The first and the second columns
of the table contain the numbers of nodes in the primal and adjoint meshes, respectively.
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Figure 1: Primal mesh 7, (left) with 44 nodes (with zone of interest marked by the bold
line) and an example of adjoint mesh 7, (right) with 2193 nodes for Test 1.

For the gradient averaging we used a computationally cheap procedure of mean arithmetic
averaging of gradients at each node according to the number of elements in the patch
surrounding this node.

Table 1: Performance of estimator E for Test 1

Pr Ad FEyx10° E; x10° Ex10® {f(u—uh)x10® L;;

44 44  -0.000000 -0.003766 -0.003766 -0.002644 1.42
44 153 -0.002413 -0.001228 -0.003641 -0.002644 1.38
44 569 -0.002679 -0.000443 -0.003122 -0.002644 1.18
44 2193 -0.002669 -0.000150 -0.002819 -0.002644 1.07
44 8609 -0.002644 -0.000048 -0.002692 -0.002644 1.02

It is worth to mention that  in this example has no reentrant corners, i.e., the exact

solution of the problem is sufficiently smooth almost everywhere in €. In addition, the
meshes used are “quasi-uniform”. Both circumstances provide ”strongly expressed” super-
convergence of the averaged gradients (cf. [13]). Thus, the term Ey dominates, Ey tends to
zero, and the estimator E tends to the exact value of the error as we use more and more fine
adjoint meshes for the estimation. The other types of gradient averaging give essentially
the same results.
Test 2: In this test, we consider a more complicated problem when the solution domain has
a reentrant corner. Thus, let {} and w be as presented in Fig. 2. T'he Dirihlet conditions u® =
(0, £1) are prescribed on the upper and the lower parts of 2, respectively. In the remaining
parts of OQ we impose homogeneous Neumann conditions. The finite element solution u” is
calculated on the mesh 7j, with 171 nodes, see Fig. 2 (left), and the corresponding von Mises
stress distribution is given in Fig. 2 (right). The results of calculations for the estimator are
presented in Table 2 (see also Fig. 3), where the first and the second columns contain the
numbers of nodes in primal and adjoint meshes, respectively. Several corresponding adjoint
meshes are given in Fig. 4. In this test we use for averaging purposes the weighted mean of
gradients with respect to areas of relevant triangles since trianglar elements in the mesh are
quite different in value in diferent parts of the solution domain and it is natural to balance
the gradients’ contributions according to areas of respective triangles. However, the results
with another averagings, including a simple mean averaging, are only slightly different.

We note that in this example the solution has a singularity at the point (0,0), which is
a vertex of the reentrant corner. Our test (cf. Test 4) demonstrates the fact that even in
the presence of high gradients of the solutions, an usage of a computationally cheap adjoint
mesh with a considerable smaller amount of nodes than the number of nodes in the primal
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problem leads to quite effective estimates. Also the asymptotic convergence of the estimator
to the true error is still observed in this test similarly to Test 1 (see Fig. 3).

\\\\*\\\‘ N

\Q&x\?&\ NS

Figure 2: Primal mesh with 171 nodes and zone of interest marked by black bold line (left)
and the von Mises stress distribution (right) for Test 2.

Test 3 (adaptivity): In this test, we demonstrate the effectivity of the adaptive procedure
proposed in Section 3. We take the same problem as in Test 2 with mesh 7, having 171
nodes (see Fig. 2 (left)). Further, using a fixed adjoint mesh 7, (with 155 nodes) we perform
4 adaptive steps with # = 0.5. The results of calculations are presented in Table 3 and the
respective meshes are given in Fig. 5. We clearly observe that both, true errors and the
estimator’s values monotonically decrease, and that the efectivity index is reasonably good
even for the case when adjoint mesh is five times coarser than the primal one (155 nodes vs.
776 nodes). It is worth to emphasize that using possibility to solve the adjoint problem on
fixed mesh (or at least refining adjoint meshes more slowly than the primal one), we save
considerable amount of computational time and memory, which is essential especially if we
perform error control for real-life problems (cf. [24] for large computations).

0.001964

65 75 90 104 123 141 155 171 187 204 238 323 868 1221 4745

Figure 3: Graphical illustration of behaviour of the estimator and its parts for various
choices of adjoint meshes for Test 2 (cf. Table 2). Mesh 75, has 171 nodes in all computations.
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Table 2: Performance of estimator E for Test 2

Pr Ad Ey E, E fu—uh) Ly
171 65  0.000937 0.000450 0.001387 0.001964 0.71
171 75 0.001053 0.000303 0.001356 0.001964 0.69
171 90  0.000914 0.000646 0.001560 0.001964 0.79
171 104 0.001048 0.000525 0.001573 0.001964 0.80
171 123  0.001057 0.000549 0.001606 0.001964 0.82
171 141  0.001195 0.000318 0.001513 0.001964 0.77
171 155 0.001207 0.000373 0.001580 0.001964 0.80
171 171 0.000000 0.001511 0.001511 0.001964 0.77
171 187 0.000478 0.001053 0.001531 0.001964 0.78
171 204 0.001072 0.000531 0.001603 0.001964 0.82
171 238 0.001093 0.000518 0.001611 0.001964 0.82
171 323 0.001496 0.000241 0.001737 0.001964 0.89
171 88 0.001634 0.000171 0.001805 0.001964 0.92
171 1221 0.001781 0.000086 0.001867 0.001964 0.95
171 4745 0.001893 0.000044 0.001937 0.001964 0.99

Figure 4: Examples of adjoint meshes with 65, 123, and 1221 nodes for Test 2.

Table 3: The results of adaptivity in Test 3

Pr Ad Ey E, E a—uh) Ly
(171) 155 0.001207 0.000373 0.001580 0.001964 0.80
(187) 155 0.000975 0.000373 0.001348 0.001700 0.79

7,(250) 155 0.000661 0.000288 0.000949 0.001234  0.77
(425)
(776)

155 0.000416 0.000233 0.000649 0.000794 0.82
155 0.000239 0.000165 0.000404 0.000569 0.71
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Figure 5: Mesh adaptation in Test 3.

Test 4: In this series of numerical experiments, the solution domains and the zone of interest
w = (—0.2,0)x(—0.1,0.1) are presented in Fig. 6. We note that the reentrant corner at (0, 0)
is getting sharper which makes the solution singularity stronger. The boundary conditions
are taken as in Test 2 in all the cases. The finite element solutions u® are calculated on
the meshes 7T, with 167, 171, and 169 nodes, respectively (see Fig. 6), the employed adjoint
meshes are given in Fig. 7. The results of calculations for the estimator are presented in
Table 4. We observe that the estimator performs well in all the tests even if the number of
nodes in adjoint problem is approximately two times less than the number of nodes in the
corresponding primal problem.
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Figure 6: Primal meshes with 167, 171, and 169 nodes for Test 4.
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Figure 7: Adjoint meshes with 80, 78, and 82 nodes for Test 4.



486

Table 4: Performance of estimator E for Test 4

Pr Ad Eo E, E fu—uh) Iy
167 80 0.000900 0.000441 0.001341 0.001725 0.78
171 78 0.000536 0.000491 0.001027 0.001356 0.76
169 82 0.000913 0.000228 0.001141 0.001405 0.81
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ABSTRACT

This paper presents a comparison of experimental and simulated results of the flow field in a
lab-scale mixing tank. Flow structures were measured using the high-speed Stereoscopic Particle
Image Velocimetry, which enables an accurate, 3D description of the flow field in the tank.
Computational Fluid Dynamics were performed on the tank and two turbulence models - SST and
SAS - were utilized. Model validation against experimental data showed that the SAS model was
able to capture the main characteristics of the trailing vortex pair, while the vortex trajectories
terminated too early in the SST predictions.

1. INTRODUCTION

Flow dynamics in a mixing tank has been investigated by experimental and numerical
techniques. The device consists of a supported paddle mixer located in a one litre beaker and a
console to adjust the mixer speed. In the current work, the single phase, turbulent flow field of
pure tap water was studied in the mixing tank. The goal has been to collect empirical data by
Stereoscopic Particle Image Velocimetry (SPIV) technique and to use the experimental data to
validate Computational Fluid Dynamics (CFD) simulations of the mixer.

The flow field of a mixing tank can generally be divided into a turbine discharge zone and a
bulk region, which covers the rest of the tank. Both the experimental and numerical techniques
must resolve the instantaneous fluid flow velocity fields in the turbine discharge zone. The time-
averaged Reynolds decomposition cannot resolve flow periodicity caused by the rotating turbine.
Therefore, the results are measured for each turbine blade angle. The turbulent fluctuations can be
resolved for each instantaneous vector field based on the length scale of flow structures (with a
Galilean decomposition) or for each turbine blade angle with an angle-resolved Reynolds
decomposition.
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SPIV

a) :
Figure 1. a) Scheme of the mixing tank. Dashed rectangle shows the measurement area. b)
Experimental setup.

2. STEREO-PIV EXPERIMENTS

Stereoscopic Particle Image Velocimetry (SPIV, [1,2]) experiments have been carried out with
a high-speed PIV system that consists of two high-speed, digital, double-frame CMOS cameras
(PCO) that obtain 600 Hz frame rate with a resolution of 1280x1024 pixels and a high-speed Nd-
YLF laser (New Wave, Pegasus) with a 10 mJ pulse energy at kHz pulse rate. The cameras are
arranged in an angular displacement system that is geometrically calibrated to view a 49x36x1
mm’ measurement volume in the cross section of the mixing tank. The measurement volume is
located in the turbine discharge zone and it is highlighted in Figures la and 2 (right). The
measurement plane is perpendicular to the plane of two carrier bars. The measurement sctup is
shown in Figure 1b. The angle between the cameras is 60 degrees. All three components of fluid
velocity are acquired in the measurement plane from image sequences of illuminated tracer
particle images.

Each instantaneous velocity field consists of 22600 velocity vectors with interval of 280 pm
that defines the spatial resolution of the measurement. In case of 160 rpm turbine speed, 1300
velocity fields are resolved at 192 Hz sample rate, which corresponds to the total of 18 rotation
cycles. The turbine blade moves 5 degrees between each resolved velocity field. The time delay
between the frames of each double-frame image is 0.6 ms, which ensures that the measured
velocity fields are truly instantaneous. The measurement does not resolve the smallest turbulence
scales at 160 rpm turbine speed. The minimum Kolmogorov time scale is about 1.25 ms, minimum
velocity scale is 0.03 m/s and the minimum length scale is about 40 pm. The spatial resolution of
measurements is 7 times the Kolmogorov length scale and the time resolution of measurements is
4 times the Kolmogorov time scale. Therefore, the turbulent kinetic energy can be resolved almost
totally, but only about half of the turbulent kinetic energy dissipation rate is measured [3]. The
large-scale flow structures and their instabilities are measured with high accuracy and the
measurement results are utilized to validate the numerical model. The periodic and aperiodic
(turbulent) motion of trailing vortices is resolved both in experiments and in simulations.
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3. CFD MODELLING

In CFD modelling, conservation equations of mass, momentum and other related variables are
set up in order to model the flow field of the system. These partial differential equations are solved
by integrating them over small control volumes, into which the computation domain has been
discretized (control volume method). In many engineering applications, one is often interested in a
steady-state solution rather than an instantaneous flow field that fluctuates due to e.g. changing
process conditions and turbulence. Furthermore, an exact description of the transient, turbulent
flow field in most practical applications is still too time-consuming to accomplish. Therefore,
Reynolds Averaged Navier-Stokes (RANS) approach is commonly used, which leads to two
additional equations for turbulent kinetic energy and dissipation.

Many engineering applications are turbulent. Turbulence must therefore be included in the
CFD model. The complete spectrum of turbulence length- and time-scales can be exactly solved
by Direct Numerical Simulation (DNS). It is well known that with the current and near-future
computer capacity, DNS is too heavy in terms of computer power and time. This is why
traditionally, turbulence has been modelled by two-equation models together with Boussinesq’s
eddy viscosity hypothesis that relates the turbulent Reynolds stresses to the velocity gradients of
the mean velocity field. The two-equation turbulence models have proven to yield acceptable
predictions in a wide range of applications and have therefore a solid status in CFD modelling.
However, the most two-equation models fail to correctly predict turbulent vortex shedding, which
is of interest in many engineering applications. Alternative methods located somewhere between
DNS and 2-equation turbulence models, such as Large Eddy Simulation (LES), Detached Eddy
Simulation (DES) and Scale-Adaptive Simulation (SAS) models have been proposed to describe
turbulence in computational codes.

In the current work, Computational Fluid Dynamics (CFD) simulations have been performed
on a mixing tank. Flow field in this baffled mixing tank has been modelled by ANSYS CFX-
10.0 code using two different turbulence models: the shear-stress-transport (SST) model and the
Scale-Adaptive Simulation (SAS) both developed by F.R. Menter [4, 5, 6].

The SST turbulence model provides an advanced 2-equation turbulence closure among the
traditional 2-equation models as it has been shown to better predict flow separation under adverse
pressure gradients. Improvements of the k-® based SST model are based on the inclusion of
transport effects into the formulation of the eddy-viscosity. The transport equations of turbulent
kinetic energy (k) and turbulent frequency () are:
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Here 13,( is the turbulence production term, § is the shear strain rate and F, is the blending function.

Betas and sigmas are model constants, see e.g. [7] for further information. The formulation of the
blending function is based on the distance to the nearest surface and on the flow variables.

The SST model actually combines the strengths of the standard k-€ turbulence model and the
k- model by blending between these two models. The k-® model is used in the boundary layer,
while the standard k-e turbulence model is utilised in the free stream. As mentioned above, a
shortcoming of the 2-equation turbulence models is that they are not able to predict the formation
of complex 3D vortices under adverse pressure gradients (e.g. behind obstacles). This has been
claimed to be caused by over-predicted turbulence levels rather than their derivation [S]. Menter
and Egorov argued that the URANS (Unsteady Reynolds Averaged Navier-Stokes) solution is
overly dissipative and therefore prevents the formation of a turbulent cascade [6].
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The SAS concept allows a two-equation turbulence model to function in a SAS mode, which
results in a LES-like behaviour in the unsteady regions of the flow field. So far, SAS modes of
KEIE and the SST turbulence models have been reported [5, 6]. In this work, SST-SAS has been
used and is hereby referred to as SAS for simplicity. The SAS method is based on introducing the
von Karman length-scale into the turbulence length scale equation originally derived by Rotta [8].
The von Karman length-scale reads [6]:

oU /dy
%U 19y?
Here xis the von Karman constant. When the SST turbulence model is operated in SAS mode, the
transport equation of turbulent frequency becomes [6]:
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It has been shown that the SAS modes of KEIE and SST models are able to predict the formation
of 3D vortices in the unsteady flow regions [5, 6]. According to Menter and co-workers [5], the
reason why the URANS models usually fail to model the formation of turbulent structures is a
result of over-predicted turbulence levels. Namely, the standard turbulence models provide a
length-scale proportional to the thickness of shear layer, which does not adjust to the local flow
topology. On the contrary, SAS formulation is based on the von Karman length scale that adjusts
to the readily resolved turbulence scales, hence the length scale is proportional to the size of local
eddies. In the derivation of the SAS model, Menter and co-researchers used Rotta’s length scale
equation in a modified form. More specifically, in [9] Menter and Egorov note that the omission of
second order terms in Taylor series expansion of Rotta’s length scale definition, which is based on
the assumption of homogenous turbulence, is overly restrictive. Therefore the second order term is
included in the SAS formulation of the turbulence length scale.

Model set-up

The computational domain was divided into a static stator and a rotating rotor domain,
between which a transient sliding mesh procedure was utilised. General Grid Interface (GGI)
connection was used on the domain interface to account for the non-matching nodes. Figure 2
(left) illustrates the stator and rotor domains and the spatial discretization used. The mesh
consisted mainly of tetrahedral elements, but three layers of prism elements were added on the
surfaces of the mixing vessel, impeller and baffles in order to more accurately predict the
boundary layer. In total, the mesh had 542144 nodes equalling to about 2.77M elements.

The rotational speed of the impeller was 160 rpm, corresponding to the Impeller Reynolds
number of about 9400. The transient rotor-stator model of ANSYS CFX 10.0 was used to simulate
the actual movement of the rotating domain. Two turbulence models, i.e. SST and SAS were
utilised. Together with the SST-based turbulence models, ANSYS CFX uses automatic wall
functions. The automatic wall functions automatically switch from wall-functions (log law of the
wall) to a low-Re near wall formulation when the mesh size normal to the wall is small enough.
The transient terms of the discrete finite volume equations were discretized according to the
Second Order Backward Euler scheme. For the advection terms, a factor of 0.75 was used to blend
between a 2™ order High Resolution Scheme and a 1% order Upwind Difference Scheme. Factor 1
means a full 2" order scheme.
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Initial values for the time-dependent simulations were obtained from a steady-state SST
simulation, which converged in less than 400 iterations. The SAS simulation was run for 20
impeller revolutions and the SST model for 16 revolutions before the actual data reported in this
paper was collected. The intention was to make sure that a semi steady-state flow was reached and
to eliminate the influence of the initial flow field on the calculated results. A time step
corresponding to 2.5° impeller rotation was used and data was collected every 5° for about 9
impeller revolutions. The simulations were performed in parallel on four AMD Opteron 2.4 GHz
processors each having 4 Gbytes of memory. A CPU time required per iteration was
approximately 4 minutes and 10 seconds.

Radial
profile

Inspection
plane

Figure 2. Left: computational geometry showing rotor and stator domains mesh, middle: computational mesh,
right: locations of radial profile and inspection plane.

4. 3D TRAILING VORTICES

Figure 3 shows the turbulence structures resolved by the simulations. When SAS and SST
turbulence models are compared, it is noted that SAS is capable of predicting the formation of 3D
vortices that are chaotic in nature. The turbulent structures calculated by the SST model are much
smoother in nature and exist to a lesser extent. The isosurface drawn in Figure 3 is the strain rate
invariant at 5000 s coloured by the ratio of eddy viscosity/dynamic viscosity. It can be seen that
the eddy viscosity of the trailing vortices predicted by the SST model is much higher than that of
SAS model. Therefore it seems that the URANS model used here (SST) indeed over-predicts the
turbulence levels, which prevents the formation of the turbulent cascade as already mentioned in
Section 3. On the particular isosurface in Figure 3, according to the SST model the viscosity ratio
has a maximum of 73 and an average of 18.9, which are considerably higher than the
corresponding values of the SAS model (6.9 and 2.6, respectively).
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Figure 3. Turbulent structures of the trailing vortices behind the blade. Left: SAS, right: SST.

5.MODEL VALIDATION WITH EXPERIMENTAL DATA

Even if the 3D turbulent structures displayed in Figure 3 are illustrative, they cannot be easily
used for model validation. Instead, radial velocity profiles and the trajectories of the vortex mid-
points are here used to validate simulation results. In order to compare the modelled and measured
flow fields, they were interpolated to a regular grid with a grid spacing of 2 mm and a step of 5
degrees in the turbine blade angle. The evolution of large-scale flow structures i.e. trailing vortices
in the turbine discharge zone can then be compared.

Trajectories of trailing vortices

The turbine has straight, flat blades. The flow therefore arrives axially into the turbine and
detaches it radially. The turbine blade creates trailing vortices to its both tip corners and the
vortices generate the discharge zone of the turbine. Interaction of the vortices accelerates their
radial motion, while diffusion and viscous forces decelerate it. Initially vortices move axially
towards each other, but when their radial acceleration stops, they start moving axially away from
each other. When the vortices encounter the boundary layer of the vessel wall, the radial motion
decelerates. At latter blade angles > 130° the vortices either bounce back from the boundary layer
or vanish depending on the location of the stagnation point on the wall. The trailing vortices are
mainly aligned so that the maximum component of the rotation tensor is the tangential component.

The trailing vortices are located from the data as follows. The spatial derivatives of radial (u,x)
and axial (v,y) velocity components in the tank cross section are computed with a central
difference scheme. The tangential component of rotation is computed from o, =g_"_ g_” It has a

x oy
positive sign for the upper trailing vortex and a negative sign for the lower trailing vortex. The
magnitude of @ may be high where the flow changes rapidly, which, however, does not always
indicate the location of a vortex. Therefore, another vortex detection parameter, the eigenvalues of
the velocity gradient tensor [10] is utilized. The negative imaginary part of the eigenvalues of the
velocity gradient tensor is called as swirling strength. Swirling strength in the plane is derived as
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2
swirling _strength = 4(‘1‘@_%2}_1(%_‘_@] 4)
2\ dx dy

The local maxima of swirling strength exceeding a given threshold indicate the positions of the
trailing vortices, whose direction of rotation is defined by @ in that particular location. A subgrid
accuracy of locating the local maxima of swirling strength is obtained with a 3-point Gaussian fit.
The vortex trajectories are composed with a vortex tracking function that utilizes the nearest
neighbour-search to follow the vortices in the consecutive velocity fields.

Figure 4 shows the 3D trajectories of trailing vortices detected in the experimental data and in
the simulated data calculated by SAS and SST turbulence models. It can be seen that the SAS
turbulence model provides results that are similar to the experimental data. Some discrepancies
can be noted with small blade angles (0-10°), where the experimental data shows more scatter. On
the other hand, the measurement locations close to the blade are more prone to errors than angles
further away from the blade. When turbulence is described by the SST model, vortices are not
detected at blade angles > 120° but they vanish on the vessel wall boundary layer. This implies that
the dissipation of the turbulent structures is overestimated. SAS also slightly over-estimates
dissipation compared to experiments.

SAS model SPIV experiment SST model

cert I | e e i ‘m"-.,;, PR § by

i 1
40 30 -20 10 @ 0 20 30 40

40 30 20 -10
Figure 4. The three-dimensional trajectories of trailing vortices. Left SAS model, middle
experimental, right SST model. The upper images show the side view, lower the top view.
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Figure 5 depicts the average 3D trajectories of trailing vortices detected in the experimental
and CFD data. Again it is noted that the vortex path lines calculated by the SAS turbulence model
resemble the experimentally identified trajectories, while the path lines of the SST model
terminate when the blade angle exceeds 120°. From Figure 5 one can also see that at blade angles
< 20°, the path lines of experimental and SAS data start closer to the vessel wall than one would
expect. This can be explained by the fact that vortex “tails” from the previous revolution are
present in the instantaneous data, which were included in the averaging process. From Figure 4
one can see that in the SPIV experiments, the vortices from a previous round are detected close to
the vessel wall. The large scatter of the SPIV data at small blade angles in Figure 5 is mainly due
to vortex tail from previous blade pass. Due to somewhat more dissipation in SAS, the vortices
from previous revolution are not detected, compare Figures 4 and 5.

SAS model: average Irajeclories of the tralling vorices

¥ [mm]

== average paiiies of puniiey widtites
= gt pathina of requtve vl es
== rgradd-hra of posiive vorticas e
e Nt ol paiive vorices
—ne wgeatibhing of nvgutie vaiticen
W st ylsseniididetibaiiarliese e L T Y

SPIV experiment: avetage lizjactories of the hailing vortices
T T T T T

s L

R

IR

¥ [mm]

== sraige palhien ol puidhe vlices
= pratage palbinn of negatve e
s g tatd-hna of possies vortices

e g wilbna of pavitive vy

= Brgtstd-ling of negaliv vibc et
e L e

I I i i
-10 0 10 2 b 40
X [mm)

]
¥
)

SST modsl average lrajeclories of th trailing vortices

| I

¥ [mm]

== page pathing of posities vodicen .., !

—— e psihling of negalive vorices |I\.E

® = g4y lna of positive vortices Nl
= wgeid boe of poebie mitices “

== wrgeatding el opqalies verliwn ¥

[T} ey 61 e of nagiien vortices KL

; :: Y \1
N i ) SR,
ot Ly . .

i i i i i i
40 -30 - Al '] 10 20 n 40
x [mm]

Figure 5. The average path lines of trailing vortices. Top: SAS model, middle: experimental,
bottom: SST turbulence model.
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In Figure 6 the mean radial and axial velocity components for the vortex midpoints are shown
as a function of the turbine blade angle. These profiles hence indicate average speed and direction
of the midpoints at each blade angle. Figure 6 (a) reveals that for blade angles smaller than 60°, the
experimentally determined radial velocity of the midpoints is lower than what the models predict.
On the other hand, when the blade angle exceeds 100°, the midpoints move faster towards the
vessel wall in the experimental data than in the simulations. As noted before, no trailing vortices
are detected in the SST data for blade angles > 120°.

The average axial velocity of the vortex midpoints in Figure 6 (b) shows whether vortices
move up- or downwards in the vessel. According to the CFD simulations, the positive (= upper)
vortices have a higher negative axial velocity and the negative (= lower) vortices a higher positive
axial velocity. In other words, according the model the midpoints approach each other faster than
what the experimental SPIV data implies. The experimental experience gained in this work
indicates that the closer the vortices of the vortex pair are to each other, the faster they move
towards the wall. This is why the trailing vortices in the SAS model (Figure 5) travel somewhat
closer to the vessel wall than in the experiments. It is possible that the model over-predicts the
strength of vortices, which would cause the over-estimated axial velocities. On the other hand, the
SPIV data at small blade angles includes also the vortex tails from previous blade passes, which
decrease the average midpoint velocities.
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Figure 6. The mean a) radial and b) axial velocity components of the midpoint of the positive and
negative trailing vortex at each turbine blade angle.

Velocity profiles in radial direction

Velocity profiles in radial direction are resolved at blade angles from 5 to 180 degrees with a
step of 5°. These profiles reported here are taken on a plane perpendicular to the baffles at a height
of 70 mm, which is in the middle of the turbine blade height (See also Figure 2, right). The
experimental data were averaged from 35 revolutions, while the simulated data just from 9
revolutions. However, as the turbine blade is symmetrical, two data sets per simulated revolution
were obtained; hence the modelled radial profiles reported here are averages of 16-18 data sets. In
stead of the arithmetic average, median was utilised to analyse the profiles calculated by CFD, as
median is somewhat more robust with regard to the extremes of fluctuations.

The radial profiles of radial, axial and tangential velocity at blade angles of 20, 40, 80 and 120°
are collected in Figures 7-9. The radial velocity profiles in Figure 7 confirm the conclusions drawn
from Figure 6 (a), i.e. at small blade angles the models over-predict the radial velocity and at large
blade angles under-predict the radial velocity. At small blade angles the differences between SAS
and SST model are small, but at large angles SST model underestimates the radial velocity
magnitude. The radial profiles of axial velocity depicted in Figure 8 suffer from large scatter.
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Therefore the profiles shown here are far from being developed and more data would be needed to
draw conclusions. Finally, the radial profiles of tangential velocity (Figure 9) indicate an
acceptable agreement between the models and SPIV experiments. Moreover, no large differences
in the results by SAS and SST model are observed.
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Figure 7. Radial velocity profiles in radial direction at blade angles of 20, 40, 80 and 120°.
(x) experimental, (--) SAS model, (—) SST model.
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Figure 9. Tangential velocity profiles in radial direction at blade angles of 20, 40, 80 and 120°.
(x) experimental, (--) SAS model, (—) SST model.
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Figure 10. Instantaneous radial profiles of radial velocity at the blade angle of 80°. The phase-

resolved average is shown in thick black line. Top left: SAS, top right: SST, bottom: SPIV.
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Figure 10 shows multiple instantaneous radial profiles of radial velocity at the blade angle of
80°. It can be seen that fluctuation are large and random, particularly in the data of SAS model and
SPIV experiments. The SST model also predicts fluctuations, but these are smoother and
somewhat smaller in extent. From this data it is obvious that one would need more data in order to
draw definite conclusions.

6. CONCLUSIONS

Flow field in a lab-scale mixing tank has been modelled by CFD and the modelling results
have been validated against experimental SPIV data. Unique results has been reported, as the
Stereo-PIV technique offers an advanced means to capture the 3D flow field in the mixing tank. In
CFD modelling, two turbulence models, i.e. SST and SAS have been used. It has been shown that
the SAS model is able to predict the formation of chaotic, 3D trailing vortices in the turbine
discharge zone. It therefore shows LES-like behaviour without requiring extensively fine
computational meshes. On the contrary, the trailing vortices predicted by the URANS SST model
were much smoother and overly dissipative in nature and hardly any smaller-scale vortices were
noted, which existed to a high-extent in SAS results.

The CFD model was successfully validated against radial velocity profiles and by following
the trajectories of the midpoints of the trailing vortex pair. These showed that the SAS model was
able to capture the main path lines of the trailing vortex pair, while in the case of SST model the
path lines terminated at a blade angle of about 120°. In general, no large difference between the
predictions by SAS and SST model were noted in the radial profiles. The radial profiles showed
that an acceptable agreement was obtained in most cases. However, in order to draw definite
conclusions, the simulation should be run for more revolutions. Unfortunately this was not
possible due to long CPU time required by these transient simulations within this work, but the
research will be continued as the presented results are very promising.
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TIIVISTELMA

Mikrosysteemien vaimennuskiyttiytymistd mallinnetaan yleensi Navierin ja Stokesin
yhtélsistd johdetuilla yksinkertaistuksilla. T#ssé paperissa kisitelldin virtauksen ratkaisua
kéyttden kolmea eri mallia: linearisoitua Navierin ja Stokesin yht#léd, Stokesin yhtilss se-
k& dimensioreduktiolla saatavaa Reynoldsin yhtdld. Yhtilst on toteutettu elementtimene-
telmédn pohjautuvaan vapaan lihdekoodin Elmer-ohjelmistoon. Yhtilsiden soveltamisesta
annetaan kiytinnon esimerkkejé ja lisiiksi kisitelldéin niiden soveltuvuutta eri tilanteisiin
ja yhdistdmisté erilaisten geometristen rakenteiden kisittelyyn.

1 JOHDANTO

Mikrosysteemien mallinnus on haastava monifysikaalinen tehtédvikenttd, jossa sihkoi-
set ja mekaaniset voimat ovat vahvasti toisiinsa kytkeytyneiti. Niiden lisdksi tulee usein
huomioida my6s kaasun virtaus, joka on p#diasiallinen vaimennuksen lihde monissa mikro-
mekaanisissa komponenteissa.

Mikrosysteemeissé kaasun virtauksella on tiettyjd erityispiirteits, jotka eivit yleenss pi-
de suuremmassa mittakaavassa. Pienet mitat tuovat haasteita mallinnukselle, silli Navierin
ja Stokesin yhtélsiden takana oleva jatkumo-oletus ei vilttdméttd endd pade kovinkaan hy-
vin. Jatkumoyhtéloiden pétevyysaluetta voidaan kuitenkin jonkin verran laajentaa modifioi-
malla virtausyhtaloita tai niiden reunaehtoja. Myos mikrosysteemien rakenteiden geometria,
on usein poikkeuksellinen sisiltéien toistuvia rakenteita sekd hankalia aspektisuhteita. Toi-
saalta pienet dimensiot my6s helpottavat mallitusta, silld virtauksen voidaan alhaisen Rey-
noldsin luvun takia ldhes aina olettaa olevan laminaaria. Mikrosysteemien erityispiirteeni
on usein myos ilmididen jaksollisuus, misté syysté virtausyhtiloidenkin ratkaisua kannattaa,
hakea aikaharmonisella yritteell4.

Suoraviivaisin tapa kaasun virtauksen aiheuttamien voimien laskentaan olisi ajasta riip-
puvien Navierin ja Stokesin yhtiltiden ratkaiseminen. Valitettavasti niiden suora soveltami-
nen on kuitenkin laskennallisesti niin raskasta, etti se on jarkevii vain poikkeustapauksissa.
Y4 kuvattujen virtauksen erityispiirteiden ansiosta tiydellisten yhtiléiden soveltaminen ei
kuitenkaan yleensé ole edes tarpeellista. Useimmissa tilanteissa voidaan kiyttdi jotain Na-
vierin ja Stokesin yhtéltistd johdettua erikoistapausta, jonka laskennallinen ratkaisu on
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huomattavasti kevyempas. Joskus on myos mahdollista yhdistdé eri virtausmalleja siten,
ettd toistuvat pienet yksityiskohdat parametrisoidaan koko systeemis kuvaaviin virtausyh-
taloihin.

Mikrosysteemien suunnitelijan tydkalu on yleens piirisimulaattoriohjelmisto (esim. Aplac
tai Spice). Niin ollen virtauslaskennasta saatava tieto olisi mieluiten saatettava kompaktiin
muotoon, jota voidaan késitelld my8s piirisimulaattorissa. Yleisesséd tapauksessa virtauslas-
kenta sisdltis epilineaarisuuksia, joiden kuvaus yleispéteviksi lumpatuksi malliksi on hyvin
epitriviaalia. Yleensi rajoitutaankin tutkimaan kaasun lineaarista kdyttdytymisti. Tamé
osin pragmaattinen valinta ei kdytdnnossd rajoita mallien tarkkuutta kuin harvoissa poik-
keustapauksissa. Myos tdssi paperissa rajoitutaan lineaaristen virtausmallien késittelyyn.

2 MATEMAATTISET MALLIT
2.1 Linearisoitu Navierin ja Stokesin yht&l6

Mikrosysteemien kiyttdytymisen kannalta kriittinen kaasun virtaus tapahtuu liikkuvien
osien vilisissi kapeissa raoissa. Kaasun hitausvoimien ja viskoosien voimien suhdetta ku-
vaava Reynoldsin luku on niissd niin alhainen, ettd hitausvoimien vaikutus voidaan jéttdd
huomiotta. Yleensd myos paineen vaihtelut referenssipaineeseen nihden ovat sen verran
pienet, ettd virtausta voidaan riittavilld tarkkuudella kuvata linearisoiduilla Navierin ja.
Stokesin yhtélsilla [1, 2]

b q
poa—qt) =-Vp+ (p+nVV -7+ nAd7,

%% = _pOV : 17,
missid U on nopeus, p tiheys, p paine sekd p ja 1 kaasun viskositeetit. Alaindeksilld “0”
viitataan téssi tasapainotilan olosuhteisiin.
Jatkuvuusyhtilossé tiheys voi riippua seké paineesta ettd lampotilasta. Kaasun kokooon-
puristuvuus on usein merkittivii, eikd tdlidin virtauksen voida automaattisesti olettaa ole-
van isotermisté, joten yhtiloité tulee tdydentds linearisoidulla energiayhtalolla

aT P
poCpsy = RAT + a—’t’, 2)

missé Cp on ominaislampdkapasiteetti vakiopaineessa, T' lampétila ja & ldmmdnjohtavuus.
Kaasun kitkah#ivisistd aiheutuva lammitys on mikrosysteemeissé niin vhiists, etté sité ei
tarvitse huomioida. Y114 esitetetyn yhtéloryhmin sulkemiseen soveltuu ideaalikaasun tilan-
yhtals

1)

p = pRT, (3)

misséd R on kaasuvakio.
Esitettyjen yhtiloiden lisiksi tarvitaan sopivat reunaehdot. Tyypillisesti mikrosystee-
meissé reunaehdot pinnan normaalin 7 suunnassa médirdé seindmén nopeus 9, siten, ettd

Tfi— By =0. (4)

Tangentin ¢ suunnassa ei voida olettaa liukumattomuusehtoja nopeudelle, jos molekyy-
lien torméysten vilinen vapaa matka A on samaa suuruusluokkaa kuin kanavan korkeus d.
Téatd kuvaa ns. Knudsenin luku

A
K, = Fi (5)



502

Ideaalikaasuille vapaa matka voidaan arvioida yht#lostd

™

A= — 6
"/ 2p (6)
Mikéli 0 < K, < 0.1, voidaan soveltaa liukuehtoa nopeudelle [3]
B . 2-0, 1 -
T-T—, =2 f4 (7)
0v  p\/2RTy/m
missé f on virtauksen seindméién kohdistama pintavoima.
Liukuehtoja vastaava reunaehto kaasun ldmpétilalle on [3]
2—o0or2(vy—-1 1
r-1,=2-or2y-1) 77, ®)

or Y+1 Rp\/2RI,/7

missé Ty, on seindmén limpétila ja ¢ ldmpévuo yli pinnan ja v = Cp/C, ominaislampoka-
pasiteettien suhde. Parametrit o, ja or ovat liikkeméérin ja energian vaihtoon liittyvid ker-
toimia. Arvo o = 1 kuvaa téydellistd liikemésrin tai energian vaihtoa kaasun ja kappaleen
pinnan molekyylien vélisissd torméyksissd. Todelliset arvot ovat hieman téti pienempis.

Mikali K, > 0.1, ei Navierin ja Stokesin yhtiloitd ensdi pelasta mikésin. T4llSin on tur-
vauduttava korkeamman kertaluvun jatkumoyhtélsihin (Burnettin yht#ls) tai molekyylidy-
naamisiin Monte Carlo -simulaatioihin. Niiden kiyttd merkitsee kuitenkin suurta hyppyé
sekd yhtéloiden mutkikkuudessa etté tarvittavassa laskenta-ajassa.

2.2 Aikaharmoninen Navierin ja Stokesin yhtlo

Usein mikrosysteemeissd on kiinnostavaa tuntea kaasun vaste viridhtelevin kappaleen
liikkeeseen. Tilloin yhtéldiden (1)—(3) ratkaisua haetaan tasapainopisteen ympérilli aika-
harmonisella yritteelld

(&, t) = U(Z) exp(iwt),

p(Z,t) = po + p(Z) exp(iwt), )
p(Z,t) = po + p(Z) exp(iwt),

T(Z,t) = Ty + T(Z) exp(iwt),

missid w on kulmanopeus.
Sijoittamalla yritteen saamme kompleksisen yhtéloryhmén amplitudeille ¥, p, p ja T.

poiw? = —Vp+ (A+n)VV - 7+ nAd7,
iwp=—poV-7

-1 (10)
p’

poCpiwT = kAT + iwX
p = RTop + RpoT

Yhtaloistd voidaan suoraan eliminoida pois esimerkiksi paine ja tiheys. Kiytannossa osoit-
tautuu kuitenkin, ettd yht#lsitid elementtimenetelmills ratkaistaessa paineenkaltainen muut-
tuja kannattaa siilyttdd numeerisen stabiilisuuden vuoksi [2].
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2.3 Yksinkertaistetut lineaariset yht#lot

Aikaharmonisista yhtaloistd voidaan kirjoittaa lukuisia yksinkertaistuksia, jotka helpot-
tavat yhtiloiden ratkaisua. Naits on kattavasti késitelty viitteessd [1]. Yleisessé tapaukses-
sa ei yht#lod kuitenkaan voida tisté sieventéd, silld etenkin resonanssipisteen ympéristossi
tulokset ovat hyvin herkki kaikille parametreille [2].

Usein mikrosysteemien virihtelytaajuudet ovat niin alhaiset, ettd kaasun liike voidaan
ratkaista ajasta riippumattomasta Stokesin yht#lstd, joka saadan ajkaharmonisista yhté-
l6isté rajalla w,k — 0.

NAY VI_)' =0, (11)

V-4=0.

Mainittakoon, etts rajalla p,n, &« — 0 aikaharmoniset Navierin ja Stokesin yht#lot 1dhes-

tyviit Helmholtzin yht#loi. Puhtaasti akustista Helmholtzin yhtélod ei kuitenkaan mikro-

systeemien yhteydessi juurikaan kdytetd, silld viskoosien voimien merkitys pienissé dimen-
sioissa korostuu.

2.4 Reynoldsin yhtilo

Hyvin kapeissa raoissa kolmiulotteisten yht#loiden ratkaisu ei en#é ole laskennalllisesti
jirkevai. Laskentaelementtien koon miéirittelee virtauskanavan korkeus d. Jos muut dimen-
siot ovat tidhin nihden suuria, nousee elementtien kokonaisméird helposti hyvin suureksi.
Tilloin on usein jirkevis laskea virtaukset hyodyntéden laskennallisesti kevyempéé dimen-
sioreduktiolla saatavaa Reynoldsin yhtalo4.

Reynoldsin yht#lén johdossa oletetaan laminaarin virtauksen kanavassa olevan tdysin
kehittynytts, jolloin liikeyht#lostd saadaan nopeusprofiilille ainoastaan painegradientista
riippuva analyyttinen ratkaisu. Yhdessi jatkuvuusyht#élon kanssa tdmé johtaa yhtdloon

) (pd3 @) _ 9(pd(®)) (12)

9z \ 121 8z ot

joka isotermisen ideaalikaasun tilanyhtélon kanssa antaa Reynoldsin yhtélon paineelle

pd® _ \ _ 9(pd)
V- (Eﬁv‘n) = '—at— (13)

Linearisoimalla yhtiilé tasapainopisteen ympérilld saadaan

a3 do O od
L0 pp_BP T2 (14)
12']7 Po ot ot
Jos yht#lon lihteend toimiva reunan liikke on harmonista, saadaan paineen amplitudille
kompleksinen yht&lo

d3 d
—Ap—i—p=v 15
Ton &P ~ 15 P = tn) (15)
missé v, on normaalin suuntainen nopeuden amplitudi.
Reynoldsin yht#lon reunaehtoina kdytetidn yleensé annettua ulkoista painetta eli har-
monisessa tapauksessa p = 0. Kun rako ei ole riittavan pieni muihin dimensioihin verrat-
tuna, on tarpeen kiyttid vuoehtoa, jonka avulla voidaan huomioida péatyefektien vaikutus
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painejakaumaan

o _p
on = T’ -

missd, L on analyyttisiin tai numeerisiin laskuihin perustuva efektiivinen reunapidennys [4].

Kaasun harvuus Reynoldsin yhtilén tapauksessa voidaan huomioida efektiivisen vis-
kositeetin avulla. Néin p#distddn huomattavasti korkeampiin Knudsenin lukuihin kuin on
mahdollista yleisessd tapauksessa liukureunaehtoja kiyttden. Sovitus

"”f=1+9ﬁ&ng9 ()
antaa véhintdan viiden prosentin suhteellisen tarkkuuden vililld 0 < K,, < 880 [5].
Reynoldsin yht&l6d on perinteisesti laskettu joko isotermisessé tai adiabaattisessa, tilan-
teessa, jossa raon nopeusprofiili voidaan analyyttisesti helposti laskea. On kuitenkin mah-
dollista huomioida myos inertian ja lampétilan vaikutus raon nopeusprofiilin muoton, jolloin
paddytdin jonkin verran mutkikkaampiin yht#l6ihin [1].

2.5 Lumpattujen suureiden laskeminen tuloksista

Linearisoitujen yhté#loéiden tulos voidaan esittid muodossa, joka ei riipu amplitudista.
Sopiva lumpattava suure on esimerkiksi mekaaninen impedanssi eli liikettd vastustavan
voiman ja kappaleen nopeuden suhde

F dA
z=E_Jfdd (18)

v v
missd f, on liikkeen suuntaan vaikuttava pintavoima, joka Reynoldsin yhtilén tapauksessa
on paine. Impedanssi on aikaharmonisten yht#ldiden tapauksessa kompleksinen suure, jonka,
reaaliosa kuvaa vaimennusta ja kompleksiosa jousivaikutusta. Stokesin yht#lésts laskettu
impedanssi on sen sijaan puhtaasti reaalinen.

Usein impedanssin sijasta kiytetdin myos admittanssia, joka on yksinkertaisesti impe-
danssin ké#nteisluku. Seuraavaa kappaletta silm#lls pitden maéritelliin akustinen ominai-
sadmittanssi Y, joka on tilavuusvirran ja voiman suhde eli

| % vA

Y ==

7= __fr A (19)

2.6 Kaksitasoinen virtausanalyysi

Usein mikrosysteemejs mallinnettaessa kohdataan rei’itettyji rakenteita. Reikien tarkoi-
tus on yleensé pienentdd kaasun vaimennusta ja jousimaista vaikutusta, joka on erityisen
voimakas kahden tasomaisen kappaleen ldhestyessi toisiaan — eli juuri sellaisissa tilanteissa,
joiden mallinnukseen Reynoldsin yht&l6 olisi muutoin omiaan. Téllaisten tilanteiden mallin-
nuksessa voidaan hyédyntés kaksitasoista strategiaa [6, 7). Lisadmilld Reynoldsin yht&lssn
lisdtermi, joka huomioi kaasun reikien kautta tapahtuvan liikkeen, voidaan yht#lé kirjoittaa
muodossa

dg

wdy
=0 iy = 20
1217Ap i P p—Yip=1v, (20)

Laskemalla nyt yhden reiin admittanssi Y} tdyden dimension yhtilsisté ja kiyttamalls sitd
edelleen Reynoldsin yhtdlon ratkaisussa saadaan mutkikkaat rei’itetyt rakenteet kustannus-
tehokkaasti laskettua.
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3 TULOKSIA

Y14 esitetyt yhtdlét on toteutettu elementtimenetelmédn pohjautuvaan Elmer-ohjel-
mistoon [8]. Elmer on monipuolinen avoimen ldhdekoodin ohjelmisto, johon voi joustavas-
ti lisidtd uusia fysikaalisia malleja uusien tarpeiden ilmaantuessa. Reynoldsin yhtdls voi-
daan ratkaista tavanomaisella, Galerkinin menetelmilld, mutta muiden yhtéloiden tapauk-
sessa, on testifunktioavaruutta rikastettu kuplafunktioilla ratkaisun stabiloimiseksi [2]. Yh-
t416it4 on sovellettu lukuisten kaksi- ja kolmidimensioisten tapausten mallintamiseen. T'#s-
s esitetiidin yhtiloiden soveltamista kahdessa tapauksessa, jotka edustavat laskennallisel-
ta raskaudeltaan kahta ##ripéiti. Laskennassa kiytetyt kaasun materiaaliparametrit olivat
po=101300 Pa, Ty=300 K, n=18.5 Pas, k=0.025 W/mK, po=1.155 kg/m?, C,=1010 J/kgK,
v=14, o=1.

.‘:‘.%

Kuva 1: 2D virshtelijin geometria ja laskentaverkko

3.1 Tason ylipuolella viridhtelevi suorakaide

Ensimmiiseksi tutkimme eri mallien antamaa painejakaumaa kaksiulotteisessa tapauk-
sessa, jossa 10 pmx2.5 pum kokoinen suorakaiteen muotoinen kappale viridhtelee 1 Hz:n
taajuudella ja 0.1 pm:n amplitudilla 1 gm:4 tason ylidpuolella. Laskentaan kaytetty verkko
on esitetty kuvassa 1. Reynoldsin yht#lon tapauksessa laskentaverkko on tasainen 1D verk-
ko. Reunaehtoina on kiytetty tason ja virdhtelijin reunoilla liukumattomuusreunaehtoja
ja muilla reunoilla on oletettu paineen vaihteluiden hévidvén.

Testitapauksen tulokset eri yhtdlsilld laskettuna on esitetty kuvassa 2. Néin pienelld
taajuudella kaasun jousivaikutus on olematon, jolloin aikaharmoniset yht#lst antavat puh-
taasti reaalisen painejakauman. Kuvassa aikaharmonisen Navierin ja Stokesin yhtiliden ja
puhtaan Stokesin yhtilén viililld ei titen ole silmin havaittavaa eroa. Sen sijaan Reynoldsin
yht#lén ratkaisu reunaehdolla p = 0 poikkeaa merkittavisti edellisistd. Yhtélon (16) mu-
kaisella reunachdolla on Reynoldsin yht&lon paineen taso hyvin léhelld muiden yhtéléiden
antamaa ratkaisua.

Aikaharmonisilla yht#lsilld voidaan suorittaa pyyhkéisy taajuuskaistan yli ja tutkia im-
pedanssin reaali- ja imagindiriosan muutoksia. Kuvassa 3 on esitetty aikaharmonisilla Rey-
noldsin seki Naviersin ja Stokesin yht#lsilli lasketut impedanssit valilla 1-108 Hz. Nahdéén,
ettd pienilld taajuuksilla kaasun jousivaikutus kasvaa suoraan verrannollisesti taajuuteen.
Stokesin yht4lén ratkaisu olisi esimerkkitapauksella riittdvé ainakin noin 10 kHz:n taajuu-
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Kuva 2: 2D virshtelijin aiheuttamat painejakaumat pohjatasolla eri malleilla laskettuna

teen saakka. Mallinnetulla véardhtelijalld jousivoima ohittaa vaimmennusvoiman vasta noin
10 MHz:n taajuudella. T&lla alueella myos aikaharmonisen Reynoldsin sekd Naviersin ja
Stokesin yhtiloiden kiyttidytyminen on hyvin erilaista, mikid johtuu muunmuassa l4mpd&ti-
lan seké laskentaverkon tiheyden vaikutuksesta jilkimmaéisessd tapauksessa.

3.2 Tason ylidpuolella virdhtelevi reikilevy

Toisena esimerkkitapauksena on tason ylidpuolella virdhtelevd nelidméinen reikélevy,
jossa on 64 reik#s sdannollisessd hilassa. Reikélevyn sdrmén pituus on 40 pm ja nelisllisten
reikien sirméd 1 pum, 2 pm tai 3 um. Levyn paksuus ja etdisyys tasosta ovat molemmat
1 pm.

Esimerkkitapausta mallinnettiin Stokesin yht#lolld sekd kaavan (20) modifioidulla Rey-
noldsin yht#lolli, jossa reiéit on huomioitu paikallisena admittanssina. Stokesin yhtélon ta-
pauksessa laskentaan kiytetty 3D verkko sisilsi 250 000 elementtié, kun Reynoldsin yht&lon
tapauksessa kdytetty 2D verkko sisilsi ainoastaan 5000 elementtid. Laskentaan kulunut ai-
ka oli Stokesin yhtilolld noin puoli tuntia ja Reynoldsin yhtdlon tapauksessa pari sekuntia
(koneena 1 GHz:n Compaq AlphaServer). Aikaharmonisten Navierin ja Stokesin yht&léiden
ratkaisu ei tédssi tapauksessa en#d jirkeviissd ajassa onnistunut. Simulaation tuloksena saa-
dut painekentiit pohjalevyllld on esitetty kollaasina kuvassa 4. Painejakaumat ovat hyvin
muodoltaan hyvin samanlaiset. Reynoldsin yht#lén antama kokonaisvaimennuksen suuruus
on eri tapauksissa 5.5-13.5 % pienempi. Tamé johtuu osin siité, ettd Reynoldsin yhtdlos-
sd ei huomioida reikilevyn reunoihin ja piille kohdistuvaa voimaa. Molemmissa malleissa
kéytettiin kaasun harvuudesta johtuvia korjauksia. Tarkemmin simulaatiot on kuvattu viit-
teessé [7].
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Kuva 3: Aikaharmonisella Reynoldsin sek# Naviersin ja Stokesin yhtaloilld lasketut impe-
danssit taajuuden funktiona. Reaaliosat ovat alussa vakiota ja imagindériosa kasvaa lineaa-
risesti taajuuden funktiona.

4 POHDINNAT

Paperissa sovellettiin kolmea vaihtoehtoista yhtalod kaasun vaimennuksen laskerniseksi
mikrosysteemeissi. Matalilla taajuuksilla ja tasamaisissa tapauksissa yhtalot antavat liki-
main yhteneviit tulokset. Mikrosysteemeissé tyypillisilld taajuuksilla jousivoimalla on mer-
Kitysté vain kapeissa raoissa, joilla on suuri aspektisuhde. Néiden mallintamiseen Reynold-
sin yht#ls soveltuu erinomaisesti. Jos aspektisuhde on verrattain pieni, ei kaasun louk-
kuuntumista vastaavassa médrin ilmene, jolloin vaimennuksia voidaan hyvin mallintaa sta-
tionadriselld Stokesin yht#lslla. Edellisia yht#lsitd voidaan myos yhdistdd kaksitasoises-
sa analyysissé. Taydellisis aikaharmonisia Navierin ja Stokesin yhtélsitd tarvitsee padosin
hysdyntid vain radiotaajuualueella seké kartoitettaessa tai laajennettaessa yksinkertaisem-
pien mallien pitevyysalueiden rajoja. Yksinkertaistettujen mallien kiytto saattaa pudottaa
laskenta-aikaa, jopa useita kertaluokkia. Mikosysteemien vaimennusominaisuuksien tehokas
simulointi edellyttidkin kuhunkin tarkoitukseen sopivimpien yhtaldiden kéyttod.
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Kuva 4: Painejakaumat laskettuna 3D Stokesin yht#lostd (vasemmalla) sekid 2D Reynoldsin
yhtélostd (oikealla). Reikien halkaisijat ovat 1 pm (ylhddlld), 2 pm (keskelld) sekd 3 pm
(alhaalla). Vain symmetrinen neljénnes levysté on simuloitu.
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Helsinki University of Technology, Laboratory of Aerodynamics
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ABSTRACT

Laminar flow and heat transfer in straight pipe with circular cross section rotating about
an offset parallel axis is studied computationally. There are two kinds of secondary flow
mechanisms in this flow situation: a Coriolis driven and a centrifugal-buoyancy driven sec-
ondary flow. The secondary flows may have a significant influence on the heat-transfer rate
and the pressure loss. In this study, some results for constant wall temperature cases with
moderate rotational Reynolds number and Grashof number are first presented. However,
the main focus is in situations where the axially constant wall temperature varies circum-
ferentially. Such wall temperature difference is shown to have a stabilizing effect on the
buoyancy-driven secondary flow if the inner side is hotter than the outer side, and a desta-
bilizing effect in the opposite case. The stabilizing effect is not strong enough to dissipate
the secondary flow even though the wall-temperature difference is of the same magnitude
as the difference between the inflow temperature and the average wall temperature. Ac-
cording to the computational results, the secondary flow pattern remains almost similar to
the situation with circumferentially constant wall temperature.

1 INTRODUCTION

Pipe flows in systems rotating about the axis parallel but offset to the pipe axis are found
in many rotating machines. The flow geometry is illustrated in Fig. 1. This kind of pipe
flow may be used for cooling or heating the rotating machines. The system rotation and
temperature differences give rise to secondary flow phenomena which influence the heat-
transfer rate and also the pressure loss. There are only few studies found in the literature
on these kinds of problems [1—4]. Soong and Yan have computationally studied laminar flow
in rectangular ducts with constant wall temperature and also constant wall heat flux [3].

Practical cooling or heating flows are usually turbulent, and turbulence is known to be
influenced by the system rotation and buoyancy. These interactions render the problem
much more complicated. The basic motivation behind this study is in a turbulent heating-
flow application found in heated cylinders in paper-machine calanders. However, because
the turbulent problem is excessively complicated, a corresponding laminar flow is studied
first to gain understanding about the secondary-flow phenomena in these kinds of flows.
A special feature in the cylinder heating problem is that the wall-temperature may be
significantly lower on the outer side of the pipe as the overall heat flux is directed radially
outwards. The difference AT, = Tymax — Tw is comparable with the difference between
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Figure 1: A schematic illustration about the flow geometry.

the inlet temperature T; and the average wall temperature T,, AT = T; — Ty,. To the
author’s knowledge, such situations have not been studied so far. Prior to this study it
was not known whether the wall temperature difference changes the secondary flow system
remarkably or not.

In this work, some computational results for circular tube with constant wall temperature
are first presented, but the main focus is in situations where the axially constant wall
temperature varies circumferentially as described above. It will be shown that non-uniform
circumferential wall temperature distributions with cooler outer side have a stabilizing effect
on the buoyancy-driven secondary flow, and distributions with hotter outer side have a
destabilizing effect. However, the stabilizing effect is not strong enough to dissipate the
secondary flow in the studied situations spanning up to A = AT./AT = 1. According
to the computational results, the secondary flow pattern remains almost similar to the
situation with circumferentially constant wall temperature and the secondary-flow energy
is only moderately reduced.

2 EQUATIONS AND SCALING

The generation mechanisms of the secondary flows can be identified from the transverse
momentum equations written in rotating coordinate system. The equations are scaled such
that the axial velocity u is scaled by the bulk velocity U as @ = u/U, and the transverse
velocity components are scaled by a viscous velocity scale v/d as v* = vd/v and w* = wd/v,
where v is the kinematic viscosity and d is the pipe diameter. The nondimensional axial
coordinate & = z/(Red) while the nondimensional transverse coordinates are defined by
y* =y/d and z* = z/d. Furthermore, the pressure field is split in three parts as

I/2
P(@,9,2) = pU*5(@) + Paly, 2) + Z-p* (1, 2) ()

where pU?p is the axial pressure field which drives the flow, pq is the mean pressure field
generated by the centrifugal acceleration, and finally the remaining pv?p*/d? is related
to the secondary flows. The mean centrifugal acceleration and pq can be removed from
the equations since they balance each other exactly. This scaling and splitting of pressure
leads to non-dimensional equations where the bulk Reynolds number appears only in axial
diffusion terms, which can be dropped from these equations similarly as from the boundary-
layer equations. Thus, we obtain the parabolized non-dimensional momentum equations
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Figure 2: Typical secondary flow pattern near the pipe entrance (left) and far downstream
(right)

which involve only two nondimensional groups
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The last two terms in the transverse equations are the Coriolis and centrifugal terms which
depend on the rotational Reynolds number J and the Grashof number Gr, respectively.
These nondimensional groups are defined as follows
2 2 p 3
ngii_’ Gr=ﬂATﬂsz
v v

Q) is the system rotation rate, 3 is the coefficient of thermal expansion, and R is the offset
between the rotation axis and the pipe axis. Note that the centrifugal terms depend on y/R
and z/R instead of y* and 2*. This means that any change in R only changes the value of
Gr while all the other factors and terms in the equations remain unchanged. It is assumed
that the flow does not depend on R/d at least if it is not very small. In this study, R/d is
always kept larger than 4.

The Coriolis acceleration produces secondary flow mainly in the entrance region of the
pipe where the boundary layer grows. Initially, the resulting secondary flow pattern is
a single spiral vortex, see Fig. 2 (left). As the flow develops and the changes in axial
direction become small, the Coriolis-induced secondary flow starts to disappear. This is
because the Coriolis-related production of vorticity depends on the derivatives in the axial
direction [3]. However, Soong and Yan have shown for rectangular cross sections that the
Coriolis acceleration may have significant effects quite far downstream if J > 200 [3].

The centrifugal acceleration causes buoyancy in the non-uniform temperature field. This
produces secondary-flow pattern involving two counter-rotating vortices, see Fig. 2 (right).
This secondary-flow system has strong potential to enhance the heat transfer rate as long
as there are significant temperature differences in the pipe cross section.
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3 COMPUTATIONAL METHOD

The computations were carried out using the Navier-Stokes solver called FINFLO [5,6].
The FINFLO code, developed at Helsinki University of Technology, is based on the finite-
volume approach and utilizes structured multi-block grids. The solution method is an
implicit time integration. A multigrid cycling is used to accelerate convergence. The inviscid
fluxes are evaluated using Roe’s flux-difference splitting with a MUSCL-type discretization,
while the central-differencing scheme is used in the calculation of the viscous fluxes. No
simplifications, such as the thin-layer approximation, are subjected to the viscous terms.

The solution method used in the FINFLO version utilized in this study is density-based
and therefore limited to flows with Mach number of about 0.2 and larger. The essentially
incompressible flow considered in this study was emulated by setting the Mach number to
0.2. The fluid is calorically perfect gas with the Prandtl number Pr = 0.72. The Mach-
number limitation prevented simulations with higher values of Gr and J. A pressure-based
algorithm, e.g. an artificial compressibility method is needed in the next phase of the study
considering the real turbulent flow in the heating pipes in calander cylinders featuring much
higher values of Gr and J.

The computations were made in the rotating coordinate system implemented in the
FINFLO solver. The computational domain extended 115d downstream from the pipe entry.
R/d had different values between 4.3 and 17.3 in different cases. Constant momentum,
temperature and other quantities were specified at the inflow boundary and the outflow
boundary was approximated assuming fully developed flow. The usual no-slip conditions
with given temperature distributions were specified on the pipe walls.

The computational grid is constructed in special fashion to avoid singularity on the axis.
The cross section is gridded using a nearly rectangular 32 x 32 core block surrounded by
four 16 x 32 blocks, see Fig. 3. The axial direction is divided into 128 control volumes, and
the length of the first one at the entry is 0.38d and the last one at the outlet is 1.75d. In
total, the grid consists of 393,216 control volumes.

The influence of the truncation error on the solutions was studied by comparing the
pressure losses computed with the present grid and two subsequently coarser grids obtained
by removing every second grid line in each direction. The differences between the finest and
second finest grids were about 1% whereas the corresponding difference between the second
and third grids were from 4% to 5%. Based on these observations, it is believed that the
grid dependence is negligibly small.

4 RESULTS

4.1 Constant wall temperature

The influence of the secondary flows, especially the buoyancy-driven secondary flow
is clearly seen in the computational results. The circumferentially averaged value of the
Nusselt number is studied with different values of Gr keeping J at a relatively small constant
value of 113. The Nusselt number is defined as

K (Th — To)

with the bulk temperature being defined following Soong and Yan [3] as

7 [g pu(Ti — T)dS
4 [ pudS

Ty =T — (3)
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Figure 4: Circumferentially averaged Nusselt number (left) and the relative secondary-flow
energy (right) with constant wall temperature and different values of Gr. J = 113.

Here ¢,, and k., are the circumferentially averaged heat flux and the coefficient of thermal
conductivity at the wall. The Nusselt-number distributions are shown in Fig. 4 (left) as
a function of z/(dRePr) = &/Pr. The Nusselt number clearly increases with increasing
Gr. Fig. 4 (right) shows the relative kinetic energy of the transverse motion, i.e. the
secondary-flow energy

_ Jgp(v* +w?)dS
e Js p(u? +v% +w?)dS

integrated over each cross section. The maximum secondary-flow energy quite rapidly
increases with increasing Gr. The secondary motion becomes weaker downstream as the
temperature differences decrease since constant wall temperature was specified.

k 4)

4.2 Circumferentially variable wall temperature

Three simulations with circumferentially variable wall temperature have been performed
with Gr = 44,000 and J = 113. The wall temperature is defined as

T(p) = Toy + AAT cos (5)
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Figure 5: Circumferentially averaged Nusselt number (left) and the relative secondary-flow
energy (right) with constant and variable wall temperature Gr = 44,000. J = 113.

with A being a constant parameter. The angular coordinate ¢ has its origin in the inner
intersection of the main radius and the pipe wall. Thus the maximum wall temperature
occurs at the innermost point of the wall if A > 0. The wall temperature is independent of
the axial coordinate. This kind of circumferential variation in the wall temperature has a
stabilizing effect on the buoyancy-driven secondary flow when heating flows are considered.
In cases of cooling flows, the opposite situation takes place. The aim of these simulations
is to study how strong the stabilizing influence is.

Computations have been performed for two stabilizing cases, A = 0.5 and 4 = 1.
In the latter case, the highest wall-temperature equals to the inflow temperature. The
Nusselt number and the relative secondary-flow energy are given in Fig. 5. Judging from the
secondary-flow energy, the stabilizing effect is not strong enough to dissipate the secondary
motion. The vortices are somewhat weaker, but they still exist. The increased temperature
difference on the outer side of the pipe enhance the heat flux more than the weakening of the
secondary flow inhibits it. Therefore the Nusselt number does not decrease with increasing
A, actually it slightly increases. This means that the buoyancy-driven secondary flow
remains an important factor in these kinds of flows despite of the stabilizing circumferential
wall-temperature distribution.

Wall temperature distributions with hotter outer side have a destabilizing effect. Only
one case, A = —0.5 is computed. The increased secondary-flow energy can be seen in
Fig. 5 (right). There is a clear qualitative difference to the cases with A > 0 in the
downstream region Z/Pr > 0.03. The secondary flow energy has a second maximum, which
is not seen in the results with A > 0.

The effects of the stabilizing and destabilizing circumferential wall-temperature distri-
butions on the structure of the secondary flow pattern is also of interest. These patterns
in cases of A =0, A=0.5, A= 1 and A = —0.5 are shown in Fig. 6 near the location of
maximum secondary-flow energy &/Pr = 0.015, and in Fig. 7 in more downstream location
Z/Pr = 0.05 near the second maximum found in the case with A = —0.5. The variations
in the vortex strength are visible in the plots, but the structure of the vortices are quite
similar in each case. There is slightly more asymmetry in Z/Pr = 0.015 than in the more
downstream location. This is explained by the influence of the Coriolis-driven secondary
motion which becomes weaker as the flow develops.
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5 CONCLUSIONS

Laminar flow and heat transfer in straight pipe with circular cross section rotating
about an offset parallel axis was studied computationally. This study is the first step of a
larger study concerning the modelling of turbulent flow in this particular geometry. The
motivation behind the study is the need to simulate heating flows in heated cylinders of
paper-machine calanders. The predictive capability and reliability of turbulence models in
the cylinder-heating flow problem will be assessed in the future work.

Results for circular tube with both constant and circumferentially varying but axially
constant wall temperature were presented. The Grashof number Gr ranged from zero
up to 44,000 and the rotational Reynolds number J was 113 in rotating cases. It was
shown that non-uniform circumferential wall temperature distributions with cooler outer
side have a stabilizing effect on the buoyancy-driven secondary flow, and distributions with
hotter outer side have a destabilizing effect. The stabilizing effect is not strong enough to
dissipate the secondary flow in the studied situations spanning up to A = AT./AT =1. In
case of cooler outer side, the secondary flow pattern remains almost similar to the situation
with circumferentially constant wall temperature and the secondary-flow energy is only
moderately reduced. Respectively, in case of hotter outer side, the secondary flow energy
is somewhat enhanced, and in contrast to the stabilizing case, the secondary-flow energy
has two maxima. However, qualitatively the secondary flow pattern remains quite similar
to the constant wall-temperature case.
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ABSTRACT

Volume flow rate oscillation in tapered channels of different shapes was studied and compared.
Channels were modeled using the equations of acoustics and the impedance method of fluid
transients. The boundary conditions are the known pressure amplitude upstream and zero pressure
at the channel outlet. It was found that these two methods yield exactly the same results. In the
acoustical approach, analytical solutions can be found for certain channel shapes for the pressure
and volume flow rate oscillation. An optimization algorithm was employed to obtain an optimal
shape by minimizing the volume flow rate oscillation at the channel outlet for a single frequency.

1. INTRODUCTION

Converging pipes or channels are important applications in many fields of industry. The purpose
of this study is to examine the volume flow rate oscillation in tapered channels used in paper
making machines.

A pump or fan produces harmonic pressure oscillation and at the same time volume flow rate
oscillation. This oscillation is driven through the pipeline and finally it travels through the tapered
channel where the flow is accelerated. The volume flow rate variation may be detrimental to the
quality of the end product, in the case of a paper making machine the machine direction basis
weight variation of paper. In our problem the pressure oscillation amplitude and the frequency are
known at the upstream end of the channel and the channel discharges into the atmosphere. The
frequency range of interest is from few Hertz to 100 Hz. The problem is analogous to the string
vibration, in which the string is driven from the other end with the transverse displacement
oscillating harmonically and another end is fixed.

The taper angle of channels is small and therefore reflections from the channel wall can be omitted
[1] and one-dimensional equations can be used. The channel walls are assumed to be rigid. The
flowing fluid is water. Two mathematical approaches are possible. Usually wave propagation
problems concerning liquids are solved using the theory of fluid transients, and when the flowing
media is gas the equations of acoustics are employed. In this study both approaches are used and
the results are compared. These two methods can be compared because the pipes and channels
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under examination are relatively short and the friction can be neglected in the equations of fluid
transients.

2. GOVERNING EQUATIONS

2.1 Acoustical approach

The pressure pulsation in a channel with the cross-sectional area 4 a function of the x-coordinate is
governed by the modified wave equation [1]

=0 1)

in which p is the pressure, x the x-coordinate, a the wave speed and ¢ the time. If the discussion is
restricted to harmonic cases, 0/0¢ can be replaced with iw yielding the modified Helmholtz

equation

2
OP g2, L% _ @)
o%x A ox Ox

in which k =w/a is the wave number and w = 27 f the angular frequency (ffrequency). The
above equation is also known as the Webster’s equation.

2.1.1 Linear change of channel height
The equation for the cross-section area of a linearly changing channel height (constant width) is

(see Fig. 1)

A(x) = p(0)+bx = b(m + x) (3)

in which b = [y(L) - y(O)]/ L , m=y(0)/b with y(0) the channel height at the upstream end, y(L)

the height at the downstream end and L the channel length. When Eq. (3) is substituted to Eq. (2),
it yields

2
OP  jrpe L Py @

The boundary conditions are the known pressure amplitude P at the upstream end and the zero
pressure at the downstream end representing the discharge to the atmosphere.
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p(0)=rP
{ _ ®)
p(L)=0
The final solution with the boundary conditions (5) is
(x)=—P Jo [k(m T x)] Yo [k(m +L ]]— Jo [!f(m + L)] Yy [k(m + x)] ©)
& Jo[klm + L)) ¥y (kom)— 7 o (kom) Yo [l(m-+ L]
where J, and Y, are the Bessel functions of first and second kind.
The particle velocity is obtained from [1]
y=12 )
pw Ox
where p is the fluid density. The volume flow rate oscillation is obtained from
0 =ud(x) ®)

2.1.2 Exponential change of channel height

If the shape of the channel is exponential, the equation of cross-sectional area is 4 (x) = y(O)e"/ -

h=L/ ln[y(L) / y(O)]. The Webster’s equation (2) becomes now

62p 2 10p
—=+k’p+——=0 9
o | )

The solution of Eq. (9) with the boundary conditions (5) is

| 1 ] |
2lh[.L—L(l-M’kz )2 —x—x(1-4Kk> )2} %[L—L(I-tthzkz )2 +x+x(1-4h%? )ZJ
—-e

p(x) = P2 (10)
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2.1.3 Parabolic and 3™ degree curve of channel height

If the channel shape is parabolic or a 3™ degree curve, the equation of cross-sectional area is of the
form 4 (x) = c1x3 + c2x2 +¢yx+cy . In this case an analytical solution of Eq. (2) cannot be found

[2] and the equation must be solved numerically. The numerical solution was obtained with the
Matlab’s boundary value problem solver.

2.2 Fluid transients approach

The simplified equations of fluid transients in a pipeline are the equations of momentum and
continuity [3]

211+L6_Q+_&=0 (11)
o gA o 2gDA"
ox a2 ot

in which H (p = pgH) denotes the pressure head, g the gravitational acceleration, Q the volume
flow rate, f the friction factor, D the pipe diameter and » is an integer depending on the type of
flow. The friction term in the equation of motion can be neglected, if the pipeline is short. If partial
derivatives with respect to x and ¢ are taken of Eq. (13) and (14) and the equations are combined
and then Q is eliminated, it results in the wave equation

o°H 1 8°H
PR AW R ()

which proves that the one-dimensional wave equation and the equations for oscillatory fluid
transients are the same in the absence of friction for a pipe of constant cross-section.

When the transients are steady harmonic, the solution for Eq. (11) and (12) can be obtained with
the technique of separation of variables [3]. The complex head and discharge are

H(x)=Hycoshyx—Z:Qysinhyx (14)
H

o) =Z—Usinh7x+QU coshy x (15)
c

with y=v-0?/ a’> a complex constant, Z ¢ =—iy/Ca the characteristic impedance,

C =gA/a? the capacitance and the subscripts U and D denote upstream and downstream ends of

the pipe, respectively.
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In order to solve the pressure and volume flow rate oscillation in a channel with the cross-sectional
area a function of x, the channel is divided into sections of constant cross-section shown in Fig. 1.
At the junction of two sections the pressures on both sides of the junction are equal and the
continuity condition holds.

The pressure and volume flow rate oscillation can be determined at each point of the channel with
the use of Eq. (14), (15) and the boundary conditions. The equations for one channel section are

=H D, coshy; . [+ QD,~+| Ze,, sinh ¥, .,/

HDHI :
Oy = 7 sinhy; 4/ +Qp  coshy;,/

Ci+|
HDi = HUi+I (16)
QDi = QU:+i
F)
m——————————f
'8 i i+1 i
ty,

—_—> X I

Fig. 1. Dividing linearly tapered channel into sections of constant cross-section.
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Fig. 2. Channel height of different channel shapes as function of x. ‘-’ linear, ‘--* exponential, ‘-’

parabolic, *-> 3" degree curve.
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The method of characteristics is the most widely used solution method for solving the equations of
pressure transients. If the transients are harmonic oscillations the impedance method is more
practical and especially computationally efficient.

3. CHANNEL SHAPE OPTIMIZATION

Equations for different channel shapes were presented in the previous chapter. It is also possible to
find an optimal shape y(x) for the channel such that the volume flow rate oscillation at the channel
outlet is minimized. The optimization procedure follows the one presented by Béngtsson et al. [4]
for the shape optimization of an acoustic horn. The objective function J is

J = Qout (17)

The value of the objective function depends on the shape of the channel, i.e. on the shape of y(x).
The shape is associated to a reference boundary which is the initial guess of the channel shape

Y(x) = Y(x),o +awy (x) (18)

where ¢ is a deflection from the boundary, w, is a basis function and £ is the index of the design
variable.

The length and the height at upstream and downstream ends are fixed and the channel height in
between these ends must obey certain limits. The optimization problem is

min J(a)
aef)

J(a *)S J(a) (19)

where (2is the admissible design domain and * denotes the optimal solution.

A gradient-based optimization algorithm is used. The gradient of the objective function reveals to
which variations in the geometry the function is the most sensitive. A finite difference formula is
used to calculate the derivatives as

aJ — Jnew _Jold (20)
oay Aa,

For the following iteration, a step is taken in this direction and the procedure is repeated until
convergence [5]. The new value of & is calculated from
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Fig. 3. Admissible design domain (2 and reference curve.

oJ
aknew _ akold — p (21)
oy

where £ is a weighting term. The weighting parameter is used to weight the gradient information
and changes with cost function and control variables. There exist more efficient ways to compute
the gradients but in this computationally light problem the above described method is sufficient.

The fluid transients approach is used for solving the volume flow rate oscillation in the channel.
Eq. (14) and (15) are solved using the new y(x) and the procedure is repeated until the optimal
shape is found. Furthermore, we want the curve y(x) to be decreasing, i.c. y(x,- +1)S y(x,-). The

curve y(x) is allowed to be in the domain depicted in Fig. 3.

4. RESULTS

The pressure and volume flow rate oscillation in channels of different shapes were compared using
both the acoustical and fluid transients approaches. In the acoustical approach the analytical
solutions were used for the available cases. For other cases the Webster’s equation (2) was solved
using Matlab’s boundary value problem solver. The boundary conditions, the channel height at
upstream and downstream ends and the channel length were the same in all cases.

The channel dimension were y(0)= 0.05 m, y(L)=0.01 m, L = 1 m, /= 60 Hz corresponding to the
blade passing frequency of a pump and the wave speed a = 1200 m/s for water (o = 1000 kg/m’).
The pressure oscillation amplitude at the upstream end was P =1 kPa.



525

085

08

075

07 08 0.9 1

07 I i L i
0 01 02 03 0.4

05 0‘6
x[m]
Fig 4. Volume flow rate oscillation in different channels as a function of x normalized with linear
channel. ‘—* linear ‘--*, exponential, ‘--” parabolic, ‘-’ 3" degree curve.
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Fig. 5. Volume flow rate oscillation in linear channel for exact ‘—* and approximate solution of

fluid transient method using ‘+’ 2, ‘0’ 5, “*’ 10, ‘0’ 50 and ‘=’ 100 sections.

The volume flow rate oscillation in different channels is compared in Fig. 4. The magnitude of
oscillation is highest for the linear channel. The volume flow rate oscillation is lowest for the
parabolic channel being approximately 28 % lower than in the linear channel. The exponential and
3" degree curve channels are placed between linear and parabolic channels in volume flow rate
oscillation, the latter having a higher oscillation, only about 10 % less than the linear channel.

Fig. 5 shows the volume flow rate oscillation in a linear channel along the channel length
calculated using the method of fluid transients and compared with the exact solution of acoustics
of Eq. (6). The plots are for the exact solution and for approximate solutions obtained using 2, 5,
10, 50 and 100 sections. By using very few sections the fluid transients method gives too small
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Fig. 6. Initial “--* and optimal “—* design of tapered channel shape.

values of the volume flow rate oscillation, but as the number of segments is increased, the solution
converges quickly to that of the exact solution. With 50 sections the error is negligible compared
to the exact solution.

The optimization procedure presented in chapter 3 was used to obtain an optimal channel shape
minimizing the volume flow rate oscillation at the channel outlet. The linear initial shape and the
optimal shape are presented in Fig. 6.

The optimal shape seen in Fig. 6 is very close to the parabolic curve, Fig. 2, and the improvement
obtained compared to it is very small. The volume flow rate oscillation is 29 % lower in the
optimized channel than in the linear one. The admissible design domain determines greatly what
the optimal shape is. Clearly, the channel upper wall must be flat in the vicinity of the outlet. A
small change in the pressure gradient favors the low volume flow rate oscillation. At the beginning
of the channel the optimal curve descends quickly but it does not reach the admissible design
boundary until at approximately 0.25 m from the upstream end. A smoothing technique [5] could
be used in the optimization algorithm to avoid the sharp edges which are created by the admissible
design boundary.

The optimal shape is found after very few iterations depending on the weighting parameters and
the reference curve.

The results presented above are for a single frequency of 60 Hz. The changes are negligible in the
case of another frequency, only the change of magnitude of volume flow rate oscillation is
significant.

5. CONCLUSIONS

The theory of fluid transients and acoustics are combined in this study to analyze tapered channels.
The effect of channel shape on the volume flow rate oscillation is examined for known pressure
oscillation at the upstream end, which is created by rotating machinery such as pumps. Solutions
were obtained by solving the one-dimensional Webster’s equation of acoustics. Results were
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compared with the impedance method of fluid transients, which gave exactly the same results with
a sufficient number of channel sections.

The channel shape affects significantly the volume flow rate oscillation magnitude, when the
channel length and end dimensions are the same. The lowest oscillation level at the outlet was
obtained for a channel with the parabolic shape, while a linear channel shape gave the highest
oscillation level. The channel shape was optimized using an optimization procedure to minimize
the volume flow rate oscillation at the channel outlet. The optimal shape is very close to the
parabolic channel. The optimal shape also depends greatly on the admissible design domain. A
small gradient in the curve close to the outlet favors the low volume flow rate oscillation.

NOMENCLATURE

A = cross-sectional area

a =wave speed

b = slope of linear channel

C = capacitance

¢; = coefficient of polynomial

D = diameter

J= frequency, friction factor

g = gravitational acceleration

H = pressure (piezometric) head

h = constant of exponential channel
i = imaginary unit, channel section

J = objective function

k = wave number

L =length

/ = length of channel section

m = constant of linear channel

n = integer depending on flow type
P = pressure amplitude

p = pressure
Q = volume flow rate
¢t =time

u = particle velocity

w = basis function

x = x-coordinate

y = channel height

Zc = characteristic impedance

a = deflection from reference curve
£= weighting term

¥ = complex constant

p = fluid density

2= admissible design domain

o= angular frequency

Subscripts

D = downstream
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out = outlet

U = upstream

1 =upstream

2 = downstream
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ABSTRACT

Earth’s cryosphere is a real-time indicator for climatological changes. If we understand the
reaction of ice masses to variations in precipitation and surface temperatures or heat fluxes,
we immediately can draw conclusions to the climate that caused those changes. Accurate
models of the dynamics as well as the thermodynamics of ice-masses (e.g., glaciers, ice
sheets, ice shelves, sea ice) are an inevitable tool to get insight into these highly complex
processes and interactions taking place. Features such as thermo-mechanical coupling, free
surface evolution, non-Newtonian rheologies and tracer dynamics have to be included in
such models.

During the recent years, CSC’s in-house FEM code Elmer has been adapted to meet with
the complexity imposed by modern numerical Glaciology. In this article, we try to draw
an outline of the mathematical formulations of the ice flow and the implemented numerical
techniques for solving them. Examples and their results shall demonstrate the versatility
of the model.

1 MODEL EQUATIONS

Ice is a viscous material and — if though very slowly — flows under the influence of gravity,
g. This slow motion is reflected by ignoring the acceleration terms in the conservation of
linear momentum, leading to the Stokes equation

—gradp + div § + pg = 0. (1)

Here, p denotes the pressure and S the deviatoric part of the stress tensor.

At the top of ice sheets and glaciers, fresh snow is converted into firn, which by com-
pression transforms into ice. In contrary to pure ice, which can be considered to be incom-
pressible (with a constant density pice), firn has a variable density. Neglecting the mass
contribution of the enclosed air the density is proportional to the ice volume fraction, ¢,

£ = Pice Y- (2)



530

As @ represents an additional degree of freedom, for compressible flow an evolution equation
for the ice volume fraction has to be provided. Additionally, a density-pressure coupling
parameter, Kqp(), introduces a general form of the volume balance

dive + kep()p = 0. (3)

In the limit of pure ice, i.e., ¢ — 1, this parameter vanishes, k¢, — 0, restoring a divergence
free velocity field, v, and hence incompressibility.
A constitutive relation linking the deviatoric stress in Eq. (1) to the deviatoric part of
the strain-rate tensor,
D = symgrad v — tr (sym grad v), 4)
—
=divv
has to be provided. Different approaches, such as the commonly used (isotropic) Norton-
Hoff type of non-linear flow law [1] as well as a linear orthotropic relation accounting for the
internal crystal structure of the ice [2] have been implemented in Elmer. As the discussion

of the latter would go far beyond the scope of this article, we will restrict ourselves to a
general form of the first,

S =2nD,
1 —1/n 4(1—-n)/n (5)
=——(2FA(T' d .
1= iy CEAT) 4
The function a(p) and the invariant,
2tr (D?)  (divw)?\
dp = + s (6)
: a(p) b(e)
as well as the coupling parameter occurring in (3)
-1
kop = b(e) - [a() (T, dp)] ", (7)

introduce the aspect of compressibility to the system [3]. As for the limit of pure ice ¢ — 1
those functions take the values a — 1 and b — 0 and expression (6) degenerates to the
second invariant of the strain rate tensor, with the stress exponent n = 3, the widely used
Glen’s flow law [4] for polycrystalline ice is recovered.

The enhancement factor E usually is set to unity, but it can be used to model weaker
layers caused by ice-impurities, by assigning a somewhat larger value.

The Arrhenius factor A(T”) in the flow law (5) introduces a pronounced dependency of
viscosity upon the temperature, T'. Consequently, this leads to the necessity of solving a
heat transfer equation

orT
pc(T) (E + v - grad T) = —divg + o, (8)
along with the flow and pressure field. Expression (8) implicitly already contains the caloric
T A~ ~
equation of state, u = [ ¢(T')dT’, with the specific internal energy, u. Heat conduction is

To
expressed by Fourier’s law
q=—r(T)gradT. (9)

Non-linearity is imposed by temperature-dependence of the heat conductivity, x(T'), as well
as the heat capacity, ¢(T') of ice [5]. The last contribution on the right-hand side of Eq. (8)
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is a volumetric heat source that in Glaciological application usually can be identified with
the production due to strain heating, i.e., ¢ = sym grad v : t. With the Clausius-Clapeyron
constant, 4, and the melting point at low pressure, Tg, the pressure melting point of ice is
given by

Tm=To—Bp. (10)
It defines the (locally varying) upper limit of the temperature. Introducing the relative
temperature, T" = T' — T}y, the constraint imposed on Eq. (8) reads as

T <0. (11)

Ice at temperatures below Ty is called cold ice, whereas ice at the pressure melting point,
i.e., T' = 0, is denominated as temperate ice.

A major application area of ice flow models is the support of dating of ice cores by
providing an age-depth relation for the ice. To that end, the advection-reaction type of
equation

88;;1+'v-gradA= 1, (12)

has to be solved. If at the inflow parts at the free surface (indicated by the subscript “s”)
the boundary condition A|s = 0 is set, the variable A then is equal to the age of the ice
before present.

2 NUMERICAL METHODS

2.1 Diffusion Convection Equation

Diffusion-convection type of equations, such as the energy balance (8) take the general form
V- (aVU)+v-VU =o. (13)

We are interested in solutions for the unknown U on the closed domain V C R3. Applying
the standard Galerkin formulation with the test functions ® € H} (e.g., the piecewise linear
functions ®; € P;) we obtain for the j-th node of the discretized domain

ZUi/[av(I)i VO, +v-V;d;] dV = _f{q"(pj dA+/a<I>j dA. (14)
] 4 N——
) v =My, av vV  =F

The sum on the left-hand side represents the product of the solution vector, U, and the
system matrix M. On the right-hand side the last term can be identified as the force
vector F. The surface integral of the outward pointing flux ¢,, either contributes to the
force vector, or — if there is a linear or even linearized — dependence upon the solution itself,
also can have a contribution to the system matrix at the boundary nodes. As the resulting
system

M.-U=F, (15)
is not stable for significant convection taking place, stabilization has to be obtained either
by adding a term proportional to the residual (c.f., Stabilized method [6]) or by expansion
of the numerical degrees of freedom inside an element (c.f., Residual Free Bubble method
[7D)-

If Eq. (14) has to comply with a local constraint of the form U; < U™, then the problem
turns into a variational inequality. At this point we would like to stress the fact that an
algorithm applying an afterwards correction of values of the solution of the unconstrained
system exceeding the imposed limit — as it has been applied to the heat transfer equation
in several glaciological applications — is, neither in the physical nor in the numerical sense,
an appropriate procedure.
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2.1.1 Uzawa Method

The standard Uzawa method (see e.g., [8]) is — compared to for instance the Penalty method
— a consistent way to introduce constraints to the solution of (15). The algorithm is straight
forward implemented, simply by adding a vector —A to the force vector on the right-hand
side,

M -U=F-A\ (16)

Starting from an initial vector A = 0 the entry corresponding to the i-th node for the k-th
step of the iteration is updated the following way

AP = max [0, MV + - (Ui - U] (17)

The value of the Uzawa parameter, g, has to be chosen with respect to convergence as well
as stability of the algorithm. The iteration is stopped if convergence of the solution has
been obtained. Then, A; represents the local sink (in case of heat transfer, the local cooling)
needed to comply with the constraint U; < U™.

2.2 A New Method for Introducing Limits of Variables

A very robust introduction of an upper constraint to a scalar variable can be achieved by
direct manipulation of the system matrix and the force vector in (15). To this end, an outer
iteration loop is implemented in the algorithm. For the k-th iteration the steps are then
the following:

1. the system (15) is assembled: M - U*) = F.

2. if the ¢-th-node is identified as active, an internal Dirichlet condition for the i-th entry
in the solution vector is set by assigning the diagonal element the unity value (while
nullifying the rest of the row), M;; — M;; =1, and setting F; — F; = U™,

3. a solution for the manipulated system
M-U® =F, (18)
is computed.

4. the residual vector then is obtained by multiplication with the original system matrix
and subtraction of the unmanipulated force vector

R=M -U® _F. (19)

5. nodes are set to active, if Ui(k) >Ur
6. nodes are taken out of the active-node list only if R; > 0

The loop given above is repeated, as long as convergence of U is obtained. In the case of
pure diffusion (i.e., v = 0) in connection with an upper limit, the system (13) is equal to
the contact problem of a membrane. Hence, the algorithm further shall be referred to as
the Contact method. If U is interpreted as the solution for the dislocation of a membrane
in the presence of a force, o, the set of active nodes of the converged solution then defines
the contact area.
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2.3 Advection-reaction Equation

Advection-reaction type of equations, such as the dating problem (12) take the general form
aU+4+v-VU=T. (20)

The lack of any diffusion in the system requires a numerical approach somewhat different
to the standard Galerkin formulation presented in Eq. (14). In our case a Discontinuous
Galerkin method for advection-reaction equations [9] is applied.

3 APPLICATIONS

3.1 A Simple Test Case

A simple test case of pure heat diffusion (i.e., v = 0) shall provide the means to compare
the performance of the both algorithms presented in section 2.1. A volume heat source of

the roof-like form
0 = Omax (1 - |$|/50) ’ (21)

is applied over a two-dimensional area of 100 x 100 meters (x € [-50,+50], y € [-50, +50])
with constant temperature of —10° Celsius at the boundaries. The maximum value of
the heat source, omax = 0.1 Wm~—2m™!, is chosen such that the upper limit of 0° Celsius
in case of the solution of (8) clearly is exceeded (by about 13°). The left part of Fig.
1 shows the unconstrained solution with values of the temperature larger than 0° being
reset to that value, i.e.,, T — max (T,0). The numerical value of the heat conductivity
is set to the one for pure ice at —10° Celsius, x = 2.1929Wm~' K™, and for the sake of
simplicity assumed to be independent of temperature. The result obtained with the contact

-10 -8 -6 -4 - 0 -10 -8 € -4 2 o
\ . . i ) v

m m e

Temp_limited Dirichletlemp

Figure 1: Distribution of the unconstrained solution (left) with a threshold of 0° Celsius
applied as well as of the Dirichlet algorithm (right). The iso-line of zero temperature in the
unconstrained run is shown in the latter picture. Scales are given in ° Celsius

method shows a smooth transition to the temperate area, whereas the posterior implied
threshold T' — max (T,0) to the unconstrained solution naturally — besides producing a
too large temperate area — shows an unsteadiness of the solution at the cold-temperate ice
transition line. The runs with the Uzawa and the contact method have been iterated with a
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convergence criterion A = 2 |[N*—1) — N(®)| (N(:=1) 4 N(#))=1 < 1 x 107 for the iteration

loop. Here, N*) stands for the norm obtained for the solution of the k-th iteration step.
The convergence history diagram in Fig. 2 shows the clear advantage in terms of per-

formance of the contact method in comparison to the the Uzawa, algorithm. The converged

solutions differ only in the range of numerical accuracy.

0.1

0.01

0.0001

le—05

le—06
0

Contact

iteration step

35 40 45 50

Figure 2: Comparison of the convergence history between the Uzawa- (dashed line) and the
Contact method (solid line)

As mentioned before, for the converged solution of the contact algorithm, the distribution
of the residual, R, then is equivalent to the needed heat sink to comply with the imposed
upper limit. The distribution of the residual is shown in Fig. 3.

-0.0993 -0.0795

Dirichlettemp.residual

-0.0596

-0.0397

-0.0199

0
|

Figure 3: Distribution of the
residual of the converged so-
lution using the the Contact
method. The residual R can
be interpreted as the needed
local cooling in order to keep
the material at the imposed
limit of the pressure melting
point. The iso-lines show the
temperature distribution be-
ginning at —10° Celsius in
unit steps
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3.2 Application to Crater Glacier Flow

We further present the steady state (8/9t = 0) solution of a diagnostic run (i.e., prescribed
shape of free surface) of the Gorshkov crater glacier, at Kamchatka, Russia. The glacier
fills the whole, approximately 800 meters in diameter wide crater and has an outflow region
into the caldera at its northern face [10]. The assumed distribution of the (in Glaciological
terms extremely high) geothermal heatflux, ¢y, is shown in Fig. 4, where also the position
of a bore-hole (K2) is indicated. The density profile obtained from this bore-hole is taken
to be valid for the whole glacier [10].

outflow

Figure 4: Distribution of the
\ geothermal heatflux, ¢, along
' the bedrock of the Gorshkov

l crater. Values are given
in Wm~2.  Iso-levels show
the bedrock elevation starting
from 3650 meters a.s.l. in 25
meter steps until 3900 meters
a.s.]. The position of the bore-
hole K2 is indicated

The obtained field for the relative temperature, 77, as it is depicted in Fig. 5, shows
a more or less linear distribution with flow depth from the minimum value of the average
surface temperature (—16.6° C) to the maximum value at the bedrock. We find that, apart

Figure 5: Relative temper-
ature, T'[°C]|, distribution
along the bedrock and at
a south-north oriented cross
section (including the bore-
hole K2 position)

-16.6 -13.28 -9.96 -6.64 -3.32 0
‘ ] i i . ] '

from an area of about 100 meters radius around the lowest part of the bedrock, the whole
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bedrock temperature is at the pressure melting point.

The functions, a(p) and b(p), entering the constitutive relations in (1) and (3) are set ac-
cording to the values given by Gagliardini and Meyssonier [3] obtained from shear/compression
experiments of firn.

The distributions of the relative temperature, 7', as well as the date, D = 2000 — A,
along the K2 bore-hole position are depicted in Fig. 6.

12.04 -\
3549

“measured K2

103 -

depth [m]

borehole bottom [

bedrock L ! . Lt .
['a) (= vy [= v (=]
4 § 8§ E BRERd g g
_.2 — — —
Temperature [K] date [year A.D.]

Figure 6: Profiles along the K2 bore-hole obtained from computer simulation

4 SUMMARY

A wide spectrum of numerical challenges is imposed by numerical Glaciology. CSC’s indoor
FEM code Elmer [11] has been adapted to a variety of these problems. In particular, meth-
ods for solving advection-reaction equations (tracer equation, hyperbolic nature) as well as
diffusive systems including convection {e.g., heat transfer equation) have been implemented.
Diagnostic simulation runs of existing ice masses show good agreement with field data.
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NIPPIKONTAKTIN VARAHTELYJEN SYN TYMEKANISMISTA
KUMILLA PINNOITETUN TELAN YHTEYDESSA

Juha Toivola
Mekalyysi Oy
Myllymaentie 5
37960 Sotkia
toivolaj@surfeu.fi

TIIVISTELMA

Paperia péillystetddn erilaisilla aineilla hiertdmalld paillystysaine paperiin nippikontaktissa. Nip-
pikontaktin pituuden lisddmiseksi nipin toinen tela pinnoitetaan kumilla. Kumi kiyttdytyy visko-
elastisesti, jolloin siihen syntynyt painuma ei vilttdmittd ehdi palautumaan telan kiert4essd yhden
kierroksen. Kun kumipinnoitteen palautumaton painautuma tulee uudelleen nippiin, se heréttds te-
lojen jonkin tai jotkin ominaistaajuudet. Tésté aiheutuva telojen virihtely aiheuttaa uusia painau-
mia kumipinnoitteeseen, ja mikéli telan pydrimistaajuus tai joku sen kerrannainen osuu telojen vi-
rihtelyjen taajuudelle, painaumat syntyvit aina samaan kohtaan kumipinnoitetun telan kehilli ja
ilmid voimistuu itsestiin.

Edelld kuvattu ilmid esiintyy vain joidenkin tiettyjen telan pydrimistaajuuden kerrannaisten osues-
sa telojen ominaistaajuuksille. Jotta voitaisiin selvittdd, miksi vain tietyt telan pySrimistaajuuden
kerrannaiset ovat kriittisid, on tarkasteltava kumipinnoitteen dynaamista kiyttdytymistd. Ilmidn
ymmaértimistd voidaan syventid ratkaisemalla kumipinnoitteen siirtyméikentén osittaisdifferentiaa-
liyht#lot analyyttis-numeerisesti sopivassa malliongelmassa.

Téssd tutkimuksessa kumipinnoitetta mallinnettiin lineaarisesti kimmoisella, isotrooppisella ja ho-
mogeenisella materiaalimallilla. Siirtymékentén kinematiikka oletettiin lineaariseksi. Telan keskel-
14 vallitsee tasomuodonmuutostila, jolloin taso-ongelman ratkaisu riittds. Kumipinnoitteen kehin
suunnassa ratkaisuyritteeksi otettiin telan pydrimisen suuntaan etenevd aalto (co-rotating wave) ja
vastakkaiseen suuntaan etenevi aalto (counter-rotating wave), mikd merkitsee myds sitd, ettd tar-
kastellaan vain steady-state-ratkaisua. Ratkaisun radiaalisuuntainen osuus saadaan timin jilkeen
tavallisen differentiaaliyhtdloryhmaén ratkaisuna. Tdssé tutkimuksessa timé tavallinen differentiaa-
liyhtil6ryhma ratkaistiin numeerisesti differenssimenetelmalla.

MALLIONGELMA

Tarkasteltavan malliongelman geometria on esitetty kuvassa 1. Malliongelmassa vakiokulmano-
peudella Q pyodriva teristela oletetaan tdysin jaykdksi. Lineaarisesti kimmoiseen, isotrooppiseen
ja homogeeniseen kumipinnoitteeseen kohdistuu kiintedstd koordinaatistosta katsoen paikallaan
pysyvé ja muuttumaton painekuormitus p(¢') . Telan pySrimisestd johtuen painekuormitus liikkuu

telaan nihden, jolloin kyseessd on liikkuvan kuorman ongelma (moving load problem). Telan kes-
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kialueella kumipinnoitteessa valitsee tasomuodonmuutostila, jolloin taso-ongelman tarkastelu riit-
t44. Telaan kiinnitetdsn telan mukana pyorivd r¢ -napakoordinaatisto ja kiinteddn koordinaatis-

toon kiinnitetdin samankeskinen r¢’ -napakoordinaatisto.

(g

&
>
kiinted perussuora

teristela

kumipinnoite

Kuva 1. Malliongelman geometria ja koordinaatistot.

DEFORMAATIOKENTAN MALLI

Esitetyilld oletuksilla kumipinnoitteen siirtymékenttdd kuvaavat yhtlot (Lamen yhtdlst) telaan
kiinnitetyssi sylinterikoordinaatistossa ovat

1 &p ~
e,;—Z({?wm, = a)q,,;)—Epa, =

%e’tp_zg(wrj ~w,5)- %)” a,=0
e,;—28%[(7w¢ ) —ww]—%az =0 )
missi
PR Y WL T TP 14
7 7 2(1-v)
@y = %(% VN"W—V,;J @y = %(17,2 W) D, = % (W)’F_Ew]
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Dimensiollisia muuttujia on merkitty tildelld (~). Telan keskialueella kumipinnoitteessa vallitsee
tasomuodonmuutostila, jolloin w=0, (),;=0 ja a, =0 . Tidlloin yhtiléryhmén (1) viimeinen yh-

tdlo toteutuu identtisesti.

Kun tela pyérii vakiokulmanopeudella Q , nollasta eroavat kiihtyvyyskomponentit ovat

~ 2 = ~
a, =-Q°r —29v,7+u,t~t~

E‘D = 2517,74‘;,77 (3)

¥ u v T ~ 2
Fr=— U=— v=— f(=—— Q=pR°/G @)
i R R pR? /G

saadaan yhtéloryhmin (1) kaksi ensimmaistd yhtdlod dimensiottomaan muotoon

1 1 1 1 .. .
Uyt —U,,——U +i2u,w,—(l + g)—zv,¢+(1 —a)—v,w,—gu +£200+£Q%r =0
r r r r r
1 1 1 .. .
gv,r,+£v,r—i2v+—2v,w,+(1 + 5)—2u,¢+(1 —g)—u,w—gv ~-£2Qu =0 (5)
r r r r r

Aikaderivaattaa dimensiottoman ajan ¢ suhteen on merkitty pisteelld suureen p4alld.

Kumipinnoitteen sisireunalla ¥ = &R siirtymit ovat nollia (telan mukana pydrivissi koordinaatis-

tossa), joten sisdreunalla reunaehdoiksi saadaan

u(G,0,0)=0
Vg, 0,1) =0 6

Dimensiottomat radiaalisuuntainen normaalijdnnitys ja leikkausjinnitys ovat

o 2 17
o.=—L= 1-v yt—U+—V,
"G 1—2v[( Yor rooor “’]
T

| 1
P
Trp = =—u,,+V,,——V 7
7] G = @ r N ( )
Kumipinnoitteen ulkoreuna ¥ = R on vapaa lukuunottamatta kuormitusaluetta, jossa vaikuttaa an-
nettu, kiinte#dstd koordinaatistosta katsoen paikallaan pysyvi painejakauma. Ulkoreunan reunaeh-
dot ovat siis

o-r(l’ ¢’t) = _P((o, t)
e (1,9, 1) =0 ®)

Koska ulkoreunan kuormitus pysyy kiinteéstd koordinaatistosta katsottuna paikallaan, se voidaan
kehittds Fourier-sarjaksi kéyttden kiintein koordinaatiston kulmamuuttujaa ¢':
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p(p ] P({ﬂ ) w05 i[an cos(ngo')+ b, sin(n(p’)]

pm:ﬁ n=l1

=— Ip cosngo)d(o, n=0,12,.
=— Ip sin nqo )dq) , n=123_. )]

Telan mukana pydrivin koordinaatiston kulmamuuttujan ¢ ja kiintedin koordinaatiston kulma-
muuttujan @' vililld on yhteys

o' =Qt+¢ (10)

Tilloin Fourier-sarja (9) voidaan kirjoittaa telan mukana py&rivéissd napakoordinaatissa muotoon

p(¢) = %’ + i [an cos(th +no)+b, sin(th + n¢)] (11)

n=1

DEFORMAATIOKENTAN RATKAISU

Yhtiloille (5) haetaan ratkaisua muodossa

u(r, o, t) = Yo (2r’ t) + i [Un] (r) sin(th - n(o)+ U,,(r) cos(th - n¢)+
n=1

+U,5(r) sin(th + n(o)+ Uoa(r) cos(th + n(o)]

(r (o, + Z[ () sm th n(o)+ Vi (r) cos(th - n¢)+

(12)
Vs (r) s1n(th + n(p) +Vu(r) cos(th + ngo)]

Ratkaisuyritteissd muotoa sin(th—n(o) ja cos(th—n(p) olevat termit esittdvét pyOrimisen
suuntaan etenevid deformaatioaaltoja ja muotoa sin(th+n(p) ja cos(th+n(p) vastakkaiseen

suuntaan etenevii deformaatioaaltoja. Ottamalla huomioon yhteys (10) nidhdéén, ettd pydrimisen
suuntaan nihden vastakkaiseen suuntaan etenevit deformaatioaallot pysyvit kiintedistd koordinaa-
tistosta katsottuna paikallaan.

Steady-state-ratkaisua haettaessa havaitaan, ettd ainoa herite tulee reunaehtojen kautta. Reunaehto-
jen Fourier-sarjassa esiintyy ainoastaan vastakkaiseen suuntaan etenevien deformaatioaaltojen he-
riitteitd, joten voidaan péitelld, ettd pySrimisen suuntaan etenevien termien steady-state-ratkaisuik-
si tulee U, =U,, =V,; =V,, =0. Samaan tulokseen paistiddn kirjoittamalla ko. termien yhtilst

reunaehtoineen. Tuloksena saadaan homogeenisia yhtilsitd homogeenisilla reunaehdoilla.

Tuntemattomat funktiot U, U4, V,3 ja V,4 saadaan ratkaistua sijoittamalla yritteet (12) yhti-

16ihin (5) seki reunaehtoihin (6 ja 8) ja vertaamalla sini- ja kosinitermien kertoimia, jolloin saa-
daan tuntemattomia funktiota hallitsevat differentiaaliyht4lst reunaehtoineen.
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Tapaukselle #n =0 saadaan:

Uorr +1U0,, —iZU0 — U, +82QV, +£2Q%r =0
r r
& & .. B
Vo +—=Vo, ——5Vo— €V —€2QU, =0
r ¥
r=&: Uy=0
V=0
1-2
r=1: (l—v)UO,,+Z-U0=— Vao
¥ 2
1
Vo, ——Vo =0 (13)
r

Koska tapauksessa #n =0 kenttdyhtildissd ja reunaehdoissa ei esiinny ajasta riippuvia kuormitus-
termejé, voidaan péaitelld, ettd myoskiin steady-state-ratkaisu ei voi riippua ajasta. T#llin saadaan

e (.fzykz{(“i”)‘“ e
+(3—2V+(1—2v)§4>—(3—2v—§2)—§;:|}

V=0 (14)

Jatkossa tdssd kisitelldfin erityistapausta, jossa painekuormitus on symmetrinen kiintefin koordi-
naatiston kulmamuuttujan arvon ¢’ =0 suhteen. Talloin Fourier-sarjan (9 tai 11) kertoimet b, =0

ja mikili ao. yhtilst kirjoitetaan, saadaan steady-state-ratkaisuksi U,; =V,, =0. Funktioille U_,

ja V5 saadaan:

1 1+ en? 2 l—eh l+e)hn
Un4,rr +7Un4,r _( r2 —6712$2 }UM +¥Vn3,r _I:(-rz—)_ngzz:lynii =0

2 r ¥

2
gVnB,rr + EVn3,r - |:g - - m2QZ:IVn3 - u’l'(Jn4,r - [(L-tfl’l_ - m292:|Un4 =0
r ¥

r=&: Upy=0
Vn3 =O
. v 12 1-2v
r=1: (I_V)Un4,r+_Un4+_Vn3=_ a,
r r 2
n 1
_7Un4 +Vn3,r __r-VnJ =0 (15)

Edell4 esitetyt tavalliset differentiaaliyhtiilét reunachtoineen ratkaistiin numeerisesti differenssime-
netelmalla.
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LASKENTATULOKSIA

Kuormitus annetaan laskentaan painejakauman Fourier-sarjan kertoimien avulla. Télldin voidaan
helposti tarkastella erilaisia painejakaumia. Painejakauma voitaisiin myds médritta4 iteratiivisesti
sellaiseksi, ettd kumipinnoitteeseen syntyvé painauma seuraa pinnoitetta painavan telan muotoa.
Tamin tutkimuksen yhteydessd siithen ei kuitenkaan menty, vaan esimerkkituloksien laskentaan
kiytettiin parabolista painejakaumaa:

1
|9+l ¢ el-aya
p)=1 a2’ 7 ) (16)

0 ¢’e[—a0,ao]

Kuormituksen Fourier-sarjan kertoimet ovat tilloin

_ 4 nogcos(nay) —sin(nay)

a
n
n ain’

b =0 an

Kuvassa 2 on esitetty funktioiden U,, itseisarvo telan pinnalla (» =1) dimensiottoman kulmano-

peuden Q ja kertaluvun » funktiona. Tdmé osoittaa, miten voimakkaasti kyseinen kertaluku he-
riad. Kuten kuvasta 2 nihdiin voimakkaimmin herdivin deformaatioaallon kertaluku riippuu telan
pyOrimisnopeudesta.

- fw e S ]

e

0-
100

o
S
RSN
i 'I'\ o
SRS ‘{“‘E\
\.ﬁi:“"\%“\\
=

/ ’ //?‘7 { i
/s :’ ;.._?’= ;"/‘ ',.:.‘r:/ /7 ‘5‘%: ':::'J)‘:‘::‘{,"’" 7 .”
.
fﬁé/i %%%%fwf’ v
e
1 i
40

v
L

Kuva 2. Radiaalisiirtymén itseisarvon maksimi telan pinnalla. Radiaalisuunnassa kéytetty 10 hila-
pistettd. v=0,49, £=0,94.
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Kun oletetaan, ettd telan ominaistaajuudet eivit riipu (merkittdvisti) pydrimisnopeudesta, ominais-
taajuuksia kuvaavat kdyrit ovat € — n -koordinaatistossa hyperbelejd (n€) =@, , missd @, on te-

lan taivutusmuodon dimensioton ominaiskulmataajuus). Kuvassa 3 on muutettu pystyakselin skaa-
lausta kuvaan 2 nidhden ja lisdtty telan taivutusmuodon erdén ominaistaajuuden kuvaaja. Selvyy-

den vuoksi esitetty maksimi on rajattu arvoon 107 . Kun ominaistaajuuden kiyra leikkaa kuvassa
nidkyvin “vuorijonon”, kumipinnoitteeseen herdéd deformaatioaalto, jonka kertaluku kerrottuna te-
lan kulmanopeudella on ominaiskulmataajuuden suuruinen. Kumin viskoelastisen kiyttdytymisen
vuoksi on mahdollista, ettd timi deformaatioaalto ei ehdi palautumaan, vaan lidhtee pyoriméin te-
lan mukana saapuen nippiin ja heréttden telan taivutusominaismuodon juuri “oikealla” taajuudella.
Tamin mahdollisuuden selvittimiseksi tarkastelu olisi tehtdvé viskoelastisella materiaalimallilla.

On syytd huomata, ettd kuvissa 2 ja 3 nikyvin ”vuorijonon” piikkien korkeus ei vilttdmattd anna
oikeaa kuvaa deformaatioaallon voimakkuudesta laskennassa kiytetystd € -resoluutiosta johtuen.
Laskennassa kiytetyt Q -arvot eivit vilttimittd osu “vuorijonon” harjanteen kohdalle kyseeseen
tulevalla kertaluvulla. Q -resoluutiota suurentamalla kuva tarkentuisi tdlt4 osin.

SRR

f fr
/
0.5 '.
4
0- )
100 B

Kuva 3. Radiaalisiirtymin itseisarvon maksimi telan pinnalla, maksimi rajoitettu arvoon 107 . Ra-
diaalisuunnassa kdytetty 10 hilapistettd. v =0,49, £=0,94.

Kuvassa 4 on esitetty kertaluvun 12 deformaatioaallon voimistuminen py&rimisnopeuden kasvaes-
sa. Kuvan 4 toisen rivin toinen ja neljds tulostus osoittavat, ettd pydrimisnopeuden ohittaessa de-
formaatioaallon voimakkuuden kannalta kriittisimmén pydrimisnopeuden, deformaatioaallon vai-
he kiintyy vastakkaiseksi. Tama johtuu mallissa kéytetystd painekuormituksesta. Mikéli kaytettdi-
siin realistisempaa siirtymakuormitusta, kriittisen pydrimisnopeuden ohittamisen jélkeen teloja toi-
siaan vasten puristava voima kasvaisi, koska nipin kohdalla kumipinnoitteessa ei voi esiintyd ulos-
péin suuntautuvaa radiaalisiirtymad. Tdma ilmi6 erityisesti transienttitilanteessa voi toimia alussa
kuvatun virdhtelyn syntymekanismina. Toisaalta tim4 ilmio voi liittyd mallissa kdytettyyn materi-
aalimalliin. Tarkastelu olisi syyté tehd4 viskoelastisella materiaalimallilla.
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Q = 2.9520 Q = 2.9560 Q = 2.9600 Q=2 9640
120 90 =-60
1-‘
15 Ay
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(L, FIR
_ b k,A,_}“F *2ho
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Q =2.9720 Q=2 9760 Q= 2 9800

120 -—neu

Kuva 4. Kumipinnoitteen ulkopinnan siirtymé eri pyorimisnopeuksilla. Painekuormitus (nippi)
kohdassa 90 astetta (ylin piste). Radiaalisuunnassa kéytetty 40 hilapistettd. v =0,49, £=0,94.

x10° n="1 x 10" n=12 x10° n=13 x10° n=14
0.5 2 2 10
-1 4
1.5 5 1 &
2 -8 s ~

, — i« N 0 — ol—"".

0.94 096 0.98 1 0.94 096 0.98 1 0.94 096 0.98 1 094 096 0.98 1
Kuva 5. Radiaalifunktioita U,,(r), radiaalisuunnassa hilapisteiti 40. Q=2,972, v=0,49,
£=0,94.

ox10'5 n=1 X10-4 n=12 X10.5 n=13 X10.6 n=14
——— — 8
0.5 8 2
1 )
15 )
2
-2
L. 0 = . & = e ———e————

094 096 098 1 094 096 098 1 094 096 098 1 o1 oéa 0.98
Kuva 6. Radiaalifunktioita U, (r), radiaalisuunnassa hilapisteitd 40. € =2,980, V=0,49,
£=094.
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Kuva 7. Radiaalifunktioita U 4(r), radiaalisuunnassa hilapisteitdi 40. Q=2980, v=0,49,
£=094.

Kuvissa 5 ja 6 on esitetty funtion U 4(r) kuvaajat kertaluvuille 11-14, kun dimensioton pydrimis-

nopeus saa arvot 2,972 ja 2,980. Téllgin ylitetéisin kuvassa 4 nikyva kertaluvun 12 deformaatioaal-
lon kriittinen py&rimisnopeus. Kuten kuvista 5 ja 6 havaitaan, funktio Uy, 4(r) vaihtaa etumerkkia

kriittisen pydrimisnopeuden yli mentiess.

Kuvissa 5 ja 6 esitetyt radiaalisiirtyméifunktiot ovat sen verran yksinkertaisesti k#yttaytyvid, ettd
esimerkiksi kumipinnoitteen fem-mallinnusta ajatellen muutama elementti riittid kumipinnoitteen
paksuussuunnassa. Kuvassa 7 on esitetty radiaalisiirtyméfunktioita suuremmilla kertaluvuilla. Mi-
kali kriittiset kertaluvut ovat suuria, kumipinnoitteen paksuussuuntaan pitié laittaa useampia ele-
menttejd.

NIPPIVARAHTELYJEN MAHDOLLISIA SYNTYMEKANISMEJA

Laskentatulosten perusteella voidaan tunnistaa kaksi mahdollista nippivirihtelyjen syntymekanis-
mia, kuten edelld on jo mainittu. Ensinnikin telan vakiokulmanopeudella nippikontakti synnyttis
pyodrimissuuntaa vastaan etenevin deformaatioaallon, jossa tietyt kehén suuntaiset kertaluvut ovat
tietyilld pyorimisnopeuksilla voimakkaita. Mikiili téll4 tietylld kertaluvulla kerrottu telan kulmano-
peus osuu telan taivutusominaiskulmataajuudelle, voidaan olettaa ettd kyseinen taivutusominais-
muoto herdf. Niin kidy mikéli kumin viskoelastisen kdyttdytymisen vuoksi deformaatioaalto ldhtee
pyoriméén telan mukana. Toiseksi, ylitettdessd tiettyjd kriittisid pyorimisnopeuksia vasteen vaihe
kadntyy vastakkaiseksi. Tallgin kidytinnossd 13hinnd siirtyméohjatun nippikontaktin nippivoima
kasvaa mikili telojen vilinen etdisyys ei muutu. Nippivoiman muutokset voivat heréttid telan tai-
vutusominaismuodot.

On huomattava, ettd kéytetty malli ei osoita, ettd kumpikaan edelld ehdotetuista nippivirihtelyjen
syntymekanismeista todella herattdisi vérdhtelyn. Mallin avulla saadaan kuitenkin esille ilmigitd,
jotka voivat esim. transienttitilanteessa toimia nippivéréhtelyjen heréttédjins.

KAYTETYN MALLIN PUUTTEITA JA KEHITYSKOHTEITA

Laskentamallissa kumia on mallinnettu lineaarisesti kimmoisella, homogeenisella ja isotrooppisel-
la materiaalimallilla vaikka kumin tiedetdéin kayttdytyvin viskoelastisesti. Viskoelastisuudesta ai-
heutuva vaimennus voitaisiin lisitd laskentamalliin (yhtdloryhméain (5)) suoraan nopeuteen verran-
nollisina termeind tai sitten johtaa yhtilst kiyttien viskoelastista materiaalimallia. Vaimennuspa-
rametrit voitaisiin mairittd4 esim. vierimisvastuksen perusteella. Vaimennus ei kuitenkaan ilmei-
sesti poista systeemistd lineaarisesti kimmoisalla materiaalimallilla 15ydettyji ilmiotd. Kuvissa 2 ja
3 esitetty “vuorijono” ainoastaan madaltuu ja levenee. Sen sijaan vaimennus voi aiheuttaa sen, etti
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deformaatioaalto lihtee pydrimiin telan mukana (esim. transienttitilanteessa). Voimakkaasti epili-
neaarinen materiaalimalli voi tuoda esiin myds muita ilmioiti.

Mikali siirtymét nippikontaktissa ovat suuria, kdytetyn lineaarisen kinematiikan sijasta olisi kiiy-
tettivi epilineaarisia kinemaattisia yhteyksid. Mikili ndiden mukanaan tuoma epélineaarisuus on
heikkoa, mallissa kiytetylld lineaarisella kinematiikalla 1ydetyt ilmiot eivit hivid, mutta epéline-
aarisuus voi tuoda esiin uusia ilmiéitd. Epilineaarisen kinematiikan tarve voidaan todeta mittauk-
sin: jos esitetty malli selittd4 tai ennustaa mittauksilla todettavia ilmigitd huonosti ja jos kaikki
muut tekijit on otettu mahdollisimman hyvin huomioon, syyné voi olla lineaarisen kinemaattisen
mallin soveltumattomuus. Toinen mahdollisuus on tehdd analyysi epilineaarisella kinemaattisella
mallilla (esim. fem) ja verrata tuloksia lineaarisen mallin vastaaviin. Jos oleellisia eroja ei ole, epd-
lineaaristen kinemaattisten yhteyksien kdytt on tarpeetonta.

Ratkaisuyritteeni on kiiytetty steady-state-tilan mukaista yritettd. T4ll6in voidaan 16yt4d vain stea-
dy-state-tilan ilmiitd. Transientti-ilmididen tutkimiseksi ratkaisuyritteestd olisi jétettdva aikariip-
puvuus pois, miké sinillddn on aivan mahdollista. Saatavat osittaisdifferentiaaliyhtélot on semi-
diskretoitava paikan suhteen, mink4 jilkeen aikaintegrointi voidaan suorittaa numeerisesti.

Kuormitus on kuvattu mallissa kiinteistd koordinaatistosta katsottuna muuttumattomana paine-
kuormituksena. Nippikontaktin luonteen ja deformaatioaallon kannalta kriittisen pydrimisnopeu-
den ylittdmisen aiheuttaman vaiheen kddntymisen vuoksi realistisempaa olisi kdyttad paallystettyd
telaa puristavan toisen telan aiheuttamaa siirtyméikuormitusta. Koska kiytetylld mallilla voidaan
laskea mitd tahansa painejakaumaa vastaava siirtymitila nipissé, kiytetyn laskentamallin avulla
voidaan helposti iteroimalla ratkaista siirtymékuormitusta vastaava kosketusongelma. Kosketuson-
gelman epilineaarisuuden vuoksi tdimé voi tuoda esiin uusia ilmidita.

Mallista puuttuu telojen dynamiikka. Tdma voitaisiin ottaa huormioon likimédréisesti sallimalla te-
lan/telojen liikkeet tasossa. Telan/telojen jaykkyys voitaisiin ottaa huomioon jousilla. Miké nippi-
virdhtelyn synnyn selittiminen vaatii transientti-ilmididen tarkastelua, on oletettavaa etti telojen
dynamiikka vaikuttaa niihin oleellisesti.

Lihestyttiessid deformaatioaallon kannalta kriittistd pydrimisnopeutta deformaatioaallon voimak-
kuus kasvaa. Vaimennuksen vuoksi ldimmdonkehitys kumipinnoitteessa voimistuu, ja lampdtilan
nousu muuttaa kumin viskoelastisia ominaisuuksia, mitkd puolestaan vaikuttavat kriittiseen pyori-
misnopeuteen. Tallaisen kytketyn ongelman ratkaisemiseksi materiaalimallissa pitdisi olla 1amp06-
tilariippuvuus mukana ja limpétilakentti pitiisi ratkaista samanaikaisesti deformaatiokentiin kans-
sa. Kynnyskysymykseni tdssd suhteessa on realistisen lampdtilariippuvan viskoelastisen materiaa-
limallin muodostaminen ja sen parametrien mittaaminen.

Mallin kehittimisen kannalta helppoja kehityskohteita ovat viskoelastinen materiaalimalli, siirty-
mikuormitus ja transienttitilan tarkastelu, vaativampia telojen dynamiikan huomioiminen sekd
kytketyn ongelman formulointi ja ratkaisu. Epalineaarisen kinematiikan tarpeellisuutta voi testata
vertaamalla esitetyn mallin tuloksia epdlineaarisen kinematiikan huomioonottaviin numeerisiin tu-
loksiin.

Jatkotutkimuksia voisi tehdd puhtaasti numeerisilla menetelmilld. Esitetty analyyttis-numeerinen
menettelytapa on kuitenkin laskenta-ajan suhteen ylivoimainen, mikd mahdollistaa huomion kes-
kittdmisen nippikontaktin yhteydess esiintyviin fysikaalisiin ilmi6ihin. Puhtaasti numeerisilla me-
netelmilld voidaan p#styd tutkimaan, pystytddnkd ratkaisemaan miljoona vapausastetta sisiltavi
malli, jossa tutkittavien ilmididen kannalta on 999 900 ylimé#ardistd vapausastetta (ja itse ilmidihin
ei edes paisti kiisiksi). Analyyttisid menetelmi ei pitdisi hyldtd my6skéddn siksi, ettd jotkut pitdvit
niitd vaikeina ja niiden oppimiseksi on tehtdvi ty6ta.
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YHTEENVETO

Kumipinnoitteen siirtyméikentén analyyttis-numeerinen ratkaisu kéytetylld fysikaalisella mallilla
steady-state-tilanteessa osoittaa ett:
1. Nippikontakti ei l1dheti deformaatioaaltoja telan py6rimisen suuntaan.
2. Telan py6rimissuuntaan ndhden vastakkaiseen suuntaan etenevé deformaatioaalto pysyy
paikallaan kiinte4sti koordinaatistosta késin tarkasteltuna.
3. Nippikontaktin lihettimin voimakkaimman deformaatioaallon kertaluku kehén suunnas-
sa riippuu telan pydrimisnopeudesta.
4. Joillakin pydrimisnopeuksilla nippikontaktin lahettimé deformaatioaalto vahvistuu sel-
visti.
5. Analyyttiset ratkaisumenetelmit eivit ole vanhentuneet, vaan antavat mahdollisuuden sy-
ventid erilaisten ilmididen ymmaértdmist.

Tadmi tutkimus on tehty keviilld 2003. Lamen yhtdldiden napakoordinaatistomuoto on periisin
prof. Hannu Outisen luentomonisteista. Suoranaisesti mitddn muita ldhteits ei kiytetty. Ajatus pai-
kallaan olevan kuormituksen alla pydrivin telan pinnoitteen dynaamisen deformaatiokentin ratkai-
semisesta lienee perdisin Journal of Sound and Vibration —lehdessé julkaistuista artikkeleista, jois-
sa on kisitelty ympyrirenkaan dynamiikkaa kaarevan palkin teorialla, kun kuormituksena on ren-
kaalla liikkuva radiaalikuormitus.

Tamin tutkimuksen valmistumisen jilkeen muissa yhteyksissd havaittiin, etti samaa ongelmaa on
kasitelty numeerisilla menetelmilld jo 70-luvun lopussa ja 80-luvun alussa, joista mainittakoon /1,
2/. Koska niissé artikkeleissa esimerkkilaskelmien mallit edellyttavit kaksikerroksista pinnoitetta,
tulosten kvantitatiivinen vertailu ei ole mahdollista, mutta kvalitatiivisella tasolla tarkasteltuna ar-
tikkeleissa /1, 2/ ja tissé tutkimuksessa 16ydetyt ilmi6t tismaavit. Tulosten saamiseen tarvittavaa
ty6madras verrattaessa tissi tutkimuksessa esitetty analyyttis-numeerinen menettelytapa on yliver-
tainen.
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ABSTRACT

This paper presents modelling and analysis of a nip contact between two paper machine rolls as
two degrees of freedom lumped mass systems including quadratic and cubic non-linear contact
stiffness terms and a time delay. The two rolls studied here are made of cast iron. One roll has
polymer cover on its surface. Due to the finite relaxation characteristics from the polymer
viscoelastic material the time delay effect has been involved in the model. The nonlinear terms
originate from the hyperelastic stiffness of the polymer material. Therefore numerical methods
such as Poincare maps have been applied for of analysing the nonlinear system equations.
Numerical results in case studies will illustrate the dynamic characteristics of the nip contact.

1. INTRODUCTION

A roll system with nip contact is studied in this work. The system is related to paper machine
which has multiple roll nips used for finishing the surface of the paper during the paper
manufacturing process in paper mills. A test nip installation in Tampere University of
Technology (TUT) laboratory environment has been built for research purposes and it is half
scale of a real sized industrial nip unit. The vibration behaviours of the nip contact have not been
understood completely and the complex solutions are still under investigations. The main
elements of the system are one polymer cover roll and one pure metal roll in the nip contact. The
spindles of both rolls will be running in speeds about 500 rpm (in real machine, the speed can
reach 1800rpm). The soft polymer cover enables smooth processing of the paper. But the
consequence is that it may cause the time delay effect due to the non-recovered polymer material
deformations in the rolling contact. The stability of time delay system is more complex and
interesting especially when it involves nonlinear elements [Stepan 1989].

This aim of this work is mainly to investigate the nonlinear dynamic behaviour in the rotor
system [Yamamoto 2001, Ehehalt 2002, Genta 2005]. The model of the system will be given with
considering the time delay effect. The rolls are considered as analytical rotors with contact
stiffness in the nip. The nonlinear terms come from the hyperelastic material behaviour of the
polymer. The numerical simulations have been carried out with lumped parameters. The
bifurcation and chaos behaviours of the system may be illustrated by Poincare maps [Jordan
1987].

In the results, firstly, the transient time domain response of the system illustrates the time delay
effect due to the feedback deformation. The rotational speeds of rolls are key parameters for the
vibration analysis because the time delay changes with the speed. The vibration responses of the
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system show non-classical resonances due to the delay effect. Secondly, the time delay and
contact stiffness will give influences on the bifurcation behaviour.

2. MODELLING OF NIP CONTACT

The main components of the TUT nip installation are two metallic rolls (Figure 1) manufactured
of cast iron. Both rolls have been designed identical with two exceptions: the upper one has soft
polymer cover (11 mm thickness) on its surface and the lower one has just a hard metal surface.
This kind of combination is typical because of the process quality requirement of the paper
manufactured. The contact length of one roll is about 4.4 m, the diameter is 500 mm and the
weight about 3 tons. The dynamic time delay effect originates from the polymer material of the
soft roll. At the beginning, the two-roll are driven to the desired web speed and then the contact is
closed. If the polymer cover cannot recover from the contact deformation completely after each
round contact undesired dynamic behaviour can occur. The delay effect will be carried into the
next round and provide an additional source of vibrations, which cannot be ignored when the
dynamical behaviour of the installation is considered.

o
——Nu

Il/
m,
i
6 SN o
! Roll with previous
cover gefomation
== Nip conftact rolls
9
? ( f
S « \{2
m e

Figure 1. The roll installation system with nip contact with internal excitation from the previous
rotation.

Dynamics of the two rolls and their interaction can be modeled by an equivalent spring-mass
system (Figure 2).

The vertical motion of the system is considered here, thus the displacments of the centre line of the
two rolls are denoted as x;, x;. Applying the Newton’s second law to each mass in Figure 2, then
the governing two-degree-of-freedom equations of motion can be written as



551

N\
N\

Cs

-

L

3 =
(A

“ 91 G

z(1) | | ‘ X,
m2
K, c,

' EEE

Figure 2. The equivalent spring-mass system.

X +24% + plz(xl + ﬂlle2 + ﬂ13x13) ==N(x, %)/ my 0))
X +285%, + p22(x2 + :5223‘22 + ﬂ23x23) = N(x, %)/ my @

where 2¢;=c;[m;, p,.2 =k;/m; , in which paramters m; c;, k; for i=1, 2, refer to the roll mass,
damping and stiffness, respectively; B,.f; are constants describing the nonlinear stiffness of the
nip system. The note x,;, =x,({~T) refers to the term with time delay effect. The contact force
takes the form

N =k, |e() - 7,60 ~T)+ () - 1,6 ~T))* + 3 (6()) - 7,6(t ~T W [+ eé) ©))

Here the nip force accounts for quadratic and cubic nonlinearities [as in Hanna & Tobias, 1974].
Anda, ,a; are nonlinear constant coefficients. The k, is the spring coefficient and c, is the

damping coefficient for a Kelvin-like polymer roll covering material [Sperling,1985] for the nip
contact. The decay factor duo to the elastic effect is discribed by an exponent function like

¥, = e—Tk,, /e, (4)
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where the note T is the revolution time of the polymer roll, which is assumed as the constant time
delay term of the response. The nip penetration on the surface of the polymer covered roll includes
three components

£() = x (1) = x, (1) + 2(2) &)

The source term z(?) in (5) accounts for the shape profile of the material entering the nip; in real
machine, this source also includes the paper web transtered through the nip. However, for the sake
of testing simplication, this factor is not consider in this study. This excitation could be described
by a periodic function

2(t) = Z sin(Q1) (6)

With the excitation frequency Q=27 j, /T , in which the note jj, is the number of wave resulted

from the error shape of the polymer roll surface.

3. ANALYSIS METHODS

In the equations (1)-(2), there are time delay and nonlinear terms. The delay differential equations
are more complicated than the ordinary ones but the methods for analysis the general nonlinear
still can apply. For instance, the Lyapunov exponent (quantity index) and Poincare map (quality
way) might be proper methods to be used.

Firstly, the Lyapunov exponent A is defined as [Hilborn1994]

G ) Q)

()| + . +1n

A= l(1n £7(xg)|+1n
n

where # is the iteration number. In the equation (7), the Lyapunov exponent A is the average of
the natural logarithm of the absolute value of the derivatives of the map function evaluated at the
trajectory points. According to the nonlinear theory, the chaos occurs when the Lyapunov
exponent is positive. From the time series in (7), the plots of the Lyapunov exponent can be
obtained for the nip system. However, for the time delay system, it is much complicated to solve
the Lyapunov exponent numerically.

Secondly, the Poincare section is a device to simplify phase space diagrams of complicated
systems. It is constructed by viewing the phase space diagram stroboscopically in such a way that
the motion is observed periodically. For the time delay system, having chaotic or limit cycle
behaviour does not violate the Poicare theory. Based on this, Poincare maps could be plotted for
the nip delay system.

4. SIMULATION AND NUMERICAL RESULTS

By using the Simulink in MATLAB® environment the simulation model of the nip installation can
be set up for the time domain simulations (Figure 3). Introducing again the real-scale system
parameters, the time domain simulations in different cases have been carried out. In the nip
installation, the nip stiffness and the time delay are important parameters. So the effects of nip
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stiffness and effects of the time delay on the chaos behaviour of the nip system have been
demonstrated as below.

xq" x1* x1
. o[ T ] o 1 =I|:|
| s | | 5
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Figure 3. Simulink block diagram of the main system.

In Figures 4 to 5, the time response of x;, phase trajectory and Poincare map have been plotted. In
Figure 4 to 5 the nip stiffness keeps a same value k,=le+7 N/m, but the time delay decreases
from T=1/3.95 s ,to 1/4 s, then the Poincare sections illustrate in different fractal ways.

In Figure 6 to 7 , the time delay has a same value 7=1/4 s, but the stiffness increases from
k,=le+7 N/m, to 3e+7 N/m, then the Poincare sections show again different fractal images. In
Figure 6, a chaotic attractor emerges in the Poincare sections.
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Figure 4. k,=le+7 N/m, T=1/3.95 s: (a) Time response; (b) Phase trajectory; (c) Poincare map.
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Figure 6. k,=le+6 N/m, T=1/4 s (a) Time response; (b) Phase trajectory; (c) Poincare map
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Figure 7. k,=3e+6 N/m, T=1/4 s (a) Time response; (b) Phase trajectory; (¢) Poincare map.
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5. CONCLUSION

The model of the nip installation has been established including time delay and nonlinear contact
stiffness terms. The nonlinear methods have been applied for analysing the nip system. The
numerical time domain simulations show chaotic behaviours. The results give some theoretical
evidences, which can be used in the development of strategies to control the vibrations of the
system
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ABSTRACT

The aim of this study is to model the coupling between rotational vibrations of the rolls and
longitudinal vibrations of an axially moving web. These vibrations are also known as changes in
stress distribution. The web is treated as an axially moving rod. At the boundaries rolls are
modelled such that the change in radius is taken into account, which makes it weakly non-linear.
The mass flow out of the first roll and into the last one is correspondingly considered. In paper
industry this is called unwinding and winding, respectively. A magnetic tape, paper and aluminium
webs are chosen for this study, because they are widely used and are therefore good and
economically interesting materials to study for. The equation of motion and the boundary
conditions are derived using the extended Hamilton’s principle. The longitudinal frequencies of
the axially moving bar is calculated numerically. Moreover, the forced vibrations of the time
dependent model is solved by perturbation method and by time integration.
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TIIVISTELMA

Artikkelissa kisitelldsin loksodromi- ja isoympyrdpurjehduksen kinematiikkaa. Lihtien aluksen
kinemaattisista differentiaaliyhtiloistd johdetaan loksodromi keskilatitudimenetelmalld, tarkasti
integroitu loksodromi sek# analyyttiset lausekkeet aluksen latitudille ja longitudille kuljetun
matkan funktiona isoympyripurjehduksessa. Viimeksi mainituista johdetaan edelleen aluksen
kulkusuunnan ja kadntymisnopeuden lausekkeet kuljetun matkan funktiona isoympyrépurjeh-
duksen jatkuvaa ohjausta varten.

JOHDANTO

Tunnectusti jokaisella riittdvin siledlld pinnalla lyhin tie pinnan kahden pisteen vililld kulkee pitkin
geodeettista viivaa. Pallon pinnalla geodeettiset viivat ovat isoympyrditd ja lyhin tic kahden
pisteen vililld on siis ndiden pisteiden kautta kulkeva isoympyrin kaari. Kiytdnnossd aluksen
navigointi suoritetaan ohjaamalla alusta joka hetki tiettyyn suuntaan. Suunta mitataan yleensi
kullakin hetkelld aluksen kautta kulkevaan meridiaaniin nihden. Koska kurssin jatkuva
muuttaminen varsinkin manuaaliohjauksessa on tydlistd, on isoympyripurjehduksen sijasta jo
pitkddn kaytetty yksinkertaisempaa loksodromipurjehdusta, jossa aluksen suunta meridiaaniin
ndhden sdilyy vakiona. Kahden pisteen vilisessd loksodromipurjehduksessa hivitdin kuitenkin
aina matkassa verrattuna vastaavaan isoympyripurjehdukseen. Kompassi on ollut navigoinnissa jo
yli 1000 vuotta suunnan mittauksen tavallisin apuviline. Sen avulla mitataan kulmaa aluksen
sijaintipaikan kautta kulkevan meridiaanin ja aluksen kulkusuunnan vililli. Nyky#in voidaan
suunta mddrittdd myoSs GPS-laitteiden avulla. Pelkistetysti voidaan sanoa, ettd purjehdus
suoritetaan seuraavasti:

- Lyhyilli matkoilla kuljetaan vakiosuuntaan eli pitkin loksodromia. Till6in navigointi on
helppoa eikd matkan pitenemisesti ole kiytdnndssi haittaa. Loksodromipurjehdusta voidaan
tarkentaa suorittamalla sarja perikkdisid lyhyempid loksodromipurjehduksia, joiden alku- ja
loppupisteet (ns. reittipisteet) sijaitsevat alkuperdiselld isoympyrilla.

- Pitkilld matkoilla kannattaa pyrkid seuraamaan lyhinti reittid eli kulkemaan pitkin isoympyrdd.
Talloin suuntakulma muuttuu jatkuvasti, miké on ollut vaikea kéytinnossi toteuttaa.

Téssd tyOssd esitetddn kinemaattisten differentiaaliyhtdldiden integrointi sekd loksodromi- ettd
isoympyrépurjechduksen tapauksessa. Molemmissa tapauksissa yhtdlot onnistutaan integroimaan
suljetussa muodossa ja ratkaisuille saadaan parametriesitykset kuljetun matkan s funktiona.
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Eliminoimalla parametri s piidytdsin latitudin ja longitudin viliseen integraalikdyrddn, joka
maarittdd aluksen reitin maapallon pinnalla. Isoympyripurjehdukselle on johdettu lisiksi
analyyttinen lauseke aluksen kulkusuunnan jatkuvalle muuttamiselle ja aluksen kédntymis-
nopeudelle kuljetun matkan funktiona. Tissd artikkelissa johdettuja isoympyripurjehdusta
koskevia analyyttisid tuloksia ei kirjallisuudessa esiinny. Huolimatta siitd, ettd loksodromi-
purjehduksen kaavat sekd isoympyrdpurjehduksen pallotrigonometriset kaavat ovat olleet
tunnettuja jo pitkéin, niiden tiimoilta kdydéddn jatkuvaa keskustelua maailmalla. Sitd osoittavat
artikkelien runsaus vuosina 1980-2004 julkaisussa “The Journal of Navigation”: loksodromia
koskevia 3kpl, isoympyrdd koskevia 6kpl sekd loksodromi/isoympyra-vertailuja 2kpl. Myds
maapallon litistyneisyys on otettu huomioon monessa artikkelissa.

ALUKSEN LIIKEYHTALOT PALLOLLA

Maapallolla navigoitaessa pallokoordinaatisto on luonnollinen valinta. Siind yksi koordinaatti,
latitudi ¢ , mitataan piivintasaajasta pohjoiseen, jolloin —90° < ¢ < +90° ja toinen koordinaatti,
longitudi A, lannestd itddn, jolloin —180°< A <+180°. Pallon pinnalla liikkuvan aluksen
kinemaattiset differentiaaliyhtdlot voidaan johtaa helposti tarkastelemalla pallolla &érettomén
pienti kolmiota, jota voidaan pitéd tasokolmiona. Sen yksi kateetti yhtyy eteld-pohjois-suuntaan
eli meridiaanin A =vakio suuntaan ja toinen kateetti ldnsi-iti-suuntaan eli latitudin ¢ = vakio
suuntaan. Itse alus liikkuu pitkin hypotenuusaa suuntaan & meridiaaniin nahden. Kulma mitataan
pohjoisesta iddn kautta aluksen kulkusuuntaan (0°<a <360°) (ks. kuva 1.). Kaikki suureet on
parasta esittid dimensiottomassa muodossa eli radiaancina. Todelliset matkat saadaan kertomalla
dimensiottomat matkat maapallon siteelld R .

A

péivintasaaja

' meridi
‘. aani
\

~

Kuva 1. Pallokoordinaattien kiyttd navigoinnissa. Kulma « ilmaisee aluksen kulkusuunnan.

Aluksen ollessa pisteessi P(@,A) ja sen kulkiessa matkan ds suuntaan « muuttuvat sen
koordinaatit, latitudi ¢ ja longitudi A, infinitesimaalisilla madrilla. Kinemaattiset differentiaali-
yhtiilst kuuluvat

chosa (D

ds

dl sina
= 2

ds cos @
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Némé ovat navigoinnin merkintilaskun perustana olevat yhtilot. Jakamalla yhtilst (1) ja (2)
keskenddn saadaan

dl tana
LN 3)

dp cosg

Jotta némé differentiaaliyhtél6t voitaisiin integroida, taytyy tietdd miten suuntakulma ¢ muuttuu
matkan edistyessi.

PURJEHDUS PITKIN LOKSODROMIA (& = vakio)
Loksodromi keskilatitudimenetelmélli

Jos suuntakulma a =k on vakio, kulkee alus pitkin loksodromia ja sen koordinaattien
muuttuminen voidaan helposti laskea. Kaava (1) voidaan integroida suoraan ja kaava (3)
integraalilaskennan viliarvolausetta soveltaen likimédarin, pitimilli @ = ® vakiona. Kun matka
lasketaan pdivintasaajalta eli s =0 ekvaattorilla, saadaan kaavoista (1) ja (2) latitudi ja longitudi

@ =scosk “
LA )
cos®

Integroimisvakio A, on loksodromikéyrén ja pdivéntasaajan leikkauspisteen longitudi. Pisteiden
P(p,4) ja P(p,,4,) viliselle loksodromille pitee

@ —s cosk =@, —s, cosk

sink sink
= ) = Ak
cos® cosd

A =8

Néisti kaavoista saadaan tulos

tank -4 ©)
cos® ¢ —¢y

Suuntaa & ja vililatitudia @ ei saada ratkaistua ilman lisiehtoa, joksi yleisesti valitaan ns.
keskilatitudi (pdivéintasaaja ei saa olla vililld (¢y,,) eiki erotus |¢2 —(01| liian suuri) eli

O =(p,+¢,)/2 O]

T4llsin etsitty loksodromisuunta saadaan kaavasta (6)

k = arctan [(—%Mi’ 8)
2=
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Loksodromimatka saadaan kaavojen (4) ja (5) avulla

d=sy—8 = \/((02 —® )2 +|:(’1’2 —ﬂl)cosd)]z - (020;1? N

Eliminoimalla matka s kaavoista (4) ja (5) voidaan ratkaista joko latitudi longitudin funktiona tai
péinvastoin, jolloin saadaan

cos®
=(A-A 10
p=( k)tank (10)
A=A, +20K (1)
cos®

Keskilatitudiloksodromi on téiten tdysin mééritetty. Vertaa [1] kappale Merkintélasku.
Tarkasti integroitu loksodromi
Koska a = K on vakio, saadaan kaavat (1) ja (3) integroimalla tulokset

@=scosK (12)
A = tan K Arsinh[tan(s cos K)|+ A, (13)

Integroimisvakio A;on tarkan loksodromikiyrin ja piivintasaajan leikkauspisteen longitudi.
Integrointi [dp/cosp kaavassa (3) on lihes standarditehtivi, katso [S5] sivu 166 kohta 9. Mutta
sen edelleen sieventdmisestd katso [2] sivu 256 tai [4] sivu 54. Pisteiden P(g@,4;) ja P(py.4;)
viiliselle tarkalle loksodromille pétee

@ —51cosK =@, —s5,cos K

A —tan K Arsinh(tan @) = 4, —tan K Arsinh(tan @, ) = A,

Niistd voidaan ratkaista matka d

P2~
d=g5y,—8§ =—*— 14
2 cosK (19
ja suunta K
K =arctan - b= - (15)
Arsinh(tan ¢, ) — Ar sinh(tan ¢, )

Kaavat (12) ja (13) voidaan ratkaista joko latitudin tai longitudin suhteen, jolloin saadaan
vaihtoehtoiset yhtélot pisteen P(q),l) kautta suuntaan K kulkevalle tarkalle loksodromille
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¢ = arctan {sinh[(1-A;)cot K]} (16)
A=A, +tan K Arsinh(tan @) a7n

Jos cosK =0, on keskilatitudi-loksodromi tarkka. Loksodromi on titen tdysin mééritetty.
Kaavasta (16) ndhddén, ettd jos alus kiertdisi maapalloa vakiosuuntaan K #0°, jiisi tarkka
loksodromi kiertdm#in napaa saavuttamatta sitd koskaan.

ISOYMPYRAPURJEHDUS

Isoympyri on lyhin tie kahden pisteen vililld pallolla. Silld on seuraava ominaisuus, katso [3] sivu
72

sinacos@ =cosg, (= vakio) (18)
Téssd ¢, on niin sanotun vertex-pisteen latitudi. Vertex-pisteessi on voimassa « =90° tai 270°.

Koska suuntakulma « muuttuu latitudin funktiona kaavan (18) mukaan, tulee tisti ehdosta ensin

cosa = t\/l—sin2 a= i\/cos2 (a—cos2 @, /cosgo Ei\/sinz @, —sin? (o/COS(p (19)

ja sitten

tan g = —_Sn.& - cosd, _ cos ¢, (20)

i\/l —sin’ & i-\/cos2 Q- cos? ¢v +4[sin? &, — sin’ 7

Nelidjuuren etumerkin valinta on aina erikseen tutkittava samoin kuin arcus-funktioiden haara. Jos
vertex-piste on 14dht6- ja tulopisteiden vélissd, kannattaa vertex-pistettd Idhestys sekdi vasemmalta
ettd oikealta ja valita kaavoissa (19) ja (20) oikeat etumerkit. Jos merkki ei selvii, siti ei saa arvata
vaan on kiytettdvi jotain sopivaa arctan-kaavaa.

Sijoittamalla lausekkeet (19) ja (20) kaavoihin (1) ja (2) sekd muuttujat erottamalla saadaan

{

ds = cos @d ¢

1}sin2 o, —sin? @

@21

di= cosg, dp

Cos @ sin® &, — sin® @

Suoritetaan uusi sijoitus

sing =sing, siny eli w = arcsin(sin ¢/sin g, ) (22)

Differentioimalla tisti seuraa
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cos pdp =sing, cosydy (23)
Yhtiloistd (21) tulee sijoituksen ja sievennysten jilkeen
ds =dy

@24

di=— 508 &, dy

I —-sin’ &, sin®

Ensimmdisen integrointi on helppo. Lasketaan kaarenpituus s piivéintasaajasta, jolloin integroimis-
vakio hividd. Kaavan (22) avulla tulos on

s =y =arcsin(sinp/sing,) 25)
Lihteen [5] sivun 185 kohdan 2.562 kaavan 1 mukaan tulec toisesta integroitavasta (24) tulos
A —arctan(cos g, tany) = A; (26)

Tissd vakio A; on isoympyrén ja pdivintasaajan leikkauspisteen longitudi.

Koordinaatit matkan funktiona

Kaavasta (25) voidaan ratkaista latitudi, ja koska y =s, saadaan kaavasta (26) longitudi eli
molemmat koordinaatit matkan (paivéntasaajasta) funktiona ovat

¢ = arcsin(sin g, sin s) (27)
A =arctan(cos ¢, tan ) + A; (28)
Integraalikéyri

Koska kaavan (22) perusteella on tany =sin (o/ (i\jcosz o- cos? o, J , saadaan kaavasta (26)

A—arctan| —SSASNO__|_ ) 29)
i\/cos2 o- cos? @,
Tistd kaavasta scuraa pisteen P(p, 1) kautta kulkevalle isoympyrille sekd latitudin
o= EEcH sin g, tan(4 - A;) (30)

i\lcos2 o, + tan? (A-A))
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ettd longitudin suhteen ratkaistut lausekkeet

cos ¢, sin g

€))
i\{cos2 @ —cos” g,

A=A, +arctan

Kulkusuunta aluksen matkan ja nopeuden funktiona
Kaavasta (27) seuraa sing =sing, sins ja derivoidaan timé muuttujan s suhteen. Kéytetddn apuna
kaavaa (1), jolloin saadaan cosa =cosssing,/cos¢. Kirjoitetaan kaava (18) muotoon
sina =cos ¢, /cos g . Jactaan se edelliselld cosa -kaavalla. Tuloksesta voidaan ratkaista aluksen
suunta matkan funktiona

a(s) = arctan(cot @, secs) 32)

Kun tdmd derivoidaan ajan suhteen, saadaan aluksen kédintymisnopeudelle lauseke

dao(s) da(s)ds cotg,secstans ds

- (33)
dt ds dt 1+(cotd,secs)” dt
Jos aluksen nopeus ¥ on annettu solmuina, saadaan derivaatta kaavasta
@ = +—V/60 Z_rads™! 34

dt 3600 180°

Nykyisend elektroniikan aikakautena tuskin on vaikea rakentaa niihin kaavoihin perustuvaa iso-
ympyripurjehduksen ohjausta.

Vertex-piste

Jos isoympyrd kulkee pisteiden P(¢y,4;) ja P(@,,4,)kautta, voidaan vertex-latitudi @, ratkaista
numeerisesti suoraan kaavasta

cosg, sing cos g, sin @,
=1, —arct =A; 35
> A, —arctan ; 35)

+yJcos” @ — cos? &, +4/cos? @ —cos? &,

’7’1 —arctan

Kaytdnnossd latitudin @, numeerinen ratkaisu tésti kaavasta voi osoittautua hankalaksi. Kaavoissa
(25)-(33) tarvittava vertex-latitudi ¢, voidaan haluttaessa ratkaista myds alla annettuja perinteisii
pallotrigonometrian kaavoja kdyttien.

Pallotrigonometrian kaavoja

Pisteiden P(g;,4;) ja P(p,,4,) viliseen isoympyrédén liittyvid pallotrigonometriasta tunnettuja
kaavoja kannattaa tarvittacssa kiyttdd seuraavasti:

Isoympyrématka d ([3] s. 34)
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d =arccos[sin ¢, sin @, +cos @, cos g, cos(4, — 4)]

Lahtdsuunta ([3] s. 52)

sin(y — 4) }

o, = arctan .
cos @, tan @, —sin g cos(4, —4)

Tulosuunta ([3] s. 52)

sin(A, — 4;)
—[cos , tan gy —sin @, cos(4, — 4)]

ay = arctan{
Niami médrittivit myos kaavassa (32) suuntakulman arctan-funktion haaran.
Vertex-pisteen latitudi ([3] s. 72)

¢, = tarccos(sin ) cos @) = £ arccos(sina;, cos @, )

Vertex-pisteen longitudierot ([3] s. 72)

n(h, ~A)=————  ja tan(d—Ad)=——

tan ¢ sin ¢y tan o, sin @,

ESIMERKKI
Atlantin ylitys Irlannista Pohjois-Amerikkaan
L#htd Queenstownista (@ =+51°, 4 = —8°), tulo New Yorkiin ( ¢, =+41°, 4, =-74°). Tarkalle

loksodromille, loksodromille keskilatitudimenetelmilld sekd isoympyrille saadaan alla olevat
tulokset. Etdisyydet on annettu meripeninkulmina (M).

Tarkka loksodromipurjehdus Keskilatitudi-loksodromi
Etiisyys 2804,76 M 2815,52M
Suunta 257,65° 257,70°

Isoympyripurjehdus

Lihtosuunta oy =284,19°
Tulosuunta a, =233,94°
Vertex @, =+52°24,1", A, =—-26°01,6" (18hto- ja tulopisteiden vilissa)
Etdisyys d = (s, -5 )+ (5,0 —53) = 673,59M +2046,15M = 2719,74M

(kaava (25))

Kuvassa 2 on esitetty isoympyripurjehdukseen ja tarkkaan loksodromipurjehdukseen liittyvit reitit
maapallon pinnalla.
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ueenstown
Q ?(°)

52

New York

50

48

46

44

42

(a) (b)

Kuva 2. Purjehdus Irlannista Pohjois-Amerikkaan. (a) Loksodromin ja isoympyrén vertailu. Iso-
ympyrd kulkee pohjoisempana, (b) Latitudi ¢ longitudin A funktiona isoympyrilld ja lokso-
dromilla. Mercatorin projektiossa loksodromi on suora.

Isoympyrin ja tarkan loksodromin latitudiero vertexissé on 237,12 M. Maksimaalinen latitudiero
314,27M saavutetaan longitudilla A =-43°21,0'. Kuvassa 3 on esitetty suuntakulma a ja
suuntakulman muutosnopeus da/dt kuljetun matkan funktiona kuvan 2 isoympyrépurjeh-
duksessa.

a(’) da/dt (C/h)
.
280 -0.35
matka (M) 5.1
0 500 1000 1500 2000 2500 0.5
260
-0.5
0 -0.55
- NG matka (M)
0 500 1000 1500 2000 2500
(@ (b)

Kuva 3. Suuntakulma (a) ja suuntakulman muutosnopeus (b) kuljetun matkan funktiona kuvan 2
isoympyrilld. Aluksen nopeus on 20,5 solmua. Origo on vertexissi.
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TULOSTEN TARKASTELUA JA YHTEENVETO

Koska maapallon litistyneisyys on vain suuruusluokkaa 0,335%, ovat edelld esitetyt pallolle
johdetut navigointikaavat monissa tapauksissa riittivin tarkat. Usein selitetddn onnettomuuden
vesilld johtuneen “navigointivirheestd”, miké tavallisesti tarkoittaa, ettd karttaa on luettu vaérin tai
loksodromin suuntakulma on asetettu vaérin.

Esimerkkini laskettu Atlantin ylitys Irlannista Pohjois-Amerikkaan noudattaa suurin piirtein
Titanicin muinaista kohtalokasta matkaa. Koska ldhtSpisteen ja tulopisteen latitudiero on vain
10°, ero keskilatitudiloksodromin ja tarkan loksodromin kaavoilla laskien on pieni sekd
suuntakulmassa etti matkassa. Isoympyrietiisyys on 85,0M lyhyempi kuin loksodromietdisyys,
miké oletetulla vauhdilla 20,5 solmua merkitsee ajassa noin neljid tuntia. Ylitysennitykseen
pyrittiessi tilld pienelld aikaerolla oli tietenkin merkitystd. Kohtalokkainta oli se, ettd isoympyrd
loksodromiin verrattuna kulki sen verran pohjoisempana, maksimissaan 314,3M longitudilla
A =-43°21,0', etti alus joutui rannikkoa ldhestyessdén ajelehtivien jadvuorien alueelle tunnetuin
seurauksin. Uppoamispaikka [19] oli suunnilleen ¢ =+42°, 4 =-50° eli jo ldhes tulolatitudilla.
Tissd vaiheessa Titanic oli poikennut isoympyriltd selvisti etelddn lukuisten jadvuorivaroitusten
takia. Jos Titanic olisi kéyttinyt suuntakulman jatkuvaa séitdd, havaitaan kuvista 3(a) ja (b), ettd
suuntakulman muutosnopeus olisi suurimmillaan vertexissd ja muutenkin matkan kuluessa
suuruusluokkaa —0,62°h~"-.-—0,30°h™! . Vertexin osuessa matkalle oli isoympyri viisainta jakaa
itiiseen ja lintisecen haaraan ja laskea ne erikseen etumerkkeihin erityistd huomiota kiinnittden.
Piivintasaajasta laskettu etdisyys s osoittautui kayttokelpoiseksi parametriksi myds kuvia
piirrettéiessd. Varsinkin isoympyrdn kohdalla uudet tulokset, kaavat (27), (28) ja (32), toimivat
hyvin kunhan arcus-funktioiden haara on ensin saatu selville.

Tissé tydssi johdetut jatkuvan ohjauksen kaavat soveltuvat erityisen hyvin elektronisesti ohjattuun
avomeripurjehdukseen. Aluksen mitatusta nopeudesta voidaan integroimalla laskea aluksen
kulkema matka, jonka perusteella voidaan edelleen laskea tissid tyossd johdettuja analyyttisid
(suljetun muodon) kaavoja kiyttden aluksen kulkusuunta ja kulkusuunnan muutosnopeus.
Nykyaikaisen s#ft6tekniikan avulla tdimé informaatio voidaan suoraan muuttaa aluksen perdsimen
liikkeitd ohjaaviksi kéiskyiksi.
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ABSTRACT

A phenomenological model for the evolution of the maximal muscle force capacity is
described. The starting point is the assumption that fatigue is best modeled by a differential
equation. The model reproduces the experimental results for muscle recovery and fatigue.
However, the onset and development of muscle fatigue can also be predicted without simplifying
assumptions concerning the loading, which is important in practical applications.

1. INTRODUCTION

Everyday experience indicates that the time a muscle is able to maintain a fixed force level,
exceeding about 20% of the maximal muscle force, is rather limited. After the so-called endurance
time, which decreases rapidly in the required force magnitude, the force level cannot be
maintained any longer and the muscle is said to suffer from fatigue. A relaxed muscle is also
known to retain its original capacity finally after an exhausting exercise. Couple of minutes may
be enough for a short-term near-maximal loading but, after total exhaustion with a prolonged
lower level dynamic loading, the recovery may take even hours or days (Bystrom, 1991). Several
explanations for the mechanism of fatigue have been suggested in the literature (see e.g. (Bystrom,
1991)). The aerobic and anaerobic energy and force production mechanisms clearly affect the
setting. Blood flow characteristics such as occlusion, the lack of motivation (Asmussen, 1979;
Kent-Braun, 1999), central and peripheral factors (Kent-Braun, 1999), having to do with the
central nervous system and muscle itself in the same order, may also be important.

Unfortunately, there seem not to be any simple explanation based e.g. on the accumulation of
the fatigue substance or inhibition by the central nervous system (Chaffin, 1973; Kirkendall, 1990)
and the entire chain of the complex chemical processes of the central nervous system, muscle, etc.,
may have to be taken into account for the complete picture. A rough idea of the effect of the
various parameters and loading conditions can be obtained from experimental data in the literature.
The relationship between fatigue and blood circulation has been discussed e.g., by Barnes (1980),
Morton (1987), Stephens and Taylor (1972), and Wilson (1996). The effect of age, etc., has been
discussed e.g., by Deeb et al. (1992) and Rich (1960). The effects of temperature on the fatigue
and recovery curves are discussed by Clarke and Stelmach (1966). Recovery times have been
studied, e.g. by Bystrom (1991), Caldwell (1970), and Clarke (1962). Fatigue during intermittent
loading conditions has been studied by Bjorksten and Jonsson (1977), Bystrom (1991), Clarke
(1962), and Rich (1960). Fatigue data and models have been presented e.g., by Clarke (1962),
Deeb et al. (1992), Hawkins and Hull (1993), Kothiyal and Ibramsha (1986), Morton (1987), and
Wood et al. (1997).



573

In this study, we propose a relatively simple model for muscle fatigue and recovery and show
that the model predicts the observed qualitative behavior of muscle correctly. A refined model is
needed, as the existing models of literature cannot be used with general loading profiles of the
muscle. Also, the picture given by them about recovery is not satisfactory. This is somewhat
problematic, as maximal muscle force, fatigue, and recovery are important elements e.g. in
biomechanical modeling of musculoskeletal system (Dul et al., 1984; Epstein and Herzog, 1998;
Freund and Takala, 2001; Prilutsky et al., 1998), in various optimization tasks concerning man-
machine-work system, and in ergonomic studies (Wood et al., 1997), as a reduction of muscle
fatigue may reduce the perceived fatigue or discomfort (Dul et al., 1994) and the criterion for the
acceptable load level may partly be based on a fatigue criterion. Both the simplified version used
already by Freund and Takala (2001) and a version aiming at quantitatively correct results are
presented. The main assumption is that evolution of the force capacity of a muscle is best modeled
by a differential equation, as most physical phenomena.

2. FATIGUE MODEL

The main idea is as follows: a quantity Sy, called as the muscle force capacity and
representing the maximal available muscle force, is associated to each muscle or muscle group.
This quantity decreases when the muscle is used and it increases in rest. As muscle force S cannot
exceed capacity Sp.., condition § =S8, means that the muscle suffers from fatigue. The
starting point is the assumption that the rate of change dSp,,, /dt of the muscle force capacity
Smax depends somehow on the actual muscle force S, the blood flow rate through the muscle Q
and S, itself. This general idea is not new, but it has not been used for modeling purposes.

If for simplicity, the blood flow rate Q and the muscle force S are assumed to be related
algebraically, the mathematical representation becomes

-
i{FGmw, 1)
G(s,q) =0, @)

in which the forms F and G are to be found experimentally. Above and in what follows, a
dimensionless approach is used with dimensionless muscle force, muscle force capacity and blood
flow rate defined by s=5/8,x > 5 = Spax / Smax a0d g =Q/Q . The reference values Sp,, and
O denote the muscle force capacity after a long rest, and the blood flow rate when S=0,
respectively.

When equation (2) is used to eliminate ¢ from (1), the initial value problem to be studied can
be written as (with some other F')

ds
—=F(,s) t>1y, 3
7 (5,8) t>1 ©)
SEw Pl )
0<s<min{l,5} t2¢. &)

The inequality means that the actual muscle force must always be non-negative and smaller than
the available force capacity. It is noteworthy that the capacity § is allowed to exceed the value
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onc (to keep the model flexible enough), whereas the dimensionless muscle force s always
satisfies the condition s<1. Knowing F(5,s) and s as function of time, one may answer
questions concerning the muscle force capacity and fatigue phenomenon, defined by condition
§ =5 , by solving the ordinary differential equation (3) containing 5 and s only.

To make things more concrete, one may consider the muscle as a reservoir for the force
capacity. The reservoir is filled by the "surrounding” systems at a certain rate and, when the muscle
is activated, the capacity decreases at some other rate. What actually happens, depends on the
relative strengths of these two processes in F(5,s) of equation (3).

3. RATE EXPRESSION

The remaining task in the modeling is to find the expression for F(5,s) on a region of possible
values of 5 and s. This is a matter of experimentation, although some general principles and prior
knowledge about fatigue can be used to restrict the set of possible expressions. The fact that 5 is
not an observable “as is” except at the endurance limit, at which the force capacity coincides with
the actual force, has also to be accounted for. Let us note that a good approximation combines
properly accuracy and simplicity, and therefore we aim at an expression predicting only the main
features observed.

The lincar approximation

F(5,8) =0 pax —5)— Bs ®)
used already in Freund and Takala (2001) is the simplest possible choice (Figure 1). Above « , §
and 5., are parameters to be chosen so that the predicted and measured results match. It is

plausible that the reduction rate of the force capacity is approximately proportional to the actual
force but linearity assumption with respect to 5 is rather strong.

F
ar\*,

Figure 1: Schematic illustration of F(5,5) and F(5,0). The linear approximation is illustrated by
a broken line. The solid line shows the refined approximation. The values 0<5 <7, are
unattainable under normal blood flow conditions. The actual muscle force is restricted to
0<s<min{s,l}.

For a refined expression, it is assumed that experimental data about F(s,5) and F(s,0)
describing the force capacity reduction during fatigue (s = ) and recovery (s =0), are available.
Then, the overall expression can be approximated by linear interpolation (note that s/5 <1 and
hence s/5 is bounded)
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§—8

F(5,5)~ F(5,0)0—2 + F(5,5)~ 0]
S

5

giving the correct behavior at least during fatigue and recovery. As some approximation is already
introduced in (7), the use of simplified parameterized forms

FG.0)=a tanh m(Spax —5) , ®)

tanh ms

tanhn(s,, —3)

F(s,5)=4 €)

tanh (S —Soo)

with positive parameters @, B, Spaxs 5., M and n, may also be justified (Figure 1). The
drawback of the refined expression is that a numerical method is needed in predicting the
evolution of the force capacity even with a simple loading.

4. RECOVERY OF FORCE CAPACITY

In what follows, we compare the predictions by the model to the experimental data from
various references (Figure 2). The analytic solution to (3) with s=0 and the approximate
expression (8) is given by

tanh 8, log sinh m(3, —5)

(10)

a(l—1ty) =~ .
(t=t) sinh m(Spx —5g)

Above 3 is the value of the force capacity at ¢ =#; . The exponential expression for 5, suggested
in some references, is obtained at the limit m — 0.

L

|

O O O O O O O
W & 01 &6y 3 0 v

ot, Bt

Figure 2: Recovery (light gray) and reduction (dark gray) of the force capacity § as a function of
the dimensionless times a¢ and f¢ and smoothness parameters m and n (5, =0.2, ., =1).
The shaded areas illustrate the curves obtained by the different selections of the smoothness
parameters m,n €]0,oo[ . The value 0 corresponds to the exponential behavior and the value oo
the piecewise linear behavior. The experimental data of Clarke (1962) (with appropriate scaling)
are shown as dots.
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Experimentation in recovery of the muscle force capacity is difficult, as the condition 5 =
has to be used, which inevitably affects the results. In fact, the experimental results of the literature
concern intermittent loading to be discussed later. Strength recovery of the finger flexor muscles
has been studied experimentally in Clarke (1962), Clarke and Stelmach (1966), Stephens and
Taylor (1972) after static and dynamic loading. The quite fast initial recovery of these results
implies that & =1 and m is small. Since the loading is actually intermittent, these values are
naturally just rough estimates. Negligible recovery under external occlusion of the blood
circulation has been verified experimentally e.g. in Stephens and Taylor (1972). This implies that
parameter & reduces rapidly under external occlusion of the blood circulation.

Recovery time in the force magnitude is a useful concept, say, in design of experiments
concerning the maximal muscle force, as repeated measurements should not be affected by fatigue
too much. The expressions can be obtained from equation (10) by using condition s =1. If
Smax =1, the total recovery in the force magnitude takes infinitely long time with the present
F(5,0) vanishing at 5 =5,,,, . However, any fixed level below that (99 %, say) is attained in
finite time. It is noteworthy, that the recovery times in force magnitude and endurance time are
quite different concepts as the latter means the rest time needed the endurance time to take its
original value. According to the experimental data, the recovery in the endurance time for a totally
fatigued muscle can take 60 min or even several days after a very exhaustive dynamic exercise
(Bystrém, 1991), whereas recovery in force magnitude is much faster.

5. REDUCTION OF FORCE CAPACITY

The force capacity reduction in fatigue is described by F(5,5). The analytic solution to (3)
with expression (9) is given by (Figure 2)

_ tanhn(Spax — o) 1 sinhn(s,, —%)
nf sinhn(s,, —55)

an

t—t0=

in which s, is the initial value of § at f£,. Expression (9) is chosen to vanish at § =75, , as the
experiments show that the recovery and reduction processes are in balance when
§=5 =5, =0.10...0.30, and hence a constant force s<5, can be held for a very long time.

Experimental results on the reduction of force capacity have been described by Clarke (1962),
Heyward (1975), and Stephens and Taylor (1972). According to Stephens and Taylor (1972), the
reduction of the force capacity in time is nearby exponential, leveling off to the limit value s, .
This observed behavior results with a small », S=0.5 min~! and 5., =0.20. The same
experiment with blood flow occlusion gave an almost piecewise linear behavior with a very small
limit value 5,, meaning a large n, f=0.5 min~" and 5. = 0.05. In conclusion, both » and s
are affected by the external flow conditions, but # is not.

According to the present study, evolution of the maximal force capacity during fatigue does not
depend on the force history. This is confirmed by the result of Stephens and Taylor (1972), as
fatigue from the initial submaximal force level gave the same £ and 5. Also Clarke (1962)
observed an almost exponential behavior with the limit value 5, <0.3 and §=0.5...0.7 min~!.

6. ENDURANCE TIME

Endurance time as a function of the loading level is often used to quantify the fatigue
phenomenon. This integral quantity contains information about the behavior of F(5,s) between
fatigue with s =5 and recovery with s=0. In principle, the quantity can be obtained by solving
the initial value problem and finding the time instant at which 5 =s.
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We discuss next only the case of a constant s, although the definition holds true also with
arbitrary time-dependent loading. The integral solution for a constant s can be written as

_m 1
t—ty = js F(E,S)ds‘ (12)

in which 5, is the initial force capacity at #=#;, and ¢ is the endurance time. In the case of the
linear rate expression (6), equation (12) gives

1 S+ES—F,
t—ty = ——log————max_
o S0+€S—Smax

(13)
in which €= f/a and 5 is the value of force capacity at ¢=1¢;. Despite the rather rough rate
expression, a close fit to the experimental results is obtained (Figure 3). With the refined
expression of equations (7), (8), (9) and calculation based on (12), a close fit was obtained with
numerous different combinations of the parameters, of which two are shown in Figure 3. As an
integral quantity, the endurance time is not sensitive to the details of F(s5,s) and therefore the
parameters of F(5,s) cannot be determined reliably from the endurance data. Insensitivity
explains the co-existence of the various exponential and rational expressions for endurance time
suggested in the references and the remarkably coherent experimental results of Figure 3.

min

Figure 3: Experimental results for endurance time ¢ as function of the relative magnitude of the
muscle force taken from various resources according to Morton (1987). With the linear model, a
close fit is obtained with o =0.17, =126 and 5,,, =1.18. With non-linear model, a close fit
is obtained with numerous combinations of which & =0.1min~! , B=06 min~! , 8,=02,
n=5, m=0, Sp ~1 and @=~04min~', F=09min~!, 5. =005, n=10, m=0,
Smax = 1.2 are just two examples.

The limit force ¥, , at which the endurance time goes to infinity, is given by (argument of the
logarithm in (13) goes to zero)

b Fmax
Soo = —0-, 14
1+¢ (4



578

The value 5, =0.15...0.20 (giving £=4) has been suggested by Bystrém (1991), Hagberg
(1981), and Rohmert (1960). However, these data do not extend beyond 15 min endurance times.
A lower value 5, =0.08 was found by Bjorksten and Jonsson (1977) for the flexor muscles of the
forearm with an experiment lasting 60 min.

7. INTERMITTENT LOADING

Experimentation on force capacity recovery and effects of repetitive work (Bjorksten and
Jonsson, 1977; Bystrém and Kilbom, 1990; Rich, 1960) are based on loading with period
At = At, + At,, in which Ar,, is the length of the work phase with assumedly constant s (before
fatigue) and A¢, is the length of the rest phase with s=0. Intermittent loading brings the
additional parameters At and the work ratio k=Ar,/Ar to play, which complicates the
experimentation. The pure recovery and reduction of the force capacity discussed earlier
correspond to the selections k=0 and k=1, respectively.

In what follows, we usc double overbars to indicate intermittent loading. The linear
approximation (6) is convenient in assessing the roles of the work ratio and the length of the cycle
qualitatively, as closed form expressions for the force capacity are available during the rest and
work periods. The endurance time for fatiguing work periods, so that § = s, can be shown to be

(1+ke)s—(1+&)s,,
Eks

(=t == —log] ] (15)

in which s, is defined in equation (14). With k=1 the expression reduces into equation(13) of
the static case. The limit force for the intermittent loading is (the argument of log function of (15)
gocs to zero)

(16)

The latter form of (16) is a consequence of the relationship 5., =S,y /(1+ &) of equation (14). The
limit force exceeds that of the static case, as the multiplier of 5, in (16) is larger than one if k <1.

These results predict well the finding (see Bystrom and Kilbom (1990) and references therein)
that in the intermittent loading case the decisive factors of fatigue are & and s, as the length of
the period A¢ does not appear in (15) at all. The reduction of 5, in k displayed by (16) has been
verified experimentally by Caldwell (1970) and Hagberg (1981). In the force recovery experiment
conducted by Clarke (1962), the force stabilized to 0.9 level. This value follows from (16) with the
parameters of the linear model (Figure 3), assuming that Az, =2...3s. In general, the lincar
model with representative values of the parameters seems to overestimate s,, somewhat.

Assuming that the mean loading s/k is constant, equation (15) shows that the endurance time
increases in k. The results of Bjorksten and Jonsson (1977) for ke{9,..,1}/10
At =1/6min contradict this prediction, as the static endurance curve is approached when
k=9/10 and also when k =1/10 . Hence, assuming continuity, the endurance time should take an
extremum value for some value of the work ratio. To add to the confusion, Bjorksten and Jonsson
(1977) found that the endurance time for a very short resting period approaches that of continuous
work, whereas Mathiassen and Winkel (1992) reported the longest mean endurance time of all
cases studied with a very short resting time of 1.7 s. Clearly, more experimentation on the effect of
k would be needed, as knowing the value of & minimizing the fatigue has significance in the
planning of repetitive work (Janero, 1985; Wood et al., 1997).
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8. DISCUSSION

Considerable experimental effort has been directed to understanding the effects of various
factors on muscle fatigue. Arriving at a coherent picture is, however, complicated by the different
experimental scttings and definitions, and sometimes contradicting results. A mathematical model
for muscle force capacity based on observed behavior was introduced here. With this aid,
discussion about the effects of age, etc., on fatigue boils down to discussion about the change of
the parameters of the model in age etc., which is a great asset in statistical studies. Preliminary
values of the parameters of the rate expression were found to be « = lmin—l, B =05 min_l,
m=1, n=10, 5,=0.2 and &,,, =1.05. Since the data had to be extracted from various
references, and concerned different muscles or muscle groups, these figures can be used only for
qualitative predictions.

The causes of fatigue were chosen to be the muscle force and the local blood flow rate.
However, the local blood flow rate was eliminated from the rate expression F(5,s). The
introduction of this variable may be advantageous from the modeling viewpoint: posture and
simultaneous activation of other muscle groups affect the blood pressure and the local blood flow
rates, and thercby also fatigue. The effect of the local blood flow rate has been demonstrated in
various experiments with venous and arterial occlusions (Asmussen, 1979; Barnes, 1980; Morton,
1987; Stephens and Taylor, 1972). According to Barnes (1980), the local blood flow rate increases
rapidly up to 5, and decreases thereafter to total occlusion. The total occlusion takes place at a
lower force value in high strength subjects than in low strength subjects, possibly due to the
differences in the organization and distribution of the vascular tree inside the muscle (Kahn et al.,
1988). This may explain why high absolute strength implies reduced endurance time (Carlson,
1969) and why the endurance times of female subjects consistently seem to exceed those of male
subjects (Kahn et al., 1988).

In the biomechanical model of Freund and Takala (2001), the muscle force capacities define
the set of feasible solutions in which the likely solution is sought. Hence, knowing the muscle
force capacity is essential in these calculations. Muscle length does not affect the dimensionless
muscle force capacity 5 or the quantities discussed in this study but, as known, S, and
§max change (see Chaffin and Andersson (1991) or Epstein and Herzog (1998)). Therefore, when
predicting the fatigue of a given muscle under the known S (perhaps obtained by using a
biomechanical model with known posture and external forces), also the length of the muscle has to
be known.
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ABSTRACT

In the applications of the fundamental courses of structural mechanics, the derivation of the
equilibrium equations is based on the initial geometry of the structure, in other words, on the so-
called small displacement theory. Buckling analysis is probably the first contact for students where
the deformed geometry of the structure must be taken in some measure into account when striving
for equilibrium equations. The figures utilized in this context in the literature are often of so
schematic nature that the assumptions employed in the derivations may remain obscure. It is not
satisfactory if the students find this important step towards more sophisticated formulations of
more general problems more or less vague. Here, a rather systematic approach where the
assumptions used are clearly expressed will be employed. Two main points will be emphasized:
the Lagrangian description — as is conventional in structural mechanics — and the use of the
equilibrium equations of initially curved rods.

1. INTRODUCTION

It is a helpful practice to draw pictures so that the displacement of the deformed geometry is
temporarily strongly exaggerated. Quite often in the literature, a similar picture is drawn not
showing the real displacement but just, for instance a suitable vertical or horizontal measure. The
analysis then continues by using this measure as a tool. Anyone who is not very familiar with this
practice, may not be quite sure what this means. It looks more or less like an Eulerian description.
One may have this far only experience of the small displacement theory where the equilibrium
equations have been derived with no consideration of the displacement field and no real reason to
discuss the differences between the Eulerian and Lagrangian descriptions has emerged. The
buckling case is thus a suitable place to speak of the Lagrangian description that is normally
applied in solid mechanics and of the difference between the material and spatial coordinates.

2. KINEMATICS

Let us consider an initially straight slender rod in its initial, and due to buckling deformed
configurations (Figures 1 (a) and (b)).



583

(2) ()
Figure 1 (a) Initial configuration. (b) Exaggerated deformed configuration.

The value of the axial coordinate x fixes a material point or more generally a cross-section in the
initial state. A great simplification is achieved by assuming as usual that the displacement to the
buckled state happens so that the rod axis remains inextensible. Thus if the arclength coordinate
along the curved deformed axis is denoted by s, the value s = x fixes the cross-section initially at
x. The rod has been depicted with the boundary conditions according to the cantilever case but this
is not essential for the general formulae to follow. The possible loading of the rod has not been
shown here to keep the figures simple. We consider buckling in a plane so that the rod axis
remains in the x y-plane. The displacement of a generic point on the beam axis initially at x is

denoted by u and its components by # and v so that in more detail
u=ui+vj 1)

where i and j are the unit vectors in x- and y-coordinate axis directions.

It is a helpful practice to draw pictures like Figure 1 (b) so that the displacement u is
temporarily strongly exaggerated. Quite often in the literature, a similar picture is drawn not
showing the displacement but just a measure like y in Figure 1 (b). The analysis then continues
with this y. Now the student may not be quite sure what this means. It looks more or less like an

Eulerian description y= y(x) and thus further, for example, at x =L, problems arise. The

student has probably had this far only experience of the small displacement theory where the
equilibrium equations have been derived with no consideration of the displacement field and no
real reason to discuss the differences between the Eulerian and Lagrangian descriptions has
emerged. (Of course, if the principle of virtual work is used to derive the equilibrium equations,
the displacement field comes into consideration.) The buckling case is thus a suitable place to
speak seriously about the Lagrangian description that is normally applied in solid mechanics and
that x is here a material (not spatial as normally in fluid mechanics) coordinate.

Continue with some geometric considerations. The position vector of a generic point in the
deformed configuration is seen to be

r=xi+u(x)i+v(x)j=si+u(s)i+v(s)j. 2)
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These two forms are presented to emphasize that either x or s can be used as the independent
variable as they refer to same material point and have the same value at each point. Usually we are
going to use at least finally the symbol x as the independent variable.

The unit vector t, tangent to the curved rod axis and pointing in the increasing direction of s, is
obtained as

t=%=%=(l+u')i+v'j 3)

where now and later on ()’ =d(-)/dx=d(-)/ds . The scalar product
t tE(1+u')2 +(v’)2 =1 4)
and from this,

W= \1-(v) -1 )

The transverse displacement component v(x) will be as the basic dependent variable. We now

simplify by remembering that the displacements in Figure 1 (b) are strongly exaggerated and in
reality we are considering an arbitrary small neighborhood of the straight state so that v L and

v' 1. The latter relation is made use of in many formulas to follow.

The formula (5) shows how # depends on v. This relation is simplified by using the truncated
serics approximation

1- () =1-2(v)’ +O(»)* ©)
giving when applied in (5)
u =——(v')2. (7

Integration on both sides from 0 to x (and taking the boundary condition u(O) =0 into account)

gives the expression
. 1 * J 2
u(x)——EL(v) dé. ®

Formula (8) is needed for example if the energy approach is applied for expressing the
potential energy of axial conservative loads.

The simplified expression for the unit tangent vector from (3) by using (7) becomes
Loz )e e et s
t=(1—5(v) )1+v1z1+v1. 9

The unit normal vector n to curved rod axis will be needed as well. Defining it here to be directed

90 in the clockwise direction from t gives based on (9)

n=-vi+j. (10)
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Of course, (9) and (10) are no more exactly of unit length due to the approximations.

Finally, we will need also the curvature of the axis:

1 dt
—=x=——n~~V"j (=Vi+j)=—v" 11
= » § (-vi+) 1)

The curvature is defined here to be positive when the center of curvature is on the opposite side
of the direction of n, following the traditional beam theory. Formula (11) is obtained by recalling
that dt/ds=-1/Rn.

3. EQUILIBRIUM

It is advantageous in this connection if the student is familiar with the equilibrium equations
for a curved plane rod. Following the notation in Figure 2 these equations are

s
iz M
nQ R(<0) /b’N

Q
(@ (b)

Figure 2 (a) Curved rod. (b) Stress resultants.

N'+%+p,=0, (12)
-2+ pu=0, (13)
M'-Q=0. (14)

Here, N is the normal force, Q the shearing force, M the bending moment and R the radius of
curvature of the rod axis. The quantitics are drawn in the figure with their positive signs. The
derivatives are with respect to the arclength s. The distributed load per unit arclength p is
represented as

p=pt+p,n. (15)

It is to be noted that equations (12) to (14) are exact. The equations have probably been derived
in an earlier course in the case of an initially curved rod in connection with the small displacement
theory. However, the equations are obviously valid also in the case of arbitrary large
displacements. The current geometry must be used and if the axis is deforming in length it must be
remembered that the independent variable in the equations is the current arclength s (which here
however happens to coincide with x due to the inextensibility condition).

Further, if a point load F acts on the axis having the representation
P=Ft+P,n, (16)

the normal force and the shearing force obtain the jumps
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N*-N"=-P a7
and
Q" -0 =-F, (18)

in their values at that point. The plus- and minus superscripts refer to the limiting values on the
positive and negative sides (with respect to s or x) at the point in question.

For slender rods perceptible for buckling it is customary to neglect the deformations due to
shearing forces. Then the shearing force is a constraint force and it is useful to eliminate it.
Differentiating (14) with respect to s and substituting Q' from (13) gives

M”—%—+pn=0. (19)

This is one basic expression in buckling analysis of straight rods.
Equation (12) is approximated in the form
N'+p, =0, (20)

that is, the term /R is neglected. The distribution of N can then be obtained from (20) if
necessary in a piecewise manner by applying say the formula

"X
Ny=Ny==["p,d¢, @)
by making use of (17) at the pointloads and of the given value of N at one end of the rod.

4. ELASTIC MATERIAL LAW

For an clastic rod, following the Euler-Bernoulli beam theory, the bending moment is related to
the curvature by the well-known expression

M =Elx (22)
where EI is the bending stiffness of the rod. Making use of (11), this becomes here

M ~-EIV" (23)
From (14), the shearing force

0~—(EIV'Y. (24)
5. FINAL EQUATIONS

The basic differential equation (19) becomes now with (11) and ( 23) approximately as

~(EIV') +Nv"+ p, =0. (25)
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The distribution of the loading demands a detailed specification of the manner the loading is
assumed to behave in the process of buckling. Two examples called “gravity loading” and
“follower force loading” will be considered.

6. EXAMPLES

Gravity loading. If the distributed load p is due to the weight of the rod mass its direction and
magnitude does not change during buckling. Thus we have the expression

p=-/i (26)

where the intensity is denoted . The components p, and p, in (15) are obtained by taking the
scalar products of p with t and n. Thus, employing familiar approximations

po=p txp (i+vj)=-fi (i+V]j)=-F (27)
and

Py =p nxp (-Vi+j)=—fi (-Vi+j)= /" (28)
Similarly, if a point load say due the weight G of a point mass is acting, we have the formula

P =-Gi. (29)
Proceeding as above, the components in (16) become

B =-G (30)
and

P, =GV (31

n

Consider a cantilever bar with constant bending stiffness as a simple example under the
distributed own weight loading. Thus according to ( 27) and ( 28), the loading components are
p, ~—f and p, = f'. The normal force disappears at the free end, and is obtained by using (21)

Ny-Ni==[pdf = 0-N()=-[ -rds (32)
resulting in
N=—f(L-x). (33)
The ficld equation takes the form
—EN" - f(L-x)V"+ f'=0 (34

which together with the boundary conditions v(0) =v'(0)=v"(L)=v"(L)=0 gives the final
formulation for the eigenvalue problem, [1].
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Follower force loading. By the follower force (also slave force) concept is normally used in
connection with forces, which change their directions with the displacements of the system
according to some rule. Here we consider the distributed loading

p=—/t (35)
and the point loading
P=-Gt. (36)

These forces remain always tangential to the rod axis. Comparison of ( 35) with (15) gives simply

p=-f (37)

Pn=0 (38)
and similarly, the point load has components

F=-G (39)
and

B, =0. (40)

When considering the same cantilever bar with constant bending stiffness as above, this under
the distributed follower load, the loading components are p, =—f and p, =0. The normal force

is the same as above ( 33). The final formulation of the eigenvalue problem consists of the field
equation
—EN" — f(L—x)" =0 (41)

and of the boundary conditions given above.
7. AXIAL DEFORMATION

If the axial deformation of the rod is taken into account, the equilibrium equations (12) to (14)
of an initially curved rod can still be made use of. It is worth keeping in mind however, that in
these equations the variable s has the role of the arclength and the differentiation has to be
performed with respect to it.

Emphasizing again, the axial coordinate x (Figure 1 (a)) fixes a material point or more
generally a cross-section in the initial state for the rod. It is the material or Lagrangian coordinate
of the problem and when using the Lagrangian description, all quantities have to refer to it. If the
axial strain ¢ is taken into account, the material fiber of length dx in the initial state becomes a

fiber of the length ds = (1+£)dx in the deformed state. Thus we loose the direct connection for

the arclength coordinate value s corresponding the value of x.

The differentiation with respect to x is denoted still by ( )' but differentiation with respect to s

now by ( )7, see [2]. Chain differentiation gives
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or
+ 1 '
(F =r=( )
The equilibrium equations (12) to (14) are now
v +L24p =0,
R P
N _
Q+ _'E'{'pn =0,
M*-0=0.

The distributed load per current unit arclength p is represented as
p=p t+p,n.

When the loading is referred per unit initial rod length, correspondingly
p =D t t+ pn n,

where

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

When rule ( 43) is applied in ( 44) to ( 46) and when relations ( 49) are taken into account it will

be obtained
1 o 1
—N'+=+——p, =0,
1+¢ R 1+£p'
1 N 1

Ao N1, -0
22 R

LM’—Q=O
1+¢

or
N'+(1+8)%+p, =0,

Q'—(l+8)%+p,, =0,

M'~(1+£)Q=0.

(50)

(51

(52)

(53)

(54)
(55)
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These equilibrium equations can be now used for example in buckling analyses similarly as above
in the case the axial deformation is taken into account. Of course, the kinematics must then also be
altered appropriately but this will not be considered in this paper.

8. CONCLUSIONS

Two main points, when considering stability problems, will be emphasized in the present text:
the Lagrangian description — as is conventional in structural mechanics — and the use of the
equilibrium equations of initially curved rods. They will serve as an alternative view point to apply
some basic principles for stability analyses.

REFERENCES
[1] Timoshenko, S.P., Gere, J.M., Theory of Elastic Stability, McGraw-Hill, 1961.

{2] Hodges, D. H.,1984, “Proper Definition of Curvature in Nonlinear Beam Kinematics”, 4744
Journal, 22, pp. 1825-1827.



591

STRESS AND DISPLACEMENT ANALYSIS OF A MONORAIL BEAM
INCLUDING THE DISTORTION OF THE CROSS-SECTION

T. HALME
Laboratory of Fatigue and Strength
Lappeenranta University of Technology
Box 20, FIN-53851 Lappeenranta
e-mail: tapani.halme@]lut.fi

S. HEINILA
Laboratory of Fatigue and Strength
Lappeenranta University of Technology
Box 20, FIN-53851 Lappeenranta
e-mail: sami.heinila@dlut.fi

ABSTRACT

The basic assumption in the classical Euler-Bernoulli-Timoshenko beam theory is the non-
deformable cross-section of the beam in structural analysis. This assumption is usually not a
problem in basic structural members consisting of fairly thick walls as in hot-rolled beams.
However, modern structural members are increasingly made of cold-formed thin-walled profiles.
In these structures the deformation of the cross-section or distortion cannot be excluded in the
analysis. The first-order Generalised Beam Theory (GBT) offers the possibility to evaluate the
distortional effects of different loading combinations in thin-walled structural members. In GBT
the total deformation of the structure is separated into cross-sectional and longitudinal deformation
modes, which are then combined in the final analysis. The basic transverse deformation modes, i.e.
bending about principal axes and torsion, are the same as in classical beam analysis. In GBT the
distortional modes are added to these basic modes. In the tirst stage of the analysis the basic cross-
sectional properties are calculated for all modes using warping of the cross-section as the unifying
quantity. In the second stage a prismatic beam with arbitrary loading and end constraints can be
analysed by the superposition of the different deformation modes arising from given loading. In
this paper a stress and displacement analysis of a beam used in so-called monorail system is
analysed in the context of the first-order GBT. The analysis is verified by comparing the results
obtained from finite element analysis using thin shell elements.

1. INTRODUCTION

Cold-formed structural members have become more and more attractive as basic structural
elements for designers and end users of buildings and machines for a number of reasons. Thin-
walled sections can be produced from steel sheet less than 1 mm thick, producing very lightweight
structures with almost unlimited scope of cross-sectional geometries. The introduction of high
strength steels has increased the efficiency of these structures considerably. These improvements
in manufacturing and metallurgical processes has generated a need for predictive and reliable
design with regard to the various behaviour and failure modes inherent in these structures, e.g.
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stresses due to distortion, buckling behaviour, vibrations, and non-linear material and geometrical
behaviour. Generalised Beam Theory (GBT), developed by Prof. Schardt and his associates in
Darmstadt, Schardt (1989), is a tool for the analysis of prismatic thin-walled structures based in
the theory of Vlasov (1961). Vlasov used warping to define the cross sectional properties in non-
uniform or warping torsion. GBT unifies the concept of warping in all deformation modes of
structural members from axial deflection and beam bending to torsion and distortion. GBT handles
the different degrees of freedom, i.e. extension, bending about the principal axes, torsion and the
distortional degrees of freedom as deformation modes, which according to first-order theory are
orthogonal. This means that they are uncoupled and can be analysed separately before their effects
are combined with the simple procedure of superposition, as in the classical beam bending
analysis.

In this paper a stress and displacement analysis of a monorail beam is performed as a case study
using the first-order GBT.

2. THEORETICAL BACKGROUND OF GBT

The generalised displacement F(x), i.e. transverse deformation along the length of a prismatic
beam, can be solved from the basic equation of GBT, which is written in a form

EkckVIIII_GkaVII+kBkV=kq. (21)

The index £ refers to the deformation modes or eigenmodes of a prismatic cross-section which are
independent of each other. The first two cross-section properties above are analogous the well
known cross-section properties of the classical beam theory. The warping constant “C is analogous
to the flexural moment of inertia or sectorial moment of inertia in torsion and *D is the torsion
constant. The third property, “B, is the transverse bending stiffness, which defines the stiffness of
the cross-section in distortion. The cross-section deformation modes can be divided into two basic
modes. The first is rigid section modes, which are extension, bending about principal axes, and
torsion. The flexible section modes are the distortional modes starting from mode &k = 5.

2.1 Basic idea of GBT

Prismatic structures have two main directions: the longitudinal direction, x, and the transverse
direction, s. Thus the total deformation of the structure can be expressed as the sum of product
functions F(s)-V(x) where F(s) expresses the relative cross-sectional deformation, which also
includes distortion, and ¥(x) (generalised displacement), which is the amplitude function along the
x-axis. In Fig. 2.1 a prismatic structure presents the division of displacement functions in the two
main directions.
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em———

S F(s)V(x)

Figure 2.1 The total deformation of a prismatic structure can be divided into two displacements
functions, i.e. longitudinal displacement V(x) and cross-sectional deformation F(s).

Both functions must fulfil the boundary conditions of the structure, F(s) transversally and ¥(x)
longitudinally. This is the fundamental idea in the context of GBT. The transverse function F(s) is
always a relative quantity, which depends on the cross-section geometry, but the longitudinal
displacement function is either absolute, as in the first-order analysis (stress and displacement
analysis), or relative as in the second-order analysis (stability or vibration analysis).

2.2 First-order GBT
The basic procedure before any analysis type is used in GBT is the calculation of the orthogonal

deformation modes of a given cross-section. As an example the first cight deformation modes of a
lipped channel profile is presented in Fig. 2.2:

A AN JN o
Classical beam theory Torsion theory Distortional modes (GBT)
(Euler-Bernoulli) (Vlasov)

Figure 2.2 The first eight deformation modes of a lipped channel profile.

The maximum number of deformation modes k of an open thin-walled cross-section is / + 1 where
[ is the number of plate strips. The lipped channel section shown in Fig. 2.2 therefore has six
‘natural’ deformation modes. However, as the total number of deformation modes is infinite and



594

when analysis requires more than / + 1 deformation modes, the solution is to divide the strips using
intermediate nodes between the corner points so that one or more plate strips are created in the
cross-section. A typical cross-section of a thin-walled profile, as is shown in Fig. 2.2, consists of
folded plates. In GBT these plates or strips are the basic structural elements from which the
governing differential equation and the corresponding cross-sectional properties are derived. The
global and local co-ordinate system of a folded plate structure is shown in Fig. 2.3:

A%
X, u l

zZ,W

xX,u

Figure 2.3 Global and local co-ordinate system of a folded plate structure.

In GBT three different degrees of freedom or displacements are required to define displacement in
one plate strip. The three displacements are the axial displacement, u, the in-plane displacement, £,
and the out-of-plane displacement, £ In Fig. 2.4 the displacement functions of one (deformed)
plate strip of a profile are shown in addition to the local co-ordinate system of a profile:

k

,‘7,.’/]

[=51

Figure 2.4 The (unit) displacement functions #, f and f"s of a plate strip and the local co-
ordinate system.
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Thus the total deformation of a prismatic thin-walled structure may be formulated in the following
terms as

u(x,s) = Z ‘() V'(x)
k

[,(69) =) F(s) V(%) = ) FOVE). 2.2)
k

f8)=) " F©)' V()
k

Warping in the cross section can be divided into two parts: primary warping or membrane warping
caused by in-plane-displacement, f;, and the secondary warping or plate bending warping caused
by out-of-plane displacement, /. In plate structures only out-of-plane displacement is present in all
the elementary deformation modes.

The fundamental displacement function is the warping function *u, which is the basic displacement
quantity in defining the cross-sectional properties as well as the other displacement functions of
each mode. The warping function “u is the unifying feature of GBT as it describes the axial strain
of each mode & and gives the orthogonality condition

J'fa"a dd=0, i=k. @2.3)
A

Eq. 2.3 indicates that the strain energy of the normal stress of one warping function (mode ) and
the strain of another warping function (mode k) is zero. Each deformation mode, £, is defined by
corresponding warping function, *u, which is directly linked to the lateral cross-section
deformations fand £ in the local co-ordinate system (x,s). These warping functions, more familiar
from Vlasov’s torsion theory of beams, are thus functions describing the axial displacement along
the centre line of a wall of a thin-walled profile as the cross-section moves according to certain
deformation mode. These warping functions must be orthogonal and, consequently, the
deformation modes appear orthogonal. When these orthogonal warping functions are found, the
resulting orthogonal deformation modes and their cross-sectional properties can be calculated.

The derivation of the basic equation of GBT is obtained by using the variational principle. The
total virtual work can be obtained by integrating the element virtual work over the whole
continuum. The membrane and bending parts are separated which leads to an expression

SW = “‘(0';"' BN +08 5P +o SN +oP Sl +olt Syl 41l -Syl)dddx
Lt I 2 =0 3 =0 4

' ‘ (2.4)
[ (p,(x,3)-8v+ p, (x,y)-Sw)dsdx =0.

Thus in the first-order theory of GBT the membrane transverse normal stresses (o) and the

membrane shear deformation (¥ ) are neglected. When variational principle is used in deriving

expressions from Eq. 2.4 the variational symbol dV can be directly attached to the displacement
functions in Eq. 2.2. The integrations lead to strongly coupled differential equations.
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After the orthogonalising process of the deformation functions, which is basically solution of the
general eigenvalue problem, the uncoupled differential equations emerge and they can be
recognised by the forward subscript k as seen in the basic equation of the first-order GBT, i.e. Eq.
2.1. The modal cross-sectional properties for each deformation mode & are then obtained as (tilde
above a symbol denotes normalised value)

k k~2 KJ‘k~2
= A .
C—Alud + fds

3L ..

. - WK 15~
kp=tp - Y Ekp 4 kD2)=t—I’f2ds— 4 J"‘f Krds  (2.5)

G 3 G

.. = !
kB=KJ-kf2dS :-‘E—rz.
12(1-v7)
5

In addition to the warping function, », in-plane displacement f; and out-of-plane displacements £, as
well as plate rotation fp transverse bending distribution m,, shear force S, and transverse
displacements v and w must be calculated for each mode k.

The loading of the structure is actually a virtual work done by the external load according to the

first-order GBT:

k k

k=~ k ~
9y =ry Vrs 9w =49rz W (2.6)

When the deformation function “V is obtained after solving the differential equations for each

mode, the solutions are combined to obtain the total deflections and stresses of the structure, The
transverse deflections of any point r in the cross-section are calculated according to

wo=> KV ke =) e, @.7)
k=2
The generalised force component is called the stress resultant (or generalised warping moment) “W
based on the second derivative of the deformation function:
kw=—E*C*V" . (2.8)
The longitudinal stress distribution is once again the superposition of stresses of different modes:

S AW kas)

_ 2.9)
k=1 g c

O-x(s) I

The preceding outline of first-order GBT is a general one and can be applied to arbitrary cross-
sections and boundary conditions of a prismatic structure.
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3. CASE STUDY OF A MONORAIL BEAM

3.1 The cross-section, loading, boundary conditions and the deformation modes of the beam
A stress and displacement analysis of a monorail beam is performed using the first-order GBT.
The beam is simply supported at the ends with wheel load in the middle of the beam. The
dimensions of the cross-section are shown in Fig. 3.1 as well as the location of the wheel loads.

The length of the beam is L = 6000 mm and the wheel load is F =4 kN.

803

C ||
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- 45 |
1 \ 4 v w
| |
g n . el
57\

™ _—ﬂ\,
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Figure 3.1.Cross-section of the beam showing the dimensions in [mm), loading points and
coordinate system

Material is steel with material properties £ = 210000 MPa, G = 80000 MPa and v = 0,3. The axial
membrane normal stress at the free end of the beam (s = 0) was calculated. Additionally, the
vertical displacement w was calculated at the line of the wheel load (s =75 mm). The first fifteen
deformation modes of the cross-section are shown in Fig. 3.2 based on the cross-sectional analysis
according to GBT using program VTB, Schardt (VTB-program, 1996). Units kN and cm were
used in the calculation.
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Figure 3.2 First fifteen deformation modes of the cross-section

Table 3.1. Cross-sectional properties of modes 2, 5 and 7

Warping constant | Torsion constant Transverse
bending stiffness
Deformation mode *C [em) ¥D [cm?] k B [KN/cm?]
k
k=2 1520,63 0 0
k=5 3,7187 8,8068E-4 0,013324
k=17 6,4567 6,9248E-4 0,463127

The first deformation mode is the axial displacement. In this mode the warping function is
constant, i.e. ' =—1. The next two modes are the bending deformation about the principal axes
and the fourth one is the torsion mode, i.e. rotation about the shear centre. The following are the
distortional modes. As the loading is symmetrical, only the symmetrical modes are required in the
analysis. From these only three modes, i.e. modes 2, 5 and 7 were chosen for the analysis. The
reason is that these modes produce the most significant axial membrane stresses at the chosen
point of interest. The other modes produce mainly transverse normal stresses due to plate bending,
as can be seen from the displacements in Fig. 3.2. However, these stresses were not calculated in
this case study. The main cross-sectional properties of the chosen three modes are presented in
Table 3.1.
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The loading of the beam in GBT is based on the virtual work done by the external forces as was
expressed in Eq. 2.6. Table 3.2 shows the normalised eigendisplacements in the direction of the
load for the chosen modes. These values are also obtained in the process of calculating the cross-
sectional properties of the profile.

Table 3.2. The normalised eigendisplacement of the loading point

Vi SﬁF Vg
1,000 0,125 0,220

Table 3.3 shows the warping function value at the free end of the cross-section where the axial
normal stress is calculated in post-processing phase using Eq. 2.9.

Table 3.3 Warping function value at the free end of the cross-section [cm]

24i(0) >5(0) 75(0)
-9,5978 -1,0000 -1,0000

The differential equations for the chosen modes are thus

E 2C ZVHH(x) — Zq(x’ S)
ESCW"(x)=GV"(x)+ B*V(x) ="q(x,s) (3.1
E’CTy"(x)-GV"(x)+ BV (x)="q(x,s)

The generalised warping moment (Eq. 2.8) and the elastic line along any point of the cross-section
(Eq. 2.7) can then be calculated from the resulting mode amplitudes x).

Deformation mode 2, i.e. bending about the main axis, can be directly solved from textbook tables
as the differential equations for the GBT and for the classical beam theory are analogous. The
other two differential equations can be solved using solutions of the beam on elastic foundation
(BEF). The general expression of the differential equation of an axially loaded beam on clastic
foundation is

EIV'"(x)-Nv'(x)+kv(x)=q(x), (3.2)
which is clearly analogous with the differential equation of the first-order GBT. The conversions

on the next page must be made when using the available analytical solutions either from the
classical beam theory or from the BEF.
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Moment of inertia = modal warping constant I =*

Axial load = modal torsional stiffness N=G'D

Foundation modulus = modal transverse bending stiffness k="'B

Elastic line = product of eigendisplacement and amplitude w(x,s) = ¥ v(s) "V(x)
wix,s) = “Ww(s) ¥ (x)

Bending moment = generalised warping moment of a mode M=*w

Distributed load = modal virtual work done by distributed load g9, =4, kﬁq » 4, =q, kﬁzq

Point load = modal virtual work done by point load F, =F, e, F,=F, "W,

The distortional deformation modes due to point loads typically dampen quite rapidly. As the
beam is long compared to the cross-section dimensions, the analytical results for an infinite beam
loaded by a point load F), see Fig. 3.3, can be used to solve modes 5 and 7. The bending moment
and elastic line are (Hetenyi, 1946):

M(x) =-41;—ye‘“x (,Bcos(ﬂx)—asin(ﬂx))

B
v=§—]};%e"“ (Bcos Bx+asin fx) (3.3)
z:dg, a= ’,12+4—];7, B= /,12—4—]1\;1,N>2\/kﬁ.
F, x
. Bending stiffness E/ > "

DA I S 350 5 Y W v i v
Foundation modulus &
sy

Figure 3.3 Infinite beam on elastic foundation with transverse point load F,

3.2 Finite Element Model

The beam was modeled with finite element method (FEM) for comparison with the results from
GBT. Due to double symmetry only a quarter FE model was needed. The FE modeling was done
with Femap v9.1 pre- and postprocessor and the solution was obtained with NX/Nastran solver.
The model (Fig. 3.4) consisted of ca. 2800 linear four-node shell elements with uniform thickness
of 5 mm and ca. 2900 nodes. The material properties were E =210 GPa and v = 0,3. In addition to
symmetry boundary conditions applied to symmetry planes, the transverse translational degrees of
freedom were constrained at the end of the beam to model the simply supported beam ends. A
point load of %4 of the total load was applied to the point of wheel load.



3.3 Results

The results from GBT for the axial membrane normal stress due to distortion at the free edge of
the cross-section is given in Fig. 3.5 between lengths 1000-3000 mm from the end support. The

Figure 3.4 Finite element model

dampening of the distortional normal stresses is clear already in this area.

Distortional membrane axial normal stress at the free edge
35 1 I
30 Modes 5 and 7 /
25
20
g
= 15
0
g 10
B Mode 5
: R =2 i o
-5 : Mode 7
" | |
1000 1500 2000 2500 3000
Distance from support (mm)

Figure 3.5 Normal stresses (modes 5 and 7) at the free edge of the profile

The axial stresses as the sum of all chosen deformation modes is shown in Fig. 3.6, which gives

also comparison from the results of the finite clement analysis.
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Membrane axial normal stress at the free edge
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Figure 3.6 Normal stresses at the free end of the profile compared to results from FE-analysis

Displacement along the load line of the cross-section is presented in Figs. 3.7 and 3.8. The vertical
displacement w due to distortional deformation of modes 5 and 7 is presented in Fig. 3.7. The
investigated section is between 2000-3000 mm from the support. The displacement due to mode 7
is already insignificant at a distance of ca 800 mm from the point load.
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Figure 3.7 Vertical displacement (modes 5 and 7) at the load line

The total vertical displacement is presented in Fig. 3.8. The analytical solution is slightly below
the finite element solution, which can at least partly be explained by the exclusion of the shear
deformation in the first-order GBT.
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Figure 3.8 Vertical displacement at the load line compared to results from FE-analysis

4. CONCLUSIONS

The basic assumption in the classical Euler-Bernoulli-Timoshenko beam theory is the non-
deformable cross-section of the beam in structural analysis. However, using Generalised Beam
Theory, the deformation or distortion of the cross-section can be included in the analysis. The
generalisation is based on the work of Vlasov and the theory unmifies the different beam
deformations, i.e. classical elongation and compression as well as bending and torsion, to
distortional deformation modes using the so-called warping functions. When these warping
functions are found, all the required modal cross-sectional propertics of a deformation mode can
be calculated for a given cross-section. The second phase involves solving the governing
differential equation to obtain the required information in the longitudinal direction. This structural
analysis usually requires a numerical method, e.g. the finite element or finite difference methods,
to solve the governing equation for different analysis options. However, as the form of the
governing equation is analogous to the differential equation of beam on elastic foundation, certain
simple cases can be analytically solved using the results obtained for BEF. In this paper a monorail
beam is analysed using GBT. The results are compared with analysis results from FEM. The
comparison clearly shows the efficiency of the first-order GBT to predict the stresses and
displacements of a prismatic structure made of thin-walled folded plates.
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ABSTRACT

This paper describes the experimental set-up and numerical simulation of soft missile
impact small scale tests. The main aim of the testing program is to provide data for the
calibration and verification of the numerical simulation models for soft missile impact
time-history simulation.

The experiments are conducted both with dry and fluid filled missiles. The objective of the
tests with fluid filled missiles is to investigate the release speed and the droplet size of the
fluid spray release in the impact. This information is vital in assessing the combustion
hazard of potentially flammable liquid after the release. The spray release velocity and
droplet size are also important input data for analytical and numerical simulation methods
which can be applied to assess the spreading of the liquid in the impact.

The second object of the testing program is to develop and adopt in use the numerical
methods for predicting the response of reinforced concrete structures to impacts of
deformable projectiles with or without liquid content. The pre-test and post-test analyses
are used for predicting and simulating the impact load time-history, structural behavior of
both the missile and the target with the aid of experimental text book formulas and also
with the aid of non-linear finite element method.

1. INTRODUCTION

The studies of the effects of hard missiles on the impact target have been described in the
past by various researchers (Riera, 1968, Johnson, 1972). Due to its stiffness properties and
mass properties the impacting aircraft can be regarded as a soft missile. Riera has derived the
algorithm for the calculation of the reaction force time-history in case of soft missile. For
further development of this algorithm, an experimental test program has been started in VTT
within the framework of the Finnish program for the enhancement of nuclear safety (Hakola,
Karna, 2005). The test facility uses the pnéumatic cannon to shoot the missile to its target.
The principal aim of the test program is to acquire information for the calibration and
verification purposes simulation models. The experiments with fluid filled missiles are also
used to acquire information about the release speed, drop size and spreading area of the
liquid fuel in impact. This data is important for studies of the fuel deflagration, and for
analytical and numerical simulation methods for modeling the phenomena connected with jet
fuel in case of aircraft impact.
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2. IMPACT TEST SET UP

The requirements for the test facility were specified as follows. In the first place the impact tests
should be devised to obtain information on impact force-time function in case of the soft missile
impacting against a rigid wall. Secondly, the validity of the published softening factors used to
determine the penetration depth of deformable missiles using correlations derived from hard
missile data should be investigated. Thirdly, the effect of multiple small-sized hard missiles
coupled with the effect of large soft missile impact should be studied. Fourthly, the failure modes
of a concrete wall due to impacting missile and release and spreading of liquid contained within
the missile are researched. Lastly, the shedding of the missile debris after an impact is studied.

The shape of the missile in most test cases is cylindrical; later on in the test program the missile
shape will be varied in order to study the coupled effect of large soft missile impact and smaller
hard missile impacts. The materials of the missile are steel and aluminum. The mass of the missile
is variable up to 100 kg. The impact velocity of the missile is variable between 100 and 200 meters
per second. Part of the missiles is dry and part of the missiles is liquid filled. The test monitoring
instruments include high-speed video cameras, force time function measuring sensors, target wall
displacement and deformation measuring sensors and gauges and measuring devices for the debris
scatter. The test setup is depicted in the Figures 1 and 2:

Ixdres ahodiding

o = Misibe 014y - 120 by) + Masan {0 kg 40 byg)
v = 108 avs - 28 nuv

Pretawe

Figure 1 The schematic test set-up for pneumatic soft missile impact tests

Pressurg
accumulatos

-

Figure 2 The photograph of test set-up for soft missile impact
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3. INSTRUMENTATION SCHEME

The measuring devices used in the tests are shock accelerometers, strain gauges and force
transducers. The location of the accelerometers are is shown in Figure 3. The notation for
accelerometers in Figure 3 is AM1, AM2, AM3 and AM4. The impact force is also measured
using the thick steel plate in front of the target wall and the force transducers behind the steel
plate. The notation for the force transducers is FT1, FT2 and FT3. The force plate in front of the
wall is shown in Figure 3. The third system for measuring the impact forces are the strain gauges
installed on the supporting pipes behind the wall. The notation of the strain gauges in Figure 3 is
SG1, SG2, SG3 and SG4.

The speed of the missile is measured with laser equipments in front of the target wall. The notation
for lasers in Figure 3 is LA1 and LA2. The second system for the impact speed of the missile are
the pressure sensors installed inside the acceleration tube.

All the data values are collected using National Instruments PXI-1000B rack with 2 PXI 4472B
data acquisition cards. The sampling frequency is 102.4 kHz with anti-aliasing frequency of 50
kHz. The data is saved onto the hard drive of the PC for subsequent analysis.

Frame
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shains plate \I " se1 \
56G 2
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AM 1 Force AM 2] ™ [ o
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g; AM2  pipes
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High speed
FT3 camera FTa AM 3
A2 AN 4 ? AM 4
77 7 7 563
sas 7 saa 7 7 77777 8
Filoor
Figure 3 Instrumentation of the test

Figure 4 shows the schematic location of the cameras used for liquid spread monitoring for liquid

filled missile tests.
Top view L}
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Figure 4 Camera locations for liquid filled missile tests
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3. SPECIFICATION TABLE FOR TESTS USED IN NUMERICAL SIMULATION

The test set-up has been used during the year 2005 to obtain preliminary information on the
missile impact. The purpose of the preliminary tests was to gain experience and proficiency in the
monitoring of the and in numerical simulation methods in order to calculate the reaction force
time-history during impact. In the preliminary test, a wide spectrum of different impact velocities
and masses were used. The weights of the missiles varied between 22 and 95 kilograms and the
impact speeds of the missiles varied between 70 and 170 meters per second. The first sixteen
missiles in the year 2005 were spiral-welded steel pipes and the last four were aluminum pipes.
Seven of the missiles shot during the year 2005 were filled with water.

Test Velocity Missile Weight of
No (m/s) the missile
(kg)
616 143.0 Original steel pipe 22.7kg
629 136.0 Al pipe 393 kg
Table 1 Specification table of tests used in numerical simulation

4. PRELIMINARY RESULTS

In order to approximately simulate the experimental missile impact tests, the straight pipe model
of the length of 1.5 m was developed. Two materials were considered, namely, steel and
aluminum. For the steel pipe wall thickness the value of 2 millimeters was chosen in order to
simulate the test #616 in the Table 1. For the aluminum pipe wall thickness the value of 5
millimeters was chosen in order to simulate the test #629. The aluminum material used in the test
#629 was EN AW 6060 T66 and the minimum yield strength of the material was 160 megapascals
and the tensile strength was 215 megapascals. No material tests were performed for the material
before the impact test #629.

5. NUMERICAL SIMULATION OF TEST #616 WITH THE AID OF MSC/DYTRAN AND
ABAQUS/ EXPLICIT PROGRAMS

According to the Table 1, the basic data for test #616 is as follows: The mass of the missile was
22.7 kilograms and the impact velocity was 143 meters per second. The missile type was plain
steel pipe and test was conducted on 17th of June, 2005.

To simulate the test numerically the finite element pipe model was constructed. The model had
3977 nodal points and 3920 four node shell elements. The number of degrees of freedom was
about 15000. The von Mises material properties for the steel were adopted with the following
parameter values: Young's modulus was selected to 206000 megapascals and the Poisson ratio was
selected to be 0.3. For the yield strength of the steel material the value of 200 megapascals was
chosen. The mass density of the material was selected to be 0.00785 gigagrams per cubic meter.
The megapascals, meters, seconds and gigagrams form a consistent unit system for dynamic
analysis of the impact phenomenon. The plot of the finite element model of the impacting steel
pipe is given in Figure 5.
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Figure 5 The finite element model of the impacting steel pipe

The following results of the simulation analysis were plotted for qualitative comparison with the
measured results from the pipe missile impact test. The reaction force time history in the impact
direction from one point of the impacting front edge of the pipe was plotted. Also the displacement
and velocity time histories in the impact direction of one point in the rear edge of the pipe were
plotted. Finally the deformed shape of the pipe at end of the impact on time 33 milliseconds from
the beginning. The time-histories and the deformed shape of the steel pipe at the end of the impact
simulated by MSC/DYTRAN are presented in the Figures 6, 7, 8 and 9.
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Figure 6 The time history of the reaction force in megapascal of the node 2 in the
impacting edge of the steel pipe missile
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Figure 7 The time history of the displacement in the impacting direction in meters of the

node 4207 in the rear edge of the steel pipe missile
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velocity time history of the node 4207
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Figure 8 The time history of the velocity in the impacting direction in meters per second
of the node 4207 in the rear edge of the steel pipe missile
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Figure 9 The deformed shape of the steel pipe missile at the end of the impact
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Figure 10 The time history of the displacement in the impacting direction in meters of the

node 2 in the rear edge of the steel pipe missile calculated by ABAQUS/EXPLICIT
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of the node 2 in the rear edge of the steel pipe missile calculated by ABAQUS/EXPLICIT
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ABAQUS/EXPLICIT

The reaction force measured as an average value of the sensors FT1, FT2 and FT3 shown in
Figure 3 are given in the Figure 13.

. e '

Figure 13 The measured reaction force of the test #616
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6. NUMERICAL SIMULATION OF THE TEST #629 WITH THE AID OF MSC/DYTRAN

According to the Table 1 the basic data for test #629 is as follows: The mass of the missile was
39.3 kilograms and the impact velocity was 136 meters per second. The missile type was plain
aluminum pipe and test was conducted on 16th of December, 2005.

To simulate the test numerically the finite clement pipe model already used for the steel missile
was utilized. The model had the same 3977 nodal points and 3920 four node shell elements. The
number of degrees of fredom was about 15000. The von Mises material properties for the
aluminum were adopted with the following parameter values: Young's modulus was selected to
72000 megapascals and the Poisson ratio was selected to be 0.01. For the yield strength of the steel
material the value of 160 megapascals was chosen. The mass density of the material was selected
to be 0.00270 gigagrams per cubic meter. The megapascals, meters, seconds and gigagrams form
consiststent unit system for dynamic analysis of the impact phenomenon. The rear end
displacement ad velocity histories of the impacting aluminum pipe missile are given in Figures 14
and 135. The reaction force time history of one node of the impacting front edge of the missile is
given in Figure 16. The reaction force measured as an average og the recordings of sensors FT1,
FT2 and FT3 is given in Figure 17.
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Figure 14 The time history of the displacement in the impacting direction in meters of the

node 4207 in the rear edge of the aluminum pipe missile
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velocity of the 4207 in meters per second
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Figure 15 The time history of the velocity in the impacting direction in meters of the node
4207 in the rear edge of the aluminum pipe missile
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Figure 16 The time history of the reaction force in megapascals of the node 2 in the
impacting edge of the aluminum pipe missile
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Figure 17 The measured reaction force of the test #629

7. CONCLUSION

In this paper the outline of the SAFIR experimental program for investigating the effects of soft
missile impact on a rigid target was reported. During the year 2005 about 20 tests were carried out.
Two different materials were utilized in the for soft missiles, namely, steel and aluminum. Part of
the were conducted with missiles filled with liquid.

Preliminary numerical simulation results for one steel missile test as well as for one aluminum
missile test were reported in this paper. The simulations were carried out with two different
analysis programs: MSC/DYTRAN and ABAQUS/EXPLICIT. The obtained numerical simulation
results agree fairly with each other.
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ABSTRACT

The paper demonstrates physical behaviour of multiply insulating glass units. It also introduces
a practical technique to solve stresses and deflections of glass units without expensive
multipurpose finite element codes. Only programs, which are able to solve small and large
deflection plates, is needed. The paper also demonstrates the presented technique with numerical
examples, which are carried out in detail. IGUs of three panes, which are in common use in
Finland, are considered in these examples.

1. INTRODUCTION

Insulating glass units (IGU) consist typically of two or three glass plates, which have been
fixed air-tight together through spacer profiles. The cavities between these glass panes are filled
with a mixture of gases and closed in the manufacturing process. The mixture may consist of dry
air and of argon or krypton gases to improve the thermal insulation power of the unit. The pressure
in the closed cavity changes due to the change of the temperature. Further, the changes of the
outside air pressure due to the barometric pressure changes and the change of the height position
of the unit in geographical map and due to the wind speed pressure, result in pressure differences
between the closed cavity and outside air. The sum of the differences of the pressure between the
closed cavity and outside air make them to deflect in the direction of a lower pressure. The
deflections of the panes cause a change in the volume of the cavity, which have effects in the
pressure inside of the closed cavity.

The length and width of the glass plates are usually large compared to the thickness of the
plates. For this reason, deflections of the plates increase easily over the thickness of the plates,
which is a practical limit for the validity of the small deflection theory. Large deflections and
membrane stresses have to be taken into account in the analysis and design calculations of glass
plates.

In reference [1] physical behaviour of IGUs of two panes is demonstrated and practical
techniques to analyse such structures are outlined. This paper is a generalization of those ideas to
IGUs of more than two panes. It also presents an efficient technique of large deflection analysis of
IGUs.
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2. INSULATING GLASS UNITS

2.1 Pressure-volume chance relation of a gas-filled cavity

In a gas filled cavity [Z] of an IGU the state equation of an ideal gas is assumed to hold. Thus

pi i pPVPi (l)
LT,

where p, is the pressure, V; is the volume and 7, is the absolute temperature of the cavity and

subscripts P refers to the state of production. Here a rectangle around i in text and subscript i in a

symbol refer to cavitym . The volume ¥, of the cavity ]ZI is thus

Veis
T, py +Ap,

where Ap, the pressure change with respect to the barometric pressure p, of the surrounding air.

2.2 Volume change caused by deflection of a glass pane

When a glass pane deflects, the volumes of the cavities around it change. This volume change
caused by the deflection of pane i is

AV = Iwi (x,y)dA , (3)

where w'(x, y) is the deflection of the pane and A is the area of the plate. Here superscript i ina
symbol refers to glass pane i . It is practical to divide the loading of the pane in two parts, uniform
load ¢' and non-uniform load. The uniform load consists of the pressure differences between the

pane surfaces and the non-uniform load of possible non-uniformly distributed surface loads, line
loads and concentrated loads of the pane. The volume change is here expressed as a function of the

uniform load ¢’ as
AV =AV(¢"). C))
If the pane can be assumed to follow a small deflection theory, the volume change is written as

AV' =V + AV, ®)
The quantity v, , is the volume change caused by unit (uniform) load. The volume change v, can
be obtained by first analysing the plate under uniform load with unit intensity resulting to the
deflection W/ (x,y) and then using equation (3). The volume change AV, can be obtained by
analysing the plate under the (known) non-uniform load resulting to the corresponding deflection
wi, (x,») and then using equation (3). This two step analysis can be performed in advance
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analytically using Fourier series solutions or numerically using the finite element method. The
series solutions apply only to simple geometries and restricted boundary conditions.

If large deflection plate behaviour is assumed, expression (5) is no more valid. It is, however,
possible to construct in advance an approximation to the relation (4) with the help of a standard
large deflection finite element plate analysis program.

i Pe,T

..................................... pane 1

1\ \Lhz CaVitym Vp]sppan

— — — — — T— ) T— — — —— — — T— f— — — —

A :
J caVlty Vo> Pos T

Fig. 1: Cross-section of an IGU of three panes: (a) initial and (b) deformed.

2.3 IGU of n panes

Consider an IGU of » panes and n—1 cavities (see Fig. 1, wheren=3). The volume V, of

cavity E between panes i and i+1 is thus
AV, =V, —AV' +AV™, (6

where AV’ and AV™' are the volume changes caused by panes i and i +1, respectively.
In large deflection case it can be written as

V,=Vy —AV'(g)+ AV (g™, Q)]
where

g = Ap,_,—Ap,, qm =Ap, —Ap,,, (®
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Ap,,, Ap, and Ap,,, are the pressure changes in cavities , |Z| and , respectively. Thus

the volume of the cavity El is
Vi=Vei— AV (Ap_ —Ap)+ Ap™ (Ap; —Ap;,y) ®

being a nonlinear function of the pressure changes Ap,,, Ap, and Ap,,,. Equating the right-
hand-sides of equations (2) and (9) gives the following non-linear equation

fi(Ap,_,Ap;,8p,, ) =0, (10)
where
Ap, i i+l Vei
fi=da +;— [-AV'(Ap,., —Ap,)+ AV (Ap, — Ap,, )]+ —(Ap, - Apy,) (11)
B B

between the pressure changes of cavities , E] and . In equation (11) the isochoric
pressure of cavity i

T.

Apy, =—-Pp = Py (12)
TP

has been adopted.

In small deflection case the volume change AV, of cavity Iﬂ can be written as

V, =V =Voud' = AVp, +Ving™ + AV, (13)
. VPi - v\ijniApi—l + (v\imi + v"j:: )Apl . vllj:ll Api+l - AI/:1i(m + AV;";:

and it is a linear function of the pressure changes Ap, ,, Ap; and Ap,,, . Equating the right-hand -
sides of equations (2) and (13) gives the following quadratic equation

(1+£)[—v' Ap_ + VAP~V Ap AV + AV + L (Ap, - Ap,)=0,  (14)
uni i-1 uni uni i uni i+l i 0i

non non
B B

between the pressure changes of cavities , E[ and . In practical applications the
pressure change Ap, is small compared to the barometric pressure pg . If we can assume that the

ratio Ap,/ p, is so small compared to unity, that it can be cancelled, equation (14) can be written

as
. o VoAV AV " V, ; "
Vo APy + (Vi + Vi + VAP, = Vi APy = —L APy, + AV, = AVl (15)
Dy Dy

This equation is a linear equation of the pressure changes Ap,_,, Ap;, and Ap,,,.
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Equations (10), (14) or (15) can be written for each cavity and they form a set of n-—1
equations. Unknowns in these equations are the pressure changes Ap,,---,Ap,_, of the cavities,

because the pressure changes Ap, and Ap, on the outer faces of the IGU are known. If g, and g,
denote uniform loads on the first and last pane, respectively, we have Ap, =gq, andAp, =—7, . In

practice IGUs consist of two or thee panes. Corresponding set of equations has only one or two
equations and thus, can be solved very effectively.

2.4 Solving the cavity pressure changes

An IGU of three panes is considered here as an example. In large deflection case the
corresponding set of two equations of type (10) can be written as

f(Ap)=0, (16)
where
A Ap,
f= , Ap = 17
{fz } P {Apz } S
and

A - | 4
18 p2) = U+~ -8V G = b, )+ AV (8p, = Bp,)] == (89, = Bpo),

B B
(18)
A _ V.
J,(Ap,Ap ) = (1+%)[—AV2(API —-Ap,)+ AV? (Ap, + 4, )]‘ﬁ(Apz —Apg,).
B B

The solution of this equation is obtained by using the Newton-Raphson iteration
ap*' = Ap* -(s5)'f* (19)

starting with Ap® = 0. Here the superscript k refers to an iteration cycle and

S; = %(AP ) (20)

is the tangential matrix. The elements of this matrix can be written as

) Ap, . dAV! dAV? V, —AV'(g")+ AV (¢*
o =04 T+ o D,
OAp, dq :
o= o L+ Apl dAV
0Ap, 14 1)
d A arAV2
Sy = ), =—(1+—&)——2—(q2),
aApl Py dq
3 A2 A2 3,3
s;E-‘L=( Ap2 dAV dAV( oy eV (4)+AV(q")

OAp, Py
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where ¢' =q,-Ap,, ¢* =Ap, - Ap, ¢’ =Ap, +7,.

In small deflection case the corresponding sct of two equations of the type (14) can be written
as
S(Ap)Ap =t, (22)

where the elements of matrix S(Ap) and column vector t are

Vo —AV,, + AV A
Pl non non 5 S12 — _(1+_ﬂ)v2

uni ?

A
S =+ 20k, v+

Py y4 Dy
A A V,, —AV: +AV?
S, = —(1+ )% )vfni’ Sy, = (l+ﬁ)(v§ni +V3ni) 4 B2 non non_ (23)
143 Py DPe
1= t 2 Apy, 2 = 2 s Apy
tl = vuniql + AVnon _AVnon + I/Pl’ t2 = _vunqu +Al/non —AVnon + VPZ‘
B B

The solution of this equation is obtained by using the Picard iteration

Ap*' =S(Ap")'t, (24)
starting with Ap° = 0. The corresponding solution of the linearized equation (22) is simply
Ap=ST't, (25)
where the elements of matrix S are

, Vo —AVL +AV

— ! non non — 2
Sll = Vini +vun|' + p ’ Sll‘ = ~Vuni»
B
(26)
V,, —AV: +AV>
_ 2 2 3 P2 non
S21 = "Vini» S22 = Vuni +vuni + 2.,

Py
It is easy to note, that first iteration cycle of the Picard iteration gives the solution of the linearized
problem. The small deflection solution of the three pane IGU problem can thus be obtained with a
minimum effort, even by hand.

2.5 Calculating the volume change from the results of a finite element plate analysis

The finite element approximation of the volume change (3) is simply

AV=Y IVV (x,y)dA , (27

where A°is the element arca and the summation is performed over all the elements of the plate.
The element approximation of the deflection is

wi(x,y)= zm:N C(x,y)a), (28)

i=l
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4

where N;(x,y) are the corresponding element shape functions, a

parameters and m is the number of element degrees of freedom. Integration in each element in
equation (27) is usually performed numerically. In the examples of this paper a nine degree of
freedom discrete Kirchhoff triangular (DKT) plate element [2] has been used, which is one of the
most widely used plate elements. The degrees of freedom of this element are the deflection and
two rotations at each node. The equations of this element have traditionally been derived by
defining the deflection only on the element sides. Therefore the approximation of type (28) is not
available. This problem can, however, be easily avoided by using the cubic shape functions of the
non-conforming triangular plate element of reference [3], which has identical nodal parameters.
Numerical integration with three integration points [4] suffices to integrate the corresponding

deflection approximation w°(x, y) exactly.

are the element nodal

2.6 Expressing the volume change as a function of the uniform load

The relation (4) for pane i is obtained from large deflection analysis of the pane. The superscript i
referring to a pane number is here omitted. Finite element analysis of the pane is performed with
equally spaced values g, j=1,---,m of the uniform load q. Values of the corresponding volume

changes AV can thus be calculated. In the vicinity of each point g, the function AV(q) is here

approximated using a second degree Lagrange polynomial. This approximation can be expressed
as

1 [(q—q,-)(q—qj+.)

AV(q) =
(@) AL :

AV, —(@—q9,.)(q—9,)AV; +

(q—q,-_.z)(q—q,-)AVN], 29)

where Aq is the uniform load interval. In the Newton-Raphson iteration the corresponding

derivative is also needed

dAV 1 —9,+29—q,,
—(@)=— [1—1'
dg Ag 2

—q..,+29—q,
AV, _(_qj—l +29-9,,)AV; +%AVj+l]' (30)

The piecewise approximation within the range ¢, <q<gq, is defined as follows: In the first
interval g, <g<(gq,+4g,)/2 equations (29) and (30) with j=2 are used, in an intermediate
interva (q,.,+q;)/2<q<(q,+q,,,)/2 (j=3,---,m—2) these equations with j are used and in
the last interval (q,_, +4,_,)/2<g<gq, these equations with j=m—1 arc used. The derivative
of this approximation is not continuous at the midpoints g=(g;,+q;)/2 of the intermediate
intervals ( j =3,...,m—2). Therefore, if the value of the derivative exactly at such point is needed,
it can be calculated by averaging the two existing values.

2.7 Calculating pane deflections and stress resultants

After the cavity pressure changes Ap, have been solved, the uniform loads on each pane can be
calculated simply by using

q’=Api—l—Api’ i=l-,n. (€29
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Consequently the loading of each pane is known and they can be analysed separately with the help
of handbook formulas, series solutions or the finite element method.

3. EXAMPLES

The presented technique is demonstrated using three examples. In the first two examples the panes
are assumed to follow small deflection plate theory and in the last example large deflection theory.
In the first example the IGU is loaded by a temperature change in the cavities and in the last two
examples by a uniform line load on the first pane.

Example 1:

Consider a simply supported rectangular IGU of three panes, with the side the lengths of
350mmx 500mm . The thickness of all the glass panes and cavities are 4mm and 12mm
respectively. The temperature and the pressure at the time of production were 20°C and 100kPa ,
respectively. The temperature of the cavities rises up to S8°C, but the pressure does not change.
Obtain the pressure change in the cavities, maximum deflection and maximum normal stress of the
panes. Assume small deflection plate model.

The initial volume of the cavities:
V,; =(0,350-0,500-0,012)m*> = 2,1-10”m".
Because the panes are not subjected to no-uniform load

AV =0, i=12,3,

non

Using double Fourier series solution [5] of a simply supported rectangular plate we obtain

3
Vo= =y =20583-10° 1,
kP

uni uni uni
a

The isochoric pressure of the two cavities:

T 273+58
Ap, =—p, — p. = (——=-100-100)kPa =12,97kPa, i=12.
\Po; T,,p" Py (273+20 )

The elements of matrix S and column vector t:

3

A A
S, =(A+200 oy P BPog 1166+ 2,110 B
Py B Py kPa
A A 3 A 3
S, =1+ =1+ 8P) 0583.10° 0 5 = —1+ 2Py — a4+ 2Py, 058310 T,
B Py kP B Py kPa

uni uni
Ps B B

A 3
S, =(1+22)02 4 )+@=[(1+%)4,1166+2,1]-10-5EP“}—,
a
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A A
4, = Poi v, =0,2724-10>m’, t,= P> V,, =0,2724-10" m’.

Ds Dy

Iteration:

0 _ 0 _ 1 33
Ap” = , t=0,2724< +-10"m".
0 1

Iteration cycle 1:

6,2166 -2,0583 m’ 6,551
S(ap) =| ’ 107° =, Ap'=S(Ap®)'t={ " ‘kP
(@p") [—2,0583 6,2166} ks’ AP =S(0) 6,551

Iteration cycle 2:

6,4863 -2,1931] . m’ 6,345
S(aph=| ’ 107 —, Ap’ =S(Ap')'t={ " lkPa
(4p) {—2,1931 6,4863} e AP TSR g s

Iteration cycle 3:

6,4778 -2,1889] . m’ 6,351
S(ap*)=| ] ’ 107 —, Ap’ =S(Ap*)'t=4 " tkPa
“@p’) l:—2,1889 6,4778} kpa” AP TSAR)TE=16 45

Iteration cycle 4:

6,4780 —2,1890 3 6,351
S(Ap3)=[ ]10-5 = Ap“:S(Ap’)“t:{ }kPa

—-2,1890 16,4780 kPa 6,351

Pressure changes in cavities 1 and 2:
Ap, = Ap, =6,351kPa .

Loading of the glass panes:

0 0

1 —~ 2 3 —
q =A40p,—Ap, =-6,351kPa, q° =Ap,—Ap, =0, g =Ap,—Ap, =6,351kPa.

Using double Fourier series solution of pane 1, 2 and 3 loaded by uniform loads ¢', ¢° and ¢°,

respectively, the corresponding deflection and normal stress distributions can be calculated. In
this special case pane 2 is unloaded and panes 1 and 3 are loaded with equal, but opposite loads.

Thus only the glass pane 3 is studied. Maximum deflection of the pane 3 is w),, =1,8mm and
maximum normal stress is o, =21,8MPa. It can be concluded, that the lincarized analysis
(assuming Ap,/p, to vanish compared to unity) of the quadratic equations gives
Ap, = Ap, =6,551kPa . This result is 3% higher than the accurate result and it is on the safe side.
Thus the result of this example justifics the applicability of this linearizing assumption.
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Example 2:

Consider a simply supported rectangular IGU of three panes, with the side lengths of
1000mm x3000mm . The thickness of all the glass panes and cavities are 6mm and 12mm,
respectively. The glass pane 1 is loaded by uniformly distributed straight line load
q, = 0,5kN/min the direction of the short side and 1000mm from the nearest side. Obtain the

pressure change in the cavities, maximum deflection and maximum normal stress of the panes.
Assume small deflection model and use simpler linearized solution for the cavity pressures.

The initial volume of the cavities:
¥, =(3:1-0,012)m" =3,6-10"m’.

Using double Fourier series solution of a simply supported rectangular plate we obtain

3
Voo=vi =) =1,2881-107 ——,
kP

uni uni
a

AV! =0,27735-107m’, AV2, =AV) =0.

nen non non
The isochoric pressure of the two cavities is:
Ap,, =0, i=1,2.

The elements of matrix S and column vector t:

—-AV, m’ m’
Vo mon =9 6094-102 —, S, =—v>. =-1,2881.107 ,
12 unit
kP kE

Ps a a

3
2 4y Y 61200107 T
kP

uni uni
B a

S, =V AV

uni uni

3
S, =-W —1,2881-10-21—;%, Sp=v

uni

1, =AV. =12881-107m’, t,=0.

non

Equation and solution:

2,6094 -1,2881] , m’ 0,27735) . ,
10 , t= 10°m
~1,2881 2,6122 kPa 0

o 1 |2,6122 1,2881|(0,27735 0,1405
Ap=STt= kPa = kPa
5,1571| 1,2881 2,6094 0 0,0693

Pressure changes in cavities 1 and 2:
Ap, =0,1405kPa, Ap, =0,0693kPa.
Loading of the glass panes:

q' =—Ap, =—0,1405kPa, ¢* =Ap,—Ap, =0,0712kPa, ¢’ = Ap, =0,0693kPa.
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(a) Deflection [mm] (b) Maximum absolute stress [MPa]
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Fig. 2: Deflection and maximum absolute stress of the glass pane 1 in the example 2.

(a) Deflection [mm] (b) Maximum absolute stress [MPa]
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Fig. 3: Deflection and maximum absolute stress of the glass pane 2 in the example 2.

Now the loading of each glass pane is known and double Fourier series solution of each separate
pane can be performed. Maximum deflection and normal stress of the pane 1 are w! =2, 56mm

max

and o)  =8,15MPa, those of the pane 2 are w’,, =0,66mmand o>, =1,41MPa, and those of

max
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the pane 3 are w), =0,64mmand o, =1,37MPa, respectively. Fig. 2 and 3 show deflection

max

and maximum absolute normal stress distributions of panes 1 and 2, respectively.

Example 3:

Consider the same rectangular IGU as in example 2. The line load is now 5 times larger
g, =2,5kN/m and large deflection plate model is used.

Large deflection finite element analysis of the pane 1 under the given line load g, and three values

of the uniform load ¢ gives

J q; [kPa] AVJ.' [m’]

1 1-08 0,00158392
2 |-04 0,00593359
310 0,01054298

Large deflection finite element analysis of the pane 2 under three values of the uniform load g’

gives
J | ¢ kpay | AV} (]
1 [0 0
2 {04 0,00495158
3 108 0,00975130

Because the panes 2 and 3 are identical, this result holds also to the pane 3.

Iteration:

o-f)

Iteration cycle 1:

AV'(¢')=0,0105430m°, AV*(¢*)=0, AV (¢*) =0,

1 3 2 3 3 3
dA—Il/(q')=0,011848m—, M—Z(q2)=0,012569 m de (¢*) =0,012569 =,
dg kPa d kP dg kPa
o {-0,0105430} . [ 0,0245442 —0,0!25688} m’

r =

0 ~1-0,0125688 0,0253176 |kPa’

0,57598}

AleO_SlfI=
p=0p oy {0,28594
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Iteration cycle 2:

AV'(g')=0,0039880m°,  AV2(g%)=0,0036055m’,  AV*(g*)=0,0035551m’,
l 3 2 3 3 3
dA, (¢')=0,0109132 2 dAV( )=0,0122935 2 dAV( )=0,0122974 -2
dq kPa’ d kPa KPa’
L _[279917) s [0,0234516 —0,0123289] m’
= m, = _—
0,001047 T 71 -0,0123289  0,0248058 |kPa

0,59210}

Ap? = Ap' — S2f2 =
P=2P =5 =1 0,29390

Iteration cycle 3:

AV'(g")=0,0038123m’,  AV?(g%)=0,0037058m’,  AV’(q*)=0,0036530m’,

1 3 2 3 3] 3
dﬂf-(q')=o,010887 m de (%) =0,0122857 — de (¢*) = 0,0122898 2
dg kPa dg kPa’  dg KPa’

. {—0,220957}10‘6 s s [ 0,0234521 —0,0123221} m’
=] T =S o
kPa

0,001463 -0,0123038 0,0247914

0,59211}

Ap® = Ap? — S f? =
P =P 751 =10.20391

Loading of the glass panes:
q' =-Ap, =-0,5921kPa, ¢ =Ap, —Ap, =0,2983kPa, ¢’ =Ap, =0,2939kPa.

Now the loading of each pane is known and large deflection finite element analysis of the panes 1,
2 and 3 can be performed. Maximum deflection and normal stress of the pane 1 are

Wi =9,56mm  and o), =35,2IMPa, those of the pane 2 are w’, =2,77mmand

m:

o2, =5,93MPa, and those of the pane 3 are w,, =2,69mmand o, =5,78MPa, respectively.

Fig. 4 and 5 show the deflection and the maximum absolute normal stress distributions of the
panes 1 and 2, respectively.

4. CONCLUSIONS

The effective use of building materials requires accurate calculation models and analysis tools in
order to utilise the strength in an optimal way. The paper studies behaviour of multi-pane
insulating glass units (IGU), which have became popular today. The loads of the units may be
external pressure, line or point load, or internal pressure load caused by the change of temperature
or barometric pressure. The response of each pane has first to be studied. Secondly, the pressure
loads based on the interaction of the changes of the volumes of the cavities, are calculated for each
pane. In connection with small deflection plate model this can be done by solving the simple
linearized equations or by solving the corresponding accurate quadratic equations iteratively
starting form the linearized solution. In connection with large deflection plate model the equations
are non-linear and iterative solution is always necessary. Finally, the deflections and stresses of
each pane are calculated numerically using the finite element method. In connection with
rectangular IGUs and small deflection plate model Fourier series solutions [5] can also be used.
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(a) Deflection [mm] (b) Maximum absolute stress [MPa]
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Fig. 4: Deflection and maximum absolute stress of the glass pane 1 in example 3.
(a) Deflection [mm] (b) Maximum absolute stress [MPa]
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Fig. 5: Deflection and maximum absolute stress of the glass pane 2 in example 3.
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ABSTRACT

In paper manufacturing processes the paper web is typically led through several roll pair
contacts. In many cases the web is pressed between two rolls to have better properties on the final
product. The line load distribution in the contact zone is very important and yet very hard to
measure accurately, One choice of measuring the line load is to use the influence coefficient
method which utilizes strain measurements of the roll in contact.

The goal is to study this measuring method computationally on a roll structure in order to have
a better understanding of the strain measurement set up and behaviour of the system.

1. INTRODUCTION

In manufacturing higher grade paper qualities the paper web is led through several loaded roll
pair contacts. The typical unit processes of that kind are calendaring and coating of which the
purpose is to make the paper more solid or improve its surface qualities. The conditions in the
loading zone and especially the line load distribution in the contact have a great effect on the
quality of the final product. However, accurate control and measuring of the line load distribution
is still very hard.

Under heavy line loads the rolls deform elastically in both axial and tangential direction which
causes deviation in the line load also. The strains of the rolls are measurable and as they reflect the
line load conditions in the contact zone one could use them to analyse the actual linc load
distribution during run. In this situation the influence coefficient method could be applied. In the
method an influence coefficient matrix is constructed to give a direct relation between the known
strain measurements and the loading of the roll structure.

The goal of this study is to examine the use influence coefficient method on a hollow roll
structure under line loading. The particular roll structure discussed here is a part of a nip unit
installation in the Laboratory of Machine Dynamics which is shown in figure 1. This analysis will
help to get a better understanding of the strain measurement set up as well as the behaviour of a
hollow roll structure. The analysis is purely computational and the calculations of the roll structure
are done with two computational models. The first one is the analytical Bernoulli-Euler beam
theory and the other one a numerical finite element (FE) model.
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Figure 1. The nip installation of the Laboratory of Machine Dynamics.

The influence coefficient matrix is formed by a special unit load procedure. In this case it
means that line loading has to be divided into discrete pieces which are each represented by a
certain unit load (point force). Here three different loading systems of unit loads acting on as line
load are handled.

As well as the positions of the unit loads also the positions of the strain points are important.
The strain set up is chosen after analysing the strains of the hollow roll structure under line load.

The influence coefficient matrices are formed for the chosen set ups with the two
computational models. The models are then subjected to an ideal even line load of which the strain
response is calculated. Based on the strain information in certain points, the current load
distribution is solved by using corresponding influence coefficient matrix. Finally, the computed
line load solutions arc compared with the known line load distributions. The suitability of different
strain measurement set ups and the corresponding influence coefficient matrices are evaluated.

2. INFLUENCE COEFFICIENT MATRIX

2.1 Basic Concept

The basic concept of the influence coefficient method is general and versatile, it lies in the
theory of matrix structural analysis. The actual continuous system is formulated to a discrete
element system of finite number of degrees of freedom upon which matrix algebra operations can
be formed. The degrees of freedom are typically based on the measurements. This kind of force-
displacement relationship is actually the basis for finite element method (FEM), force or
displacement method [4].

The measured quantity could be almost anything and in our case we have chosen strain. Then
the basic equation of influence coefficient method is

e=Sf 6))

where ¢ is the strain vector, S the coefficient matrix and f the loading vector.
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From eq. (1) the loading vector f can be inversely solved by

f=S7"¢ )
Thus ICM presents us an inverse way to measure loading,.

Suppose the force vector is combined from a complete set of linearly independent unit load
case vectors

f=Le 3
where the column vectors of load case matrix L are the unit load case vectors.
L=[L, L, .. L,] (4
The relationship between load case factors and strains is now
€ =SLo ©)

The problem stated now is to solve the unknown loading components f and loading case factors
¢ using the measure information coming from the strain gages. In order to use the model one has
to determine first the coefficients in matrices S and L. By definition L is known because it is given
by the user of the model. Influence matrix S needs more analysis.

The method is valid for linear cases and it utilizes the theory of superposition. In order to apply
the method to a certain structure, one has to determine first the influence coefficient matrix. This is
done by applying unit loads at desired loading points of which the influence, the unit strain
response at the measuring points, is stored as the columns of the influence coefficient matrix. The
determination process can be done based on experimental measurements under unit loadings or a
computational method, an analytical or a FE model, with which one can simulate the unit loading
procedure. Here, the analysis is done purely computationally.

Doyle [1] discusses about the same type of method by the name of sensitivity response method.
This method uses computational calculations available to construct a sensitivity matrix which is
used in the same fashion as the influence coefficient matrix in the inverse problems. The influence
coefficients can also be thought as functions as Hurty and Rubinstein [2] show for a simple
Bernoulli-Euler beam.

2.2 The Unknown Loading Distribution Cases

It is possible to define the unknown loading distribution based on the information of the strain
measurements € and the influence coefficient matrix S. Whether we define the influence
coefficient matrix experimentally or computationally, the determination of the unknown load
distribution leads to the following cases:

a) There are more strain points than loading points, n < m.
b) There are equal amount of strain points and loading points, #n = m.
c) There are fewer strain points than loading points, n > m.

The number of equations in case (a) is larger than the number of unknown loading factors f;
which means that the strain information available for solving the factors is larger than needed. In
this situation the solution can, however, be evaluated numerically by means of pseudo-inverse
solution in form
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f=(S"S)"'s"e ©)
The situation (b) is straight forward solved by equation (2).

In case (c) the number of equations is less than the number of unknowns. Thus there is not
enough information available for the solution.

For cases (a) and (b) the decomposition of load components to different load cases is obtained
by

o=L"f )

3. COMPUTATIONAL MODELS

The basis of the computational models is a real roll structure. The roll in question is the lower
roll of nip unit installation in the laboratory of Machine Dynamics. The size of the nip unit is 1:2
as compared with the corresponding mill units. The span of the supports is 5350 mm and the length
of the roll shell is 4400 mm. Inner and outer diameters of the roll are 425 and 525 mm, thus the
shell thickness is 50 mm. The nip unit installation is illustrated in figure 1. The strains are
calculated on the inner wall surface of the roll for future measuring references.

3.1 Beam theory
The bending strain on the inner surface of the roll illustrated in figure 2 is calculated by using
the Bernoulli-Euler beam theory [3].

[wll IS [ TSI ISl [T¥I [ Tol T4l

A_a L ,aA

{_ — . —
e
Figure 2. Roll for the beam theory.

The bending strain is calculated using a straight-forward application of Hooke’s law

M)

f0 ="

®)

where F is the elastic modulus, I the moment of the cross-section, x the distance from the left end
and r the inner radius of the roll. M(x) is the bending moment of the beam which is calculated
according to the Bernoulli- Euler beam theory for line load by

_ 2
M (x) = Ax—i(x—z‘-’)— ©
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In equation (9) 4 is the force at the supports, g is the line load, L the length of the roll and a the
length of the unloaded ends of the roll.

For equally distributed point forces F (F, = F, [ = [, in figure 2), starting from the left, the
bending moment is calculated by

n—|
M,(x)=%x—Fle (10)
0

where / is the distance between point forces and »n the location number of the measuring point
starting from the left end.

For cases in which the point forces on the edges F, act on a different-size length /, then the
other forces F, the bending moment can be calculated starting from the left end

Mf (x) = %x - Fedgeledge (n - 1) » N < 2 (11)

n-2
M, (x) = %x Pl +(=2I1)-FI> k, n>2 ()
0

3.2 FE model

The FE model used is constructed of three solids, the ends and the shell. It has 128462 10-node
hexagonal elements and 206008 nodes. There are three element layers on the shell and both ends
are simply supported from the rotation centres of the bearings. The model is shown in figure 3.

Figure 3. The FE model.
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4. LOAD DISTRIBUTION VS. LINE LOAD

Pressing of two rolls together creates a continuous line load in the contact zone between the
two rolls. If we were to measure the continuous line load with a discrete amount of sensors using
the influence coefficient method, we would have to divide the line load into smaller pieces. Here,
these smaller pieces of load distribution will each be represented by a point force. The point forces
are cach an element of the loading vector f. This approach gives us the opportunity to form the
required equations for the influence coefficient method. When solving individual point forces
acting on a structure, the application of the method is a more straight-forward procedure [5].

Using point forces is the simplest way of replacing the line load with smaller pieces. Another
more complex option would be to divide the line load into certain amount of continuous functions,
which would be characterized by parameters.

4.1 Point force distributions

For the analysis three different point force distributions were chosen, which respectively
consist of 8, 16 and 22 point forces. The first two cases are equally spaced expect for the two
smaller “line load pieces™ at each end, while the third has all pieces equally spaced. The load cases
are illustraded in table 1.

Table 1. The three different point force cases. TE tending end, DE drive end.

# Loading case

Fl |F.| |Fs| [Fd [Fd IFs| [F| IF4

TE |v| Hr‘ HVJ ]v' lvl Hri |v[ lvl DE

I ﬁ 400 | 600 | g0 ' 600 ! 600 | 600 | 600 | 400 I>Z

F, Fie
q
1 TE AR AR AR AE 2K 2L 2K 2L A y i DE
] N 240 Ni4:280 240/ | IX
X X
F, F.,
q
I TE viviviviviviviviviviviviviviviviwiwivwiviviv DE
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4.2 Plotting the strains

The three point force cases are compared to continuous line load solutions of both models. The
bending strains are calculated in both top and bottom (opposite) surfaces of the inner wall with
both computational models. Also the tangential strains are calculated with the FE model. The
strain results of these calculations are presented in figures 4 - 9.

& Axial straine on lop inner surface, beam L Axial wtraina on boliom inned sorface, beam
i i i i i ' ~ Tinw lowd
...... 2
a5 =} \ I
20 0 Noee i
3 3
E-1 .
£ i
3 3 :
< < i
30 - 0 e
N
= \\ | I
e | i
i i =7 0 i i i
.‘2‘.5 2 15 a9 05 0 0s 1 15 2 25 48 2 1§ A 05 0 as 1 15 F 25
Axia! poariion on the roll {m| Axial position on 1hs roll [m]
Figure 4. Top strain, beam theory. Figure 7. Bottom strain, beam theory.
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. : i i g == I.inall-ud
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Figure 5. Top axial strain, FE model. Figure 8. Bottom axial strain, FE model.
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Figure 6. Top tangential strain, FE model. Figure 9. Bottom tangential strain, FE model.
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Replacing a continuous line load with a discrete load distribution has noticeable effect on the
behaviour of the roll structure. On a local scale deformations increase near the point forces. If we
take a closer look of the bending strain of the roll structure of the beam theory, in figures 4 and 7
one can in fact notice the differences between the continuous line load and the coarsest point force
distribution near the point forces. But in one point between each point force location, the bending
strain is the same for both loading cases. These points are exactly in the place where the
boundaries of the smaller pieces of line load are. Thus, if one would like to measure line load in
using this kind of point force distribution, these points between the point forces would be the best.

When looking at the strains computed with the FE model, especially the axial direction, it
shows that the two coarser load cases (8 and 16) tend to give a bit lower strains than the actual line
load case. The 22 case is almost identical to the actual line load, thus 22 point forces on a structure
like this seems to suitable for line load sensing.

The beam theory does not take into account the shell deformations and therefore it does not
distinguish the top and bottom loading cases. From the strain plots of the FE model in figures 5
and 6 it can clearly be seen that the shell deformation has an influence to the strains of the top
position. The local strains near the point forces are significantly large and, the coarser the
distribution, the bigger the effect of local strains is. On the top position the strain distribution from
the point force cases does not represent the strain distribution of the line loading well although it is
statically equivalent with it. This refers to Saint Venant’s principle, which states that in the
immediate vicinity of the points of application of the loads, the stress (strain) distribution can not
be assumed to be independent of the actual mode of application of the loading. Also, the
computation in the immediate vicinity of the points of loading is unreliable, even when FEM is
used [3].

Judging from Saint Venant’s principle and figures 5 and 6 we can make a conclusion that if we
are trying to measure line loading with discrete measuring system on this kind of a roll structure,
the measuring points have to be located a bit away from the loading points. As it shows in figures
8 and 9, measuring points located on bottom position are suitable for line load sensing as the local
strains of the discrete loading are almost non-existent.

4.3 Choosing the measuring points

According to the results of the beam theory, best correlation between the line load and the
point force distributions is attained at the boundary points of line load pieces. The results of the FE
model were more delicate to the amount of point forces representing the line loading. On the other
hand the strains measured in the bottom position were not strongly affected by the local
deformations. Thus, these boundary points on the bottom position are chosen to be the measuring
points for the analysis of the influence coefficient method. The only problem is, that there are not
enough of these boundary points (real measuring in the edge of the shell would be impossible)
because the method requires at least as many measuring points as there is loading points. This
means that one has to choose one other than a boundary point also.

From beam models three strain set ups is chosen each having the same amount of measuring
points as loading points. The measuring points contain respectively the boundary points and a
point at 200 mm from the shells DE. The same bending set ups as well as same tangential set ups
are chosen from the FE models. In addition, mixed set ups using the preceding measurement
points, which utilize both the axial and tangential strains are chosen for load cases II and III. This
means there is twice the number of strain as there is loading points. Thus equation (6) has to be
used.
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5. THE RESULTS

The three different line load cases were handled with the ten different influence coefficient
matrices for both computational models. The roll was objected with a typical even 15 kN/m line
load. Based on the strain computations in measurement points, the inverse solution was calculated.

The condition of the matrices was examined by determining a condition number respectively
for each matrix using a singular value decomposition analysis.

The results are assembled in tables 2 and 3. The “known forces” section indicates the actual
magnitude of the elements of the load vector, which should be in the inverse result also.

Table 2. The results from beam calculations.

Loading case |Known forces The force vector from the inverse solution Cond,
number
8 1;;:96 £=[73 70 110 70 110 70 110 44 330
BEAM | 16 I;j: 326 f=[54 12 72 12 72 ... 12 72 1§ 2900
22 F=3 f=[50 —05 65 —05 65 ... —05 65 10] 7700
Table 3. The results from FEM calculations.
L‘éi‘;;“g ax8 ax16 ax22 | tanglé | tang22 | mix16 | mix22
[ 1.9] —0.4] " 0.6
5.7 2.1 10.1
i -9.8 i i 7.0 ) ) _46
4.1 20.2 17.7 -1.1 17.7 6.2
52 0.3 0.8 6.1 0.8 0.4
-06 10.0 -33 0.3 -33 10.0
L 8.0 -174 18.6 7.2 18.6 -35
6.9 54 11.3 ~145 0.6 —145 1.3
The 7.6 25 1.7 15.1 1.7 15.1 9.1
force 9.7 3.3 11.8 -04 9.8 -04 22
vector 1 9.0 | 67 _| =19 | -7 _|-64 | -17 | 07
from the f= 8.1 f=1 ool| 7| —as|| T=| 73 f=l ol T=| 73| F=|-22
inverse 10.5 6.9 17.3 4.4 -6.3 4.4 13.6
T 72 5.6 0.0 -85 109 -85 0.0
FICM 70 6.8 -2.0 215 -05 21.5 -15
SFle I -10.4 -03 -18.1 24 —18.1 0.7
22.6 -4.0 252 6.5 25.2 13.0
-49 17.5 —14.7 0.1 -14.7 0.8
48 8.8 | 21.4) 6.5 | 21.4] -7.1
- -46 -1.9 13.8
-33 8.3 -1.1
7.2 [-2.1] | 33
Known F.=6 F.=3.6 _ F.=3.6 _ F.=3.6 _
forces | F=9 | F=a2 | F=3 | F=a2 | F=3 | F=42 | F73
Cond: 29000 22x102 | 3.9x10" 12300 5300 4.1x10" | 4.8x10"
number
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The results were somewhat disappointing. The matrix equation appeared to be extremely
sensitive. This means that a small change in some element of the strain vector causes big
deviations in the solving of the force distribution vector from the matrix equation (1). This can be
seen clearly from the high condition number of the matrices also. The phenomena happened even
though the actual inverse of the influence coefficient matrix was not computed. The solving of the
unknown vector was done by using Gaussian elimination which should be more efficient.
Sensitivity could also be an clementary problem of the whole method regardless of structure,
because deviations occur using beam theory also.

If we take a closer look on the beam theory, indications of efficiency can be noticed. Good and
in the matter of a fact precise inverse results can be reached when one uses the appropriate
measuring points, which were previously discussed in chapter 4.2 and 4.3. These ideal measuring
points are located in the boundaries of the discrete line load pieces. In order to get enough
measuring points, one of the edge points of the roll shell has to be chosen. These results are shown
in table 4. In reality, that would be an impossible measuring point.

Table 4. The results from beam calculations, ideal measurement points

Loading case |Known forces The force vector from the inverse solution Sond:
number

F.=6 T
8 5 f=[6 999999 ¢ 276
BEAM | 16 FFe:jf f=[36 42 42 42 42 ... 42 42 36 2700
22 F=3 f=33333..337 7700

Although the ideal measurement points according to the beam theory were chosen, the
condition number of the matrices remains bad. This means that if the measured structure would
behave exactly according to the beam theory, the inverse measurements would give exactly the
right answer. No beam structure, much less a hollow roll structure, behaves ideally and exactly
according to the beam theory. The inverse results would be affected from the slightest error or
non- ideality in the strain measurements because of the sensitivity of the matrix. This would also
be the case if these same ideal measurement points were to be used on the inverse calculations of
the FE model.

The cause of the sensitivity might be the fewness of the measuring points in comparison with
the loading points. More information of the strain behaviour and less elements to be solved could
improve the behaviour of the equation.

The equations could also be improved by conditioning the matrix equations some way. There
are quite a lot of different conditioning algorithms available.

Finally, the modelling of the continuous line load with discrete point forces might not be a
good way of constructing matrices. Modelling continuous function with a set of continuous
functions for determining the influence coefficients could be a better solution to the problem.

6. CONCLUSIONS

The influence coefficient method was analysed using two different computational models,
Bernoulli-Euler beam theory and a FE model, on a typical roll structure of a paper machine unit.
The method was used to calculate line loading on the roll surface utilizing the strain measurements
from the inner wall of the roll.

The continuous line loading was first divided into smaller discrete pieces of line loads which
were each represented by a point force for the determination of the influence coefficients.
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The strain points used in the inverse solution were chosen according to the compatibility of the
three different discretization of the line load. Strain distribution computed from the bottom inner
wall opposite to loading proved to be less affected by the local deformations and that way best
suited to be used in the inverse solution.

The inverse solution were calculated with 3 different set up of beam theory and 7 different set
ups of the FE model. The roll was subjected to a typical even line loading and the strain results
were used to compute the inverse solutions. Unfortunately none of the set ups were found to be
good to solve the line loading. It was shown that the influence matrices were very sensitive to
errors in the input (strain vector), which led to bad results. If the strain points were chosen ideally,
the equations from the beam theory gave exact results. Still the condition of the matrices was bad
and thus sensitivity high.

To overcome the difficulties one would have to condition the influence coefficient matrix, have
more information from the behaviour of the structure or use different way of forming the influence
coefficient matrices for example using continuous functions.
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ABSTRACT

Some problems in ice mechanics can be approached by modelling the ice as a discon-
tinuous media. Examples of such problems are ridge keel loads and ice pile-up against
structures. Earlier modelling of discontinuous problems in ice mechanics has applied the
discrete element method (DEM). However, a more recent approach on modelling a discon-
tinuum is the combined finite-discrete element method (FEM-DEM).

In the research reported in this paper, a 3D combined FEM-DEM application was imple-
mented. The usability of the application in ice mechanics and the differences between DEM
and FEM-DEM are discussed. Small example cases demonstrating the use of FEM-DEM
in ice mechanics are given.

1 INTRODUCTION

Marine structures in northern seas are affected by different ice features which can cause
high loads on the structures. Some of the ice features have discontinuous nature. Examples
of this kind of features include ice ridges and also rubble piles formed against marine
structures. Earlier studies in ice mechanics using discontinuum mechanics include studies
of ice ridging, simulations on ridge keel punch-through tests and studies on ice pile-up
against inclined structures [1]-[5].

In the research reported in this paper, a 3D finite-discrete element method application
was implemented. The application includes features needed in research on ice mechanics.
These features include buoyancy, friction and fluid drag of arbitrary shaped polyhedral rigid
bodies. The basis of these features are presented first and then small example cases are
given.

2 COMBINED FINITE-DISCRETE ELEMENT METHOD

Discrete element method (DEM) and combined finite-discrete element method (FEM-
DEM) are techniques for modelling granular media. In both methods, the interaction
between particles in the discontinuous system occurs through pairwise collisions from which
the forces acting on the particles are derived according to the chosen interaction laws.

DEM models are divided in two groups according to the way which contact forces are
derived [6]. In soft contact approach the particles are allowed to interpenetrate and contact
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forces are derived by using chosen contact stiffness and damping etc. to model deformation
on the surface of the contacting particles (e.g. [3],{7],[8]). The physical assumption in
hard contact approach is that that no point is space is occupied by bodies of two separate
particles simultaneously and the contact forces are determined to enforce the condition of
no interpenetration of the particles. In the current FEM-DEM application the hard contact
approach is approximated as presented in the following section.

The main phases during one time step of a FEM-DEM simulation are (a) neighbor
search, (b) contact resolution analysis and (¢) updating particle positions for the next time
step. On phase (a), the particles in the vicinity of each other and possibly interacting
through contacts on a given time step, are found without referring to their exact geometry.
This is done to avoid computationally intensive phase (b) on every pair of particles within
the system. On phase (b) the contact geometries are solved and the contact forces are
determined. The particles are then moved into their new positions on phase (c) according
to the forces acting on them using Newton’s laws and finite difference methods.

In FEM-DEM the discrete element geometries are discretized into finite elements. The
contact resolution analysis and calculation of external forces acting on discrete elements
is done finite element by finite element. The total force acting on a discrete element is
achieved by superposing the forces acting on its finite elements. In the current application
discrete elements were discretized into tetrahedron shaped finite elements.

2.1 Contact forces

In the current FEM-DEM application rigid particles are used and the contact forces
are derived by using an approximation of the hard contact approach through using penalty
function and a potential contact force method [9].

In the potential contact force method the contact forces are derived from a scalar po-
tential . ¢ = @(P) is a continuous positive scalar potential with continuous first partial
derivatives with respect to spatial coordinates in every point P within element volume 2
and should vanish on element boundaries I, i.e

©(P) >0, Pe A ©(P) =0, PeTl. (1)

Suitable functions for ¢ can be achieved from volume coordinates when bodies of discrete
elements are meshed into tetrahedron shaped finite elements.

The contact force applied to an infinitesimal volume element df2, penetrating into ¢ is
determined from the gradient of ¢ (Fig. 1):

UelP) _ _gu(p). @)

ds2,

As the force acting on df2, is conservative and ¢ vanishes on IT', the total work done on df2,
penetrating through Q is independent of path and vanishes.

The total contact force f, is determined by computing volume integral over the overlap
volume Q, of two elements which is reduced into computationally more efficient form by
generalized Gauss’s theorem (Fig. 2)

f,=— /Q V(P) dQ = — /F ¢(P)n dT, (3)

where n is the unit outer normal of I',.
The distributed load due to ¢ given by Equation 3 on the surface of the finite element
is then reduced into equivalent force system acting on the nodes belonging to the surfaces
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Figure 1: An infinitesimal volume element df2, at point P penetrating into a finite element
with volume ().

of the finite element. The total contact force acting on the discrete element is achieved by
superposition of nodal loads acting on its nodes.

In the penalty function method the potential ¢ in Equations 2 and 3 is replaced by
¢’ = sp, where s is a positive penalty term. It should be noted that s is not a material
parameter, but enforces the boundary condition, hence it affects the maximum allowed
penetration within the system of particles.

2.2 Buoyancy and fluid drag

If the discrete elements representing ice blocks are submerged in water they become
acted on by buoyant force f,. The buoyant force is determined using hydrostatic pressure
p = p(h) in depth A from the surface. The total buoyant force for a partly submerged
element is determined from the surface integral (Fig. 3)

= / p(h)n dT' = —pug [ An dr, @
' r,

where I's is the submerged part of the surface I' of the discrete element, p,, is the mass
density of water and g is the gravitational acceleration.

As discrete element geometries in the current application were discretized into tetrahe-
drons, I' is a union of triangular areas and the previous integral has an analytical solution.
For a partly submerged triangular surface element, the solution for f}, is achieved by first
finding the intersection of water surface and the element. This may lead to quadrilateral
surface element-water intersection areas, which are then divided into triangular areas for a
solution to Equation 4.

To add global dissipation into the system, fluid drag was approximated by the following

L
Qo

Figure 2: The overlap volume 2, of two overlapping elements.
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v/\
h
n

T

Figure 3: The submerged surface I's of a discrete element and surface normal n at depth
h. Gray area represents water.

surface integral over I':

1

and f; = 0 else. In the previous equation p,, is the mass density of the water, Cy is the
drag coefficient and w,, is the velocity into the normal direction of I',.
2.3 Friction

A simple model of the frictional forces during sliding was used. This was done using
Coulomb’s law and relative velocities of contacting particles {10]. According to Coulomb’s
law the frictional force f, has a magnitude proportional to the normal force f,, with pro-
portionality of friction coeflicient p

£l = plfnl. (6)

In the previous equation, the normal force is achieved from the contact resolution analysis,
ie. f, =f. (Eq. 3).
When bodies are in contact and sliding, the force exerted on them has a direction parallel

with the sliding velocity ug
f.xus =0 (7)

but with opposite sense of direction
f, us <0. (8)

Sliding velocity ug is determined at the point of contact x. from the known velocities u;
and u; and angular velocities w; and w; of contacting discrete elements i and j

us = w; + [wi X (Xe — X)) — Uy — [w; X (%X —%x5)]. (9)
The point of contact, x., is determined in calculation of equivalent nodal loads due to
collision.
3 EXAMPLE

A small example case representing features of the current application was set up as fol-
lows. Three dimensional ice blocks of the shape of rectangular parallelepiped were realeased
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one by one from the water depth of ¥y = —0.3 m. The origin of the coordinate system was
fixed onto the plane of the water surface with positive y-axis pointing upwards making the
x- and z-axes lie on the plane of the surface. The z- and z-coordinates of the blocks at the
time of release were generated with a random number generator and were allowed to vary
within £ = —0.15...0.15 m and z = —0.15...0.15 m.

The simulation was run two times. On the first run a friction coefficient ;1 = 0.3 was used
and on the second run contacts were frictionless. The location of the release of particles
was the same for both runs. The parameters used in the simulations are summarized in
Table 1.

The snapshots of the simulation run with ¢ = 0.3 are represented in Figures 4a-f. The
snapshots were taken at intervals of 10 s of the simulation time ¢ starting from t = 10 s
(Fig. 4a). The change in the configuration of the system is faster during the earlier stages
of the simulation due to new particles surfacing and forcing the particles on top of them
to displace (Figs. 4b-d). The last particle was released at t = 36.26 s and as most of the
particles have surfaced, the configuration of the system becomes more stable (Figs. 4e and
4f). At t = 60 s, most of the particles are floating free and only a few of them are forced to
remain below surface due to particles above them (Fig. 4f).

In Figures 5a-c, series of underwater snapshots of the simulations are presented at times
t=20s,t=25sandt=30s. In the simulation with g = 0.3 (left column of Figures 5a-c),
friction causes the particles to form a small pile of ice underwater. In the case with no
friction, this type of behaviour of the system was not detected.

The energetics of the two simulations are presented in Figures 6 and 7. As in both the
simulations the particles were released from a known depth, the total potential energy E,
of the system could be calculated beforehand. From the figures it becomes obvious that
the work Wy of water drag accounts for the major part of the energy dissipation in both
simulated systems. The total kinetic energy Ej was a small fraction (~ 0.3 %) of the total
energy of the system in both simulations due to high dissipation through Wy, and thus E
is not presented in the figures. From Figure 6 it is noticed that the dissipation W, due to
friction has the highest rate before t = 40 s of simulation time. This is due to the high
amount of particles in sliding contact. The rate of W, drops close to zero as the particles
have surfaced and only a few sliding contacts occur. The stability of the simulation was
monitored through the energy balance. The variation of the total energy was less than 1.48
% in the case with 1 = 0.3 and less than 1.03 % in the frictionless case.

Table 1: Parameters used in the simulations.

Parameter Value

General number of particles 100
number of volume elements 600
number of surface elements 1200

penalty term, s 1.0- 108
time step 2.5-107%
Ice blocks length [m] 0.1
width [m] 0.1
height, [m] 0.025
mass density [kgm~3], p; 920
friction coeflient, u 0, 0.3
drag coeflicient, Cy 1.025

Water mass density kgm™3], py, 1010
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(a) (b)

(e) ()

Figure 4: Snapshots of a simulation with p = 0.3 taken at intervals of 10 s of the simulation
time t. The first snapshot (a) is taken at ¢t = 10 s and the final (f) at ¢ = 60 s. The origin
of the coordinates is on the plane of the water surface with y-axis pointing upwards and z-
and z-axes lying on the plane of the surface.
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(b)

(c)

Figure 5: Underwater snapshots of the simulations with friction coefficients g = 0.3 (left
column) and g = 0 (right column) at (a) t = 20 s, (b) t = 25 s and (¢) t = 30 s. In the
simulation with p = 0.3, ice blocks form a small pile below the blocks on the surface.
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Figure 6: The energetics of the system of the ice blocks with friction coefficient p = 0.3.
Kinetic energy E), of the system was less than 0.02 J and thus is not presented in the graph.
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Figure 7: The energetics of the system of frictionless ice blocks. Kinetic energy Ey of the
system was less than 0.02 J and thus is not presented in the graph.
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In Figure 8, Ej-records of simulations with 4 = 0.3 and g = 0 are presented. At
approximately 4 < t < 40 s the Eg-records for both simulations show high frequency
oscillations due to multiple contacts in the simulation.

The Ej-record for the simulation with 4 = 0.3 shows multiple separate transients as
t > 40 whereas in the case with y = 0.0 E}, vanishes due to Wy after ¢ ~ 50 s. The reason
for these transients becomes obvious from Figures 9a and 9b where snapshots at £ = 50 s
from simulations with different values of u are presented. From Figure 9b it is seen that all
the particles in the frictionless case have surfaced at t = 50 s whereas from Figure 9a some
are noticed to be forced to remain beneath surface by other particles. The transients are
due to surfacing of these particles.

W M s
60 80 1

00 120

t [s]

Figure 8: The kinetic energy Ej, of the two simulations with different u.

Figure 9: Snapshots taken from simulations with 4 = 0.3 (a) and p = 0 (b) at simulation
time ¢ = 50.
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4 CONCLUSIONS

3D combined FEM-DEM simulation was implemented with features needed in the re-
search on ice mechanics. Small example simulations were run to demonstrate the features
and the usability of the method.

In the two simulations presented the value of friction coefficient was varied. The first
run had frictional contacts whereas in the other run the contacts were frictionless. The
behaviour of the simulated system of ice blocks was altered as expected due to friction.
The total energy of the system was measured during the simulation and the error in it was
noticed to be small.

The simulations represented were run with discrete elements of the shape of rectan-
gular parallelepipeds. It is noted here, that the implementation of the application allows
arbitratry shaped polyhedral discrete elements.
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ABSTRACT

Most materials exhibit rate-dependent inelastic behaviour. Increasing strain-rate usually
increases the yield stress thus enlarging the elastic range. However, the ductility is gradually
lost, and for some materials there exist a rather sharp transition strain-rate after which the
material behaviour is completely brittle.

In this paper, a simple phenomenological approach to model ductile-to-brittle transition
of rate-dependent solids is presented. The model is based on a consistent thermodynamic
formulation using proper expressions for the Helmholtz free energy and the dissipation
potential, which is additively split into damage and visco-plastic parts, and the transition
behaviour is obtained through a stress dependent damage potential. In addition, the basic
features of the model are discussed and a numerical example is presented.

1 INTRODUCTION

A large number of engineering materials, such as metals, polymers, concrete, soils and
rock, can show reduction in the load carrying capacity accompanied by increasing localised
deformations after the ultimate load is reached. If this phenomenon is considered as material
property, it will lead to a negative slope of the stress-strain diagram, which is known as
strain softening. In this study, a phenomenological model, which is capable to describe
the strain-rate dependent ductile-to-brittle transition, is presented. The ductile behavior is
considered as a viscoplastic feature, whereas the strain softening phenomenon, after reaching
the transition strain-rate, is dealt with a continuum damage model.

A demerit pertaining to strain-softening models for classical continua is that they result
in problems which are not well-posed in general. The field equations of motion lose hyper-
bolicity and become elliptic as soon as strain softening occurs. The domain is split into
an elliptic part, in which the waves are not able to propagate, and into a hyperbolic part
with propagating waves. In static and quasi-static problems, localisation of deformation is
usually understood as a synonym to the loss of ellipticity of the underlying rate-boundary
value problem. When such problems are solved numerically, the solution of the localisa-
tion zone of zero thickness can result in mesh sensitivity. A simple remedy is to include
viscous effects in the plastic model as proposed in [1]. Other improvements, e.g. [2, 3, 4],
are also possible. However, they usually involve additional field unknowns which make nu-
merical computations much more time-consuming. Also, the physical interpretation of the
additional boundary conditions can be ambiguous.
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2 THERMODYNAMIC FORMULATION

The constitutive model is derived using a thermodynamic formulation, in which the
material behaviour is described completely through the Helmholz free energy and the dissi-
pation potential in terms of the variables of state and dissipation and considering that the
Clausius-Duhem inequality is satisfied [5].

The Helmholtz free energy

P = ¢(€ea w) (1)

is assumed to be a function of the elastic strains, €., and the so-called continuity or integrity,
w. The elastic strains together with the inelastic strains, €;, constitute the total strains as

€ = €¢ + €. (2)
The continuity in turn is a function of the scalar damage parameter, D, as
w=1-D. (3)

It is used instead of the damage parameter to simplify the notation.
As usual in the solid mechanics, the dissipation potential

v =¢(0,Y) (4)

is expressed in terms of the thermodynamic forces ¢ and Y dual to the fluxes ¢ and w,
respectively. The dissipation potential is associated with the power of dissipation, 7, such

that 5 9
o @
=_—: Y.
=% "ty (5)
Convexity is not a prerequisite for the dissipation potential but the condition that the
product (8¢/80) : o + (/Y)Y is non-negative.
The Clausius-Duhem inequality, in the absence of thermal effects, is formulated as

v20, y=—ppt+o:é (6)

where p is the material density. Using definitions (2) and (5) and defining that 0¢/0w =Y,
inequality (6) can be reformulated as

(a—pg—i):ée+(éi——g—j):a+(—w—g—;€)1’:0. (7

Then, if eq. (7) holds for any evolution of ¢, o and Y, inequality (6) is satisfied and the
following relevant constitutive relations are obtained:

ol . _Op ._ _Op (8)

7Tl T YT Tav

3 PARTICULAR MODEL

A particular expression for the free energy, describing the elastic material behaviour
with the reduction effect due to damage, is given by

oY = %wee :Ce i €e 9)

where C, is the elasticity tensor.
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To model the ductile-to-brittle transition due to increasing strain-rate, the dissipation
potential is decomposed into the brittle damaging part, ¢4, and the ductile viscoplastic
part, @yp, as

‘p(oa Y) = Pd (Y)‘Ptr(o') + ‘pvp(o)a (10)
where the transition function, ¢y, deals with the change in the mode of deformation when
the strain-rate ¢ increases. Applying an overstress type of viscoplasticity [6, 7, 8] and the
principle of strain equivalence [9, 10], the following choices are made to characterize the

inelastic material behaviour:
1 Y. 1% r+1
Paq = ( e ) [} ( 1 1 )

_?‘+1§~'— Yr
1 [ 1 ol T
_1 12
o= [ (o) | 12
1 o (5 \"™
o B O 13
o= (=) (13)

where parameters 74, 7 and n are associated with the damage evolution, and parameters
Tvp and p with the visco-plastic flow. In addition, 1 denotes the inelastic transition strain-
rate. The relaxation times 74 and 7y, have the dimension of time and the exponents
r,p > 0 and n > 1 are dimensionless. & is a scalar function of stress, e.g. the effective
stress geg = +/3J2, where Jy is the second invariant of the deviatoric stress. The reference
values Y; and o, can be chosen arbitrarily, and they are used to make the expressions
dimensionally reasonable. Since only isotropic elasticity is considered, the reference value
Y; has been chosen as Y; = 02/E, where E is the Young’s modulus.

Making use of egs. (2) and (8), choices (9)-(13) yield the following constitutive equations:

o=wCe:(e—¢), (14)
— np—1 _ P -
- Yd o 1 o ?_U_
oo I:(T"Pn)"war (“Jar) + TvpW (war) ] oo’ 19)
o Ptr Z "
w= p— (Yr) . (16)
Moreover,
_ 001 O le—e) e L oot
_paw_2(6_61)-Ce-(€—€1)—2w20’.ce .. (17)

This particular model has the following general properties:
¢ Elastic stiffness is reduced monotonously due to damage (eq. (14));
e The model does not include any specific yield stress;

o In the absence of damage evolution, the inelastic model (15) behaves under a constant
uniaxial strain-rate loading as

o — (Tvpé(])l/pa'r when t — oo,
where €g is a prescribed strain-rate;

o In the evolution of damage based on eq. (16), the constraint for the continuity w that
w € [0,1] is satisfied automatically, since w(z,0) =1, w <0 and w — 0 as w — 0;
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Figure 1: Uniaxial constant strain-rate loading for elastic material with damage.

e The transition function ¢y, in eq. (16) deals with the change in the mode of defor-
mation through the damage evolution such that

0 >0 and @ ~0 when || <n and g > 1 when ||&] > n;

e Inequality (6) is satisfied a priori for any admissible isothermal process. Moreover, the
dissipation potential (10) is a non-convex function with respect to the thermodynamic
forces o and Y.

The sensitivity of the material parameters on the damage evolution is studied next for
constant strain-rate loading (¢ = ét). First, the behaviour of the pure damage model, i.e.
when ¢ = 0 and ¢y = 1, is shown in fig. 1 for varying relaxation time 74 and exponent r.
In this case the solution can be obtained in the closed form

i= B l T 9 er. i 2r+1 i ’ (18)
or 2) 2r+1mgép \& €r

where the reference strain is defined as ¢, = o,/ E.

For the full model the strain rate ég is varied on both sides of the transition strain-rate
7. Both exponents p and 7 have the value of 4 and the visco-plastic relaxation time 7y, is
set to n~! in all cases shown in fig. 2.

Figure 2a shows the stress-strain behaviour for varying damage relaxation times 74, as
1an = 1073, 1073 and 1072, and strain rates €y, as éo/n = 0.1, 1 and 10, considering that
n = 4. For the lowest strain rate ¢ = n/10 all the curves coincide. At the loading rate equal
to the transition strain rate, the results for 74 = 10721~ and 10~3n~! are indistinguishable.
As it can be expected, the difference is largest for the fastest loading rates and the deepest
strain softening is obtained for the smallest relaxation time 74 = 10™°n~1.

The effect of the transition function exponent n is studied in fig. 2b for the fastest
loading rate ¢ = 107 and considering that 74 = 1073p~!. The model seems to be relatively
insensitive to the value of the exponent in the power law type of transition function.

The evolution of damage and its thermodynamic conjugate force for the fastest loading
rate and varying damage relaxation times are shown in figs. 2c and 2d, respectively. As it
can be seen from fig. 2c, largest damage occurs for the smallest values of 74.

In figs. 2¢ and 2f the inelastic strain and strain-rate are shown for 7qp = 1073 and
different loading rates. Observe that é; > ép for the fastest loading in the softening region.
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Figure 2: Uniaxial constant strain-rate loading. The line types in (a) equal to those in (c)
and (d).
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4 ALGORITHMIC TREATMENT

For rate-dependent solids implicit time integrators are preferable. In this study, the
backward Euler scheme is used to integrate the constitutive model at the integration point
level. Although the backward Euler scheme is asymptotically only first order accurate, it
has good accuracy properties for large, practically relevant time-steps [11].

The constitutive model (14)-(16) is rewritten using matrix notation in the form

& =fo(0,w), (19)
W = fulo,w) (20)
such that
fg(a,w) = wCe(€ — &)+ fwia, (21)
__pu (Y
fw(O',OJ) - Tqw (Yvr) ’ (22)
where
— np—1 _ P _
g= | ()" L (2) )% (23)
(Tan)nwar WOor TvpW \ WOy oo
— 1 .01,
Y= 5527 C, :o. (24)

Applying the backward Euler scheme and the Newton’s linearisation method to the
evolution equations (19) and (20) results in the linear system of equations'

H h bo f, Ao
e el s e B - {al ) @)

where
of
Hy=I- At (26)
of,
hiz = ~At—2, (27)
af.
b3, = —At= (28)
of.
Hap = 1— A2, (29)

The algorithmic tangent matrix, i.e. the Jacobian of the algorithmic stress-strain relation
has the simple form

C = v, C., (30)

where _
Hy; = Hy; — hioHy'hy,. (31)

As it can be seen, the Jacobian matrix is in general nonsymmetric due to the damage. The
algorithmic tangent matrix is a necessity for the Newton’s method to obtain asymptotically
quadratic convergence of the global equilibrium iterations.

1The symbols A and 4 refer to incremental and iterative values, ol = of +b0h, Act, =0, —op-1,

where the sub- and superscripts refer to step- and iteration numbers, respectively.
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Figure 3: Instability in the implicit backward Euler scheme.

Although the backward Euler scheme is simple and gives accurate results in visco-plastic
computations for large time-steps, in the case of damage the scheme can generate oscillations
which destroy the convergence of the local Newton’s process. This can be seen clearly, when
only elastic-damaging material is considered. Applying the backward Euler scheme to a
uniaxial case with pure damage evolution

b= folw) = —— <§) (32)

yields the iteration process

Atfw (w%) - Aw%
1— At fow(ws)’
where the denominator is similar to the element Hgp in eq. (25). When the denominator

is negative, oscillations occur, so that the size of time-step At needs to be restricted. The
derivative f, , is

(33)

i+l _ i
wy = w, +

Ofu 1 Y\"
w.Ww = —-— = b 9 34
f 9 aw wa2 <}/r> ( )
and the requirement, 1 — Atf, ., > 0, results in the following restriction on the time-step:
At 2r
= con? (6—) . (35)
Td €

The oscillations are illustrated in fig. 3, in which the analytical stress-strain curve together
with the numerical solution using the implicit backward Euler scheme are shown on the
left, and the iteration histories of stress and damage for the fifth step (¢/e; € (0.8,1.0)) on
the right. The following parameters have been used: r =4, 7 = 1072 s, ég = 1073 s~! and
Y; = 0.01 (F = 40 GPa, o, = 20 MPa). Moreover, At = 0.1 s. At the fifth step, the term
Hy, becomes negative and the domain of attraction of the Newton process is reached not
until after eight iterations.

5 NUMERICAL EXAMPLE

A compressed specimen ((z,y,2) € @ = (0,L) x (0,B) x (0,H), L = 200 mm, B
= 100 mm, H = 1 mm) is analysed under plane strain condition, as shown in fig. 4.
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Figure 4: Problem description.

A strain localisation into a shear band is expected to take place due to damage induced
strain-softening. The horizontal displacement at the left-hand side edge is prescribed at
constant rate Uprescibed and constrained to remain straight. A von-Mises type viscoplastic
solid is used, i.e. & = geg. The constitutive parameters have the following values: Young's
modulus E = 40 GPa, Poisson’s ratio v = 0.3, reference stress o, = 20 MPa, the viscoplastic
relaxation time 7, = 1000 s, the transition strain rate n = 1073 s~1. All the exponents p,
r and n have the value of 4.

Eight-node-trilinear elements with mean dilatation formulation [12] were used in the
computations, which were carried out for two different meshes, a coarse mesh of 12x6
elements and a finer mesh of 48x24 elements. To trigger the unstable localisation, an
imperfection via a patch of elements was introduced by reducing the reference stress by
5 %.

Figure 5 shows the load-displacement curves calculated for three different loading rates
(on the upper left) and four different damage relaxation times (on the upper right) using
the coarse mesh, and for both meshes considering that 7q4n = 1073 and éy/n = 10 (at the
bottom). The average strain rate is defined as éy = Uprescribed/ L. In comparison to the
results of pure material behaviour (fig. 2a), the softening behaviour of the structure is much
more rapid due to the localisation band.

As explained in the preceding section, a large number of time-step reductions, due
to diminished convergence of local iterations, had to be done during the computations,
especially in the computations for the highest loading rate.

Damage distribution is shown in fig. 6. It can be observed that damage bands are
approximately at +45° angles as in the classical strain-softening von-Mises type elastoplas-
ticity.

6 CONCLUDING REMARKS

A phenomenological constitutive model for modelling the ductile-to-brittle transition
due to increased strain-rate is presented. In the present model, the dissipation potential is
additively split into damage and visco-plastic parts and the transition behaviour is obtained
using a stress dependent damage potential. In this preliminary study, only isotropic damage
and von-Mises type viscoplastic flow are considered. However, the chosen approach allows
easily an extension to more advanced damage models. Further investigations will be focused
on the study of material length scale.

The numerical implementation is also discussed. Due to the unstable nature of damage,
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Figure 6: Damage D distribution for ¢ = 10n and 7an = 10~3 at the end of the computation
(F =0.618BHo;). A mesh of 48x24 elements. Displacements magnified by 50 times.

the conventional backward Euler method does not perform well. Oscillations in the damage
variable can result in convergence problems in the local Newton iteration at the integration
point level. Therefore, further studies will be directed to develop a robust integration
scheme for damage evolution.

ACKNOWLEDGMENTS

This research has been supported in part by Tekes - the National Technology Agency
of Finland (project KOMAS]I, decision number 40288/05) and in part by the Academy of
Finland, (decision number 210622).

REFERENCES

[1] A. Needleman. Material rate dependence and mesh sensitivity in localization problems,
Comp. Meth. Appl. Mech. Engng., 67, 69-85 (1988).

[2] A.C. Eringen. Microcontinuum Field Theories, I. Foundations and Solids, Springer,
New-York, 1999.

[3] L.J. Sluys. Wawe propagation, localisation and dispersion in softening solids, PhD
thesis, Department of Civil Engineering, Delft University of Technology, 1992.

[4] W. Wang. Stationary and propagative instabilities in metals — a computational point
of view, PhD thesis, Department of Civil Engineering, Delft University of Technology,
1997.

[5] M. Frémond. Non-Smooth Thermomechanics, Springer, Berlin, 2002.

[6] P. Perzyna. Fundamental problems in viscoplasticity, Advances in Applied Mechanics,
9, 243-377 (1966).



662

[7] G. Duvaut and L.J. Lions. Inequalities in Mechanics and Physics, Springer, Berlin,
1972.

[8] M. Ristinmaa and N.S. Ottosen. Consequences of dynamic yield surface in viscoplas-
ticity, Int. J. Solids Structures, 37, 4601-4622 (2000).

[9] J. Lemaitre, J.-L. Chaboche. Mechanics of Solid Materials, Cambridge University
Press, 1990.

[10] J. Lemaitre. A Course on Damage Mechanics, Springer-Verlag, Berlin, 1992.

[11] R. Kouhia, P. Marjamiki, J. Kivilahti. On the implicit integration of rate-dependent
inelastic constitutive models, Int. J. Numer. Meth. Engng., 62, 1832-1856 (2005).

[12] T.J.R. Hughes. The Finite Element Method - Linear Static and Dynamic Finite Ele-
ment Analysis, Prentice-Hall, 1987.



663

MUISTIMETALLI-IMPLANTTIEN MALLINTAMINEN
LAAKETIETEELLISISSA SOVELLUKSISSA

A. VUOTIKKA ", S.-G. SJOLIND 2, T. JAMSA °

? Konetekniikan Osasto
b Lszketieteen tekniikan laitos
FIN-90014 Oulun Yliopisto
" e-mail: Antti-Jussi. Vuotikka@oulu.fi

TIHVISTELMA

NiTi-metalliscoksissa ilmenee ominaisuuksia, joita kutsutaan superelastisuudeksi ja muisti-
ilmidksi. Ne perustuvat materiaalin raetasolla tapahtuvaan termoelastiseen martensiitti-austeniitti
-faasimuutokseen. Seoksen yksi tirkeimmisti ominaisuuksista on bioyhteensopivuus, joka
mahdollistaa l4éketieteellisen kdyton.

Laskennallisen tyokalun tarpeen kasvaessa materiaalin kéyttdytymisen mallintamista varten on
kehitetty erilaisia malleja. Laskennallisen mallin kehittdmisen eri osa-alueista on tehty
kirjallisuustutkimusta. Laboratoriossa on aiemmin tehty kokeita NiTi-langoille ja implanteille.
Elementtimenetelmiohjelmistoilla  on pyritty kuvaamaan testien tuloksia plastisuus- ja
superelastisuusmallien avulla,

1. JOHDANTO

Erdilld metalliseoksilla ilmenee mielenkiintoisia ominaisuuksia, joita kutsutaan super-
clastisuudeksi ja muisti-ilmidksi. Kaupallisesti eniten hyodynnetyt muistimetalliseokset
pohjautuvat nikkeli-titaani- ja kupari-sinkkiseoksiin. Muistimetallisecosten ominaisuudet perustuvat
materiaalin raetasolla tapahtuvaan termoelastiseen martensiitti-austeniitti -faasimuutokseen.
Luvussa 2 on selitetty syvillisemmin fysikaaliset perusteet superelastisuudelle sekd muisti-ilmiclle
lahteiden [1, 3, 5] mukaan.

Laskennallisen ty6kalun tarve kasvaa muistimetalleista valmistettavien rakenteiden kehittyessa
yhi monimutkaisemmiksi. Vaativin osuus tillaisen tySkalun valmistamisessa on materiaalin
konstitutiivisen mallin muodostaminen. Materiaalimallien implementointi elementtimenetelmi-
ohjelmistoihin on toinen tidrked kohta mallien hyddynnettivyyttd ajatellen. Muistimetalli-
materiaalin kdyttdytymisen mallintamisesta on tehty ldhteiden [1,2, 4, 5] pohjalta kirjallisuus-
tutkimusta, jossa esitetdin elementtimenetelmin keinot superelastisuuden ja muistimetalliefektin
mallintamiseksi.

Lidketieteellisessd  kidytdssd, kun materiaalia kéytetdin kehon sisdlld implanttina, yksi
tirkeimmistd ominaisuuksista on bioyhteensopivuus [S]. Muita vaatimuksia ovat hyvit visymis-
ominaisuudet, kyky tuottaa tasaista voimaa ja luonnonmateriaaleja lihelld olevat mekaaniset
ominaisuudet. NiTi-seos pystyy tdyttimiddn ndmi vaatimukset hyvin ja siten sitd kéytetddn
ldsketieteessd  implanttimateriaalina. NiTi-seoksen faasimuutosten vaikutusta bioyhteen-
sopivuuteen on myds tutkittu [6].

Laboratoriossa on aiemmin tehty veto- ja taivutuskokeita NiTi-materiaalista valmistetuille
langoille sekd avautumiskokeita ldfketicteessd kdytetylle implantille [7, 8]. Kyseisen materiaalin
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ominaisuuksia on testattu eri limpétiloissa, joissa metalliscos muuttuu martensiittisesta faasista
austeniittiseksi.

Elementtimenetelmdohjelmistolla on edellisissd tutkimuksissa [7, 8] mallinnettu materiaalin
superelastisuutta  plastisuusteorian  avulla  kiyttden bilineaarista materiaalimallia, 2D-
palkkielementtii ja suurten siirtymien teoriaa. Kaupalliseen elementtimenetelmiohjelmaan on
tullut ensimméiinen materiaalin superelastisuutta kuvaava malli [9]. Tdss4 tutkimuksessa testataan
timin mallin mahdollisuuksia kuvata tehtyjd materiaalitesteji ja verrataan tuloksia plastisuus-
teorialla saatuihin tuloksiin.

Seuraavina tavoitteina on mallintaa muistimetallista valmistetun implantin vaikutusta luun
kasvuvirheiden korjaamiseen. Laboratoriossamme on jo mallinnettu plastisuusmallien avulla ydin-
naulan aiheuttamaa taivutusta luuhun [10]. Tavoitteena on testata valmiin superelastisuusmallin
soveltuvuutta kyseiseen ongelmaan sek# mallintaa luun murtumien korjaamiseen kdytettivid
muistimetalli-implanttia.

2. MUISTI-ILMION JA SUPERELASTISUUDEN FYSIKAALINEN PERUSTE

Jannityksen ja ldmpdétilan muutokset aiheuttavat metalliseoksissa martensiitti-austeniitti -faasi-
muutoksia. Faasimuutokset jaetaan yleensd kahteen ryhméén: termoelastisiin ja ei-termoelastisiin
muutoksiin. Jialkimméinen muutos esiintyy useimmissa materiaaleissa, eikd se ole kidetasolla
palautuva, kun taas termoelastinen faasimuutos on palautuva. Muistimetalliseoksien tirkeimpien
ominaisuuksien toiminta perustuu tdhdn termoelastisesti palautuvaan faasimuutokseen. Muisti-
metallimateriaalin muista metallimateriaaleista erottavat perusominaisuudet ovat superelastisuus ja
muisti-ilmid, jotka on esitetty kaavamaisesti kuvassa 1. Jousen liikkeelld on havainnollistettu
voima-siirtymé-lampétilakuvaajia.

T>A T»Ar T>As T<M

Kuva 1: Vasemmanpuoleisessa kuvassa on esitetty jousen superelastinen kiyttdytyminen, ja
oikeanpuoleisessa kuvassa on esitetty jousen yksisuuntainen muisti-ilmio.

D

Muistimetalliscos on metalliseos, jossa esiintyy martensiitti-austeniitti -faasimuutos termo-
mekaanisten kuormien vaikutuksesta. Tilamuutos jakautuu jdnnitystilan aiheuttamaan muutokseen,
johon perustuu superelastisuus, ja limpétilan aiheuttamaan muutokseen, joka on muisti-ilmién
perustana. Korkeammissa ldmpdtiloissa muistimetalliseoksessa esiintyy austeniittinen kantafaasi,
jolla on korkea symmetria. Laskettaessa materiaalin ldmpétilaa tai kohdistettaessa siihen
mekaaninen kuormitus austeniittifaasi alkaa muuttua eri martensiittifaaseiksi, joilla on alhaisempi
symmetria kuin kantafaasilla. Martensiitti-austeniitti -faasimuutos on diffuusioton leikkauksen
dominoiva faasimuutos, joka ilmenee martensiittifaasin ydintymisend ja kasvuna austentiittisessa
kantafaasissa. Tyypillinen tilavuuselementti (RVE) muistimetalliseoksen mikrorakenteesta on
esitettu kuvassa 2.

Muisti-ilmitssd ldhdetddn liikkeelle korkean symmetrian, kuutiohilaisesta austeniitista.
Muistimetalliseoksen kiydessd l4pi martensiittisen tilamuutoksen se muuttuu alhaisen symmetrian
martensiittifaasiin, kuten NiTi-muistimetalleilla monokliinisiksi martensiittifaasien varianteiksi.
Kuormituksen puuttuessa martensiittifaasin eri variantit jérjestyvit keskendén itsemukautuvalla
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tavalla kaksostumalla, mikd ei aiheuta makroskooppisesti havaittavia muutoksia. Kuorman
lisiaminen pakottaa martensiittifaasin variantit suuntautumaan, mikd johtaa suuriin makros-
kooppisiin epéelastisiin venymiin. Kun materiaali limmitetddn tietyn limpdtilan yldpuolelle,
martensiittifaasi palautuu austeniittifaasiksi ja epielastiset venymit palautuvat.

Martensiitti-
Austeniitti  Raeraja  variantteja
3 b

AR
1 —

Kuva 2: Tyypillinen tilavuuselementti (RVE) muistimetalliscoksen mikrorakenteesta.

Superelastisuus havaitaan, kun martensiitin faasimuutos aiheutetaan mekaanisesti kuormit-
tamalla austeniittifaasia isotermisesti, jolloin suuntautunut martensiittifaasi muodostuu suoraan.
Tillin syntyy suuria epielastisia venymid, jotka palautuvat kuormituksen poistamisen yhteydessé
kddnteisen faasimuutoksen takia. Materiaali kokee suuria venymid, jotka voivat olla tiysin
palautuvia jopa 8%:n venymiin saakka.

Materiaaliominaisuudet ovat erilaiset austeniitti- ja martensiittitilassa, joten ldmpdtila on
otettava mukaan materiaalimalliin, kun halutaan kuvata kiyttdytymistd eri ldmpotiloissa.
Tilamuutoksen aikana muistimetallin fysikaaliset ja mekaaniset ominaisuudet eivit pysy samana,
jolloin materiaalin termomekaaninen kayttdytyminen muuttuu epdilineaariseksi. NiTi-scosten
superelastisuus ja palautuvan venymén suuruus riippuvat kuormituksen liséksi myds voimakkaasti
materiaalin valmistusprosesseista ja materiaalin scossuhteista. Muita tyypillisid NiTi-materiaalin
ominaisuuksia ovat kriittisten jinnitysten eroavuus puristus- ja vetojdnnityksen alaisena sekd
muutokset jinnitys-venymésuhteessa syklisen kuormituksen vaikutuksesta.

3. MUISTI-ILMION JA SUPERELASTISUUDEN KUVAAMINEN

Muistimetallin martensiitti-austeniitti -faasimuutos vaatii monimutkaisemman materiaalimallin
verrattuna perinteisiin metallin kuvaamiseen tarvittaviin materiaalimalleihin. Viimeisen kahden-
kymmenen vuoden aikana monikiteisen muistimetallisecoksen konstitutiivista mallintamista on
kehitetty eteenpdin huimin askelin. Suurin osa kirjallisuudessa esitetyistd konstitutiivisista
malleista voidaan jakaa padpiirteittdin kahteen ryhméain: fenomenologisiin eli makroskooppisiin
malleihin ja mikromekaniikkaan perustuviin malleihin.

3.1. Makroskooppinen eli fenomenologinen malli

Fenomenologiset mallit monikiteisille muistimetalleille perustuvat kontinuumi- ja
termomekaniikkaan, jossa kiytetiin sisdisid muuttujia kuvaamaan faasimuutoksien aiheuttamia
muutoksia mikrorakenteessa. Sisdisind muuttujina voidaan kiyttdd eri martensiittivarianttien
tilavuusosuuksia ja epdelastisia venymidkomponentteja. Sisdisille muuttujille tarvitaan myds
lisayhtilsitd, evoluutioyhtAlditd, jotka kuvaavat muuttujien kehitystd kuormitushistorian funktiona.
Sisdisilld muuttujilla kuvataan faasimuutoksessa tapahtuvat mikrorakenteen muutokset, ja niiden
avulla saadaan huomioitua mikrorakenteen keskimdirdinen kdyttdytyminen. Toinen vaihtoehto
perustuu plastisuuden ja superelastisuuden ndenndiseen samankaltaisuuteen. Austeniitti muuttuu
martensiitiksi rajajinnityksen ylipuolella, ja prosessi loppuu, kun koko materiaali on muuttunut
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martensiitiksi. Isotermistd kuormitusta kiytettdessd tdm4 malli on helposti sovitettavissa
elementtimenetelmén.

Edelléd esitetyt materiaalimallit ovat nopeudesta riippumattomia, joissa jinnitys-venyméivaste
riippuu vain kuormitustiestd, mutta myds nopeudesta riippuvia konstitutiivisia muistimetalli-
malleja on jonkin verran tutkittu. Fysikaaliseen ilmidon perustuvat mallit voivat olla hyvin
yksinkertaisia, esimerkiksi mallinnettaessa yksiakselista muistimetallin superelastisuutta paloittain
jatkuvilla funktioilla, tai erittdin monimutkaisia 3D-malleja, jotka sisdltivit huomattavan médrin
materiaaliparametrejé.

Fenomenologisen makroskooppisen mallin kehittiminen alkaa jénnitys-lampétila-faasimuutos-
diagrammin (kuva 3) ja globaalin makroskooppisen energiafunktion eli kineettisen lain muodos-
tamisesta. Ne kuvaavat metalliseoksen tilamuutoskédyttdytymistd. Ne voidaan muodostaa
materiaalitestien tulosten pohjalta, kun testit on tehty useita limpdmekaanisia kuormituksia
kayttien. Toinen vaihtoehto faasinmuutosdiagrammin muodostamiselle on tehdd termodynaamisia
analyysejd martensiittimuutokselle. Tdmin jilkeen voidaan muodostaa evoluutioyhtilst sisdisille
muuttujille, jolloin saadaan matemaattinen kuvaus ennustamaan martensiitin faasimuutosta mieli-
valtaisella termomekaanisella kuormituksella. Makroskooppisella energiafunktiolla ja evoluutio-
yhtiloilld oletetaan olevan jokin tietty funktionaalinen muoto, jonka tdytyy toteuttaa termo-
dynamiikan toinen padsdéntd. Kaikkien fenomenologisten mallien perusrakenne on samanlainen,
ja sen takia ne voidaan luokitella sisdisten tilamuuttujien konstitutiivisiksi malleiksi. Tuloksena
saatavat fenomenologiset mallit eivit suoranaisesti riipu mikroskooppisen tason materiaali-
parametreistd vaan makroskooppisen tason parametreistd, jotka pitdd selvittdd kattavilla
materiaalitesteilld ja joilla ei useinkaan ole selvii fysikaalista tulkintaa,
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" T _.T £ martensiitti :5
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Kuva 3: Jannitys-lampétila-faasimuutosdiagrammi.

Ensimmdisid fenomenologisia malleja, jotka pohjautuivat plastisuusmalleihin, on kiytetty
muistimetallin superelastisuuden kuvaamiseen. Niiden suurin eroavaisuus on lujittumisfunktion
valinnassa, jolla mallinnetaan j#nnitys-venymévastetta jinnityksen aiheuttaman martensiitti-
austeniitti -faasimuutoksen vaikutuksesta. Témén jalkeen malliin liitettiin mahdollisuus huomioida
epdsymmetrinen vaste, koska muistimetallin kéyttdytyminen eroaa vedon ja puristuksen vililld.
Aikaisessa vaiheessa sisdisten muuttujien avulla huomioitiin martensiitin  kaksostuminen
faasidiagrammin pohjalta. Siini kdytettiin kahta sisdistd muuttujaa, jotta martensiitin eri tilavuus-
osuudet ja martensiittivariantin suuntautuminen voitiin mallintaa erilld&in. Termodynamiikkaan
perustuva malli kaksostumisen muutoksista kehitettiin myShemmin. Tahén liittyen martensiitti-
faasin eri variaatioiden vaihtelu kuormituksen vaihdellessa voidaan huomioida esimerkiksi ei-
assosiatiivisella myo6tosddnnslld. Martensiitin  tilavuusosuus ja faasimuutosvenymi voidaan
kisitelld myds omina sisdisind muuttujina. Jotkin n4istd malleista on johdettu superelastisuuden
simuloimista varten ja toiset muisti-ilmién kuvaamiseen. Mallien kehitys on pdisddntdisesti
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lihtenyt yksiulotteisiin ongelmiin, kuten palkkiin tai lankaan, soveltuvista konstitutiivisista
malleista, ja aikaa my6ten ne on laajennettu useampaan ulottuvuuteen.

Muistimetallien syklisen kuormituksen sckd faasimuutoksessa syntyvdn plastisuuden
huomioiminen materiaalimallissa on tdlli hetkelld muistimetallin mallinnuksessa suurimman
mielenkiinnon kohteena maailmalla. Plastisuus voidaan huomioida esimerkiksi siten, ettd tietty
osuus martensiitista ei palaudu syklisen kuormituksen aikana. T#ll8in rakenteeseen jid havaittavaa
palautumatonta venym#d mallinnettaessa. Syklisen kuormituksen jatkuessa plastisuuden osuus
piencnee lopulta olemattomaksi. Toisaalta jénnityksen aiheuttama tilamuutos voidaan mallintaa
my6s sallimalla molempien tilamuutos- ja plastisten venymien muodostuminen yhtd aikaa
kuormituksen vaikutuksesta.

3.2. Mikromekaniikkaan eli rakeen kiiyttiytymiseen pohjautuva malli

Toinen haara kirjallisuudessa seuraa mikromekaanista ldhestymistapaa. Mikromekaanisct
mallit yrittivit ennustaa muistimetallin vastetta ottamalla huomioon monikiteisen muistimetallin
racrakenteen. Mikromekaanisen mallin kehittely lihtee siis martensiittivarianttien tasolta. Tédssi
kokoluokassa transformaatiovenymi médritellddin materiaalin kidetasolla. NiTi-muistimetalleilla
esiintyy 24 erilaista martensiittivarianttien asentoa. Jokaisen variantin tilavuusjakauma valitaan
sisdiseksi muuttujaksi. Vapaan energian funktio selvitetddn siten kidetasolla, ja sen avulla esitetdin
yhden kiteen kéyttiytyminen. Usecampi kiteisen kappaleen kidyttiytyminen saadaan skaalaamalla
eri menetelmid kiyttaen.

Jos mikrorakenne on hyvin tunnettu, teoreettisella tasolla on mahdollista kéyttad yksikiteisen
muistimetallin hyvin tunnettua kdyttdytymistd apuna ratkaistaessa reuna-arvo-ongelmaa moni-
kiteiselle muistimetallille. Kéytinndssd ei ole mahdollista saada tarkkaa esitystd seoksen mikro-
rakenteesta, jolloin pelkéstisin huomioimalla seoksen raerakenne ei ole mahdollista ratkaista
numeerisia ongelmia kolmessa ulottuvuudessa. Témén takia tarvitaan homogenisointitekniikoita,
jotta saadaan monikiteistdi materiaalia edustavat termomeckaaniset ominaisuudet esitettyd.
Useimmat monikiteisen muistimetallin mikromekaaniset mallit perustuvat self-consistent
-tyyppiseen keskiarvoistusmenetelméin, joka on kehitetty heterogeenisten materiaalien elasto-
plastiselle kdyttiytymiselle.

Tamin tyyppiset mikromekaaniset ldhestymistavat ovat lupaavia. Mikromekaaninen malli
pystyy esittimidn superelastisuuden, muistimetalli-ilmién ja martensiittivariantin uudelleen
jérjestiytymisen tiysin kolmiulotteisesti. Menetelmin haittapuolena on laskennan hitaus, varsinkin
kiytinnon sovelluksissa, koska mallin kisittely vaatii suunnattoman ison laskentaty6n. Tdmén
takia mallin kdyttd rajoittuu yleensd superelastisuuden mallintamiseen, varsinkin jos homogeni-
sointitekniikoita ei hyddynnet.

4. IMPLEMENTOINTI ELEMENTTIMENETELMAAN

Konsepteja muistimetallimateriaalin konstitutiivisten mallien kehittimiseksi on siis tutkittu
aktiivisesti. Konstitutiivisten mallien kehittdminen on kuitenkin jéttényt taka-alalle ndiden mallien
numeerisen implementoinnin elementtimenetelméin. Térkeimpid kohtia numeerisessa implemen-
toinnissa on aikaintegroinnin tehokkuus, jota tarvitaan sisdisten muuttujien, kuten muutosvenyméin
ja martensiitin tilavuusjakauman, laskemiseen. My®&skiin sopiva elementtiteknologia ei ole ollut
kiinnostuksen keskipisteessd. Onnistunut simulaatio riippuu usein tehokkaasta rakenteen
kéyttiytymisen mallintamisesta kuin pikkutarkasta materiaalin yksityiskohtaisesta kdyttdytymisen
mallintamisesta. Varsinkin fenomenologisilla malleilla voidaan joustavasti tehdd kompromisseja
tarkkuuden ja monimutkaisuuden valilli, kunhan mallille on tehty tehokas implementointi
elementtimenetelmaén.

Fenomenologisten mallien numeerinen implementointi on ollut kohtuullisen aktiivisen
tutkimuksen alla, koska laskennallisilla menetelmilld on tdssd tapauksessa juuret plastisuudessa
kiytettivissd algoritmeissa. Muistimetallin monivivahteinen kiyttiytyminen vaatii kuitenkin
ilmiéon paremmin soveltuvien algoritmien kehittdmista.
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Muistimetallin materiaalikdyttdytymisen sovituksessa kiytetddn tyypillisesti return mapping
-algoritmeja. Koska ne ovat venyméohjattuja, voidaan niitd soveltaa suoraan siirtymiin perus-
tuvaan elementtimenetelmiin. Muistimetallin materiaalikdyttiytyminen riippuu kuormitus-
historiasta, jolloin se voidaan mé&#rittdd jdnnitys-venymaisuhteella. Jénnitys-venymésuhteeseen
voidaan sisdllyttdd tilamuutosvenymd sisdisend muuttujana, differentiaalinen evoluutioyhtld
tilamuutosvenymdlle ja muunnosyhtild médrittdiméin faasimuunnoksen syntymistd. Myds muita
numeerisia algoritmeja, jotka on kehitetty venyménopeudesta riippumattomaan clastisplastiseen
materiaalikdyttdytymisen mallintamiseen, voidaan kéyttid muodostaessa muistimetallin termo-
mekaanista mallia.

Return mapping -algoritmeja on tutkittu ja kehitetty laajasti viimeisten vuosien aikana
muodostettacssa konstitutiivisia elastoplastisia yht&lsitd. Niitd kutsutaan my0s elastinen
ennustaja—plastinen korjaaja -algoritmeiksi. Algoritmi aloittaa tdysin elastisella yriteosalla, jota
seuraa plastinen korjaajavaihe. Korjaajavaiheen tarkoitus on iteratiivisesti toteuttaa mydtdehto.
Algoritmit eroavat toisistaan 13hinni evoluutioyhtildiden numeerisessa muodostamisessa kéytet-
tyjen diskretisointien seki kéytetyn iteratiivisen numeerisen proseduurin ratkaisusta korjaajaosassa
syntyneiden yhtilsiden osalta. Niitd algoritmeja ovat esimerkiksi backward Euleriin pohjautuva
radial return -algoritmi ja keskipistesdantoon perustuva keskinormaali algoritmi.

Suurimmassa osassa niisti algoritmesta kiytetddn integrointimenetelménd trapetsi- ja keski-
pistesddnnodn erikoistapauksia sopivasti yleistettyind plastisen konsistenssichdon toteutumisen
helpottamiseksi. Integrointimenetelmien stabiilius epéelastisissa ongelmissa on osoitettu niille
algoritmeille. Eksplisiittisii menetelmid kiytettdessd rajoitetaan aika-askeleen valintaa stabiili-
suusongelmien takia, kun taas implisiittisissd menetelmissi inkrementaalisen ratkaisun stabiiliuus
on parempi. Implisiittisissd menetelmissd ylimd4rdinen tarkkuus saadaan keskipiste-integroinnilla
sekd epdelastisen venymin korkeampiasteisella approksimaatiolla, esimerkiksi Runge-Kutta
-menetelmill.

5. BIOYHTEENSOPIVUUS

Bioyhteensopivuudella tarkoitetaan materiaalin kyky4 tulla toimeen eldvin kudoksen kanssa.
Fysiologinen viliaine on erittdin korrodoiva, joten metalliseoksista valmistettujen implanttien
ongelmana on metalli-ionien liukeneminen ja niiden vaikutus kudoksiin. Useat tutkimukset ovat
osoittaneet NiTi-materiaalien olevan hyvin bioyhteensopivia. Materiaalin korkea nikkelipitoisuus
ja korroosion aihettama liukeneminen ovat kuitenkin tarkemman kiinnostuksen kohteena.
Tutkimuksen alla on implanttimateriaalin pinnan karkeuden, kemiallisen koostumuksen ja
suojaavan pinnoitteen vaikutus bioyhteensopivuuteen.

Faasimuutoksen vaikutusta bioyhteensopivuuteen on myds tutkittu. Yleisesti tiedetién, ettd
useamman eri faasin ldsndolo samassa seoksessa heikentid materiaalin korroosion kestdvyytta.
NiTi-pohjaisissa muistimetalleissa jdnnityksen aiheuttaman martensiittifaasin on todettu
heikentdvén materiaalin bioyhteensopivuutta. Heikentymisen voimakkuus riippuu martensiitin
ominaisuuksista ja rakenteen jiinndsjinnityksistd kantafaasissa.

6. MATERIAALITESTIT

Laboratoriossamme on tehty useita erilaisia testejd NiTi-pohjaisille muistimetalliseoksille,
joista osa on esitetty tissd tyGssid. Materiaalitestejd tehtiin erilaisille muistimetallilangoille seki
muistimetallilangasta valmistetuille implanteille. Kokeet on tehty Instron-aineenkoetuslaitteella
tilassa, jonka limpétilaa pystyttiin kontrolloimaan 0 — 40 °C:een vililld. 0 °C:een ldmpdotilassa
materiaali on tdysin martensiittinen ja 40 °C:een limpétilassa materiaali on kuormittamattomana
austeniittinen. Voiman, venymin ja siirtymidn mittaus tapahtui Insronilla. Koekappaleen
lampdtilaa mitattiin koekappaleeseen kiinnitetylld 1impoanturilla.

NiTi-langalle, jonka paksuus on 1.8 mm:4, on tehty vetokuormitussyklejd 0 °C:een, 23 °C:een
ja 40 °C:een limpotiloissa. Syklien maird rajattiin kolmeen kappaleeseen. Lanka kiinnitettiin
siten, ettd voima-venymiyhteys voitiin mitata koko testin ajan. Vetokokeista saadut testitulokset
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l6ytyvit kuvasta 4 siten, ettd vasemmalla esitetyssd kuvassa on kiytetty testausldmpdtilana
0 °C:tta, keskelld 23 °C:tta ja oikealla 40 °C:tta. Kuvista voidaan péitelld, ettd langan ollessa
martensiittinen muodonmuutos ei ole tiysin palautuva. Limpdtilan noustessa materiaalista tulee
taysin superelastinen. Samalla voidaan havaita, ettd hystereesi pienenee lampdtilan kasvaessa ja
kriittiset jannitykset kasvavat. Niistd kuvista voidaan poimia mallinnuksessa tarvittavat arvot
taulukkoon 1. Taulukossa esitetyt arvot on selvitetty kunkin ldmpotilan ensimmiisen
kuormitussyklin  voima-venymikdyréstd.  Tarvittavia  ominaisuuksia ~ ovat  kyseisen
muistimetalliseoksen  kimmokertoimen arvo vetotapauksessa Ejp, kriittiset jdnnitykset
faasimuutosten eri vaiheille 6, 0,5 04 0, sekd tilamuutosvenymén ¢ arvo. Kriittiset jannitykset
ja tilamuutosvenymi on médritelty kuvassa 5.

Vastaavalle NiTi-langalle tehtiin myds kolmipistetaivutuskokeita. Kyseiset testit tehtiin
samoissa lampotiloissa kuin langan vetokokeetkin. Koejirjestely oli kuitenkin sellainen, ettd silla
saatiin vain voima-venymiyhteys voimaa kasvatettacssa. Télloin hystereesié ei saada esiin. Tdmén
testin avulla saatiin kimmokertoimen arvo taivutustapauksessa Eyp, joka eroaa vetokimmo-
kertoimesta, koska materiaalin veto- ja puristuskdyttdytyminen ecroavat toisistaan. Kimmo-
kertoimen arvot eri limpdtiloissa on esitetty taulukossa 1.
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Kuva 4: Muistimetallilangan vetokokeista saadut kolmen kuormitussyklin voima-venymékdyrat
0 °C:een, 23 °C:een ja 40 °C:een lampétiloille.

Kuva 5: Kuvassa on midritelty Ansyksen superelastisuusmallin tarvitsemat kriittiset jannitykset
faasimuutosten eri vaiheille 0,5, Op 0, 04 s€kd tilamuutosvenyma ¢;.

Taulukossa 1 on esitetty myds likimédrdinen tangenttimoduli Er, jota tarvitaan
plastisuusmallissa. Faasimuutosten kriittiset arvot on esitetty jénnityksind, joka saadaan
mittauksissa kilytetystd voimasta jakamalla langan pinta-alalla.

NiTi-langasta valmistetulle koukkuimplantille on my&s tehty materiaalikokeita. Implantti on
esitetty kuvassa 6. Implantti on valmistettu eri materiaalista kuin edelld testattu NiTi-lanka.
Koukkuimplantti kiinnitettiin yldosastaan vetokoneeseen, ja kokeen avaava voima kohdistui
koukun alimpaan kohtaan. Yldosa kiinnitettiin jaykésti kuvassa nikyvien pinsettien kohdalta, joten
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implantin muodonmuutos syntyi pelkistidn koukun avautumisesta. Koukun avautumistesti tehtiin
ensin 0 °C:een limpétilassa, minkd jilkeen koukku limmitettiin 37 °C:een muodonmuutoksen
poistamiseksi. TAmdn jilkeen koukulle tehtiin uusi avautumistesti 37 °C:een ldmpétilassa.
Implantin koukkuosan halkaisija D on 22 mm:4, ja implantin langan halkaisija 4 on 2.3 mm:i.
Kokeen tulokset on esitetty kuvassa 6. Kuvasta n#hdddn koukun jaykkyyden kasvavan
huomattavasti lampotilan muuttuessa materiaalin austeniittiselle alueelle. Kéyrien epdtasaisuudet
johtuvat kitkan vaikutuksesta koukun ja vetotapin vilissi.

Ominaisuus 0°C 23 °C 40 °C

Eyp [MPa] 48000 | 67000 | 71000
Ev [MPa] 37960 | 39660 | 40110
Er [MPa] 1480 1510 2 640
Ons [MPa] 380 390 520
Opr [MPa] 510 570 688
G, [MPa] 78 197 354
o,r [MPa] = 39 197
g [%] 6 5.5 5

Taulukko 1: Materiaalitesteisti poimitut arvot mallinnuksessa tarvittaville parametreille.
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Kuva 6: Muistimetallilangasta valmistettu koukku ja sen avautumiskokeista saatu voima-
siirtymékayrit.

7. MALLINNUS

Materiaalitesteistd saatuja tuloksia verrattiin staattisella FEM-analyysilld saatuihin tuloksiin.
FEM-analyysit on tehty ANSYS-ohjelmistolla. Muistimetallilangan vetokokeista saatuja
materiaaliarvoja kéyttden on tehty superelastisuusmallilla mallinnus langan vetokokeesta.
Superelastisuusmallilla  saatuja voima-venyméikdyrid on verrattu materiaalitestien tuloksiin
kuvassa 7. Superelastisuusmallin kiyttd vaatii solidielementtien kdyttdd, joten langasta tehtiin
solidimalli. Elementiksi valittiin SOLID186 tetraedri-muoto. Materiaaliarvot valittiin taulukon 1
mukaisesti ja 0 °C:een o, :n arvoksi valittiin pieni positiivinen luku. Laskenta suoritettiin tdydelld
Newton-Raphson-menetelmailla.

Kuvista néhdédn, ettd superelastisuusmallilla voidaan hyvin kuvata yksinkertaisen rakenteen
superelastisuuskéyttdytymistd. Pienelld kriittisten jénnitysten arvojen ja tilanmuutosvenymin
sédtdmiselld pédstiisiin vield hieman parempiin tuloksiin. Ainoa ongelma mallissa on se, ettd siind
ei voi maédritelld superelastisuusalueen jilkeistd kimmokerrointa. Téméin vaikutuksen huomaa
siind, ettd voiman pienentyessd voima-venymikiyrien vilille tulee selvidd eroavaisuutta, jota ei
voida vilttdd. Toinen mallin ongelma on siind, ettid rakenteeseen ei voi jaddd venymii, mikaili
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kuorma poistuu. Matalimman ldmpdtilan mallista saadussa voima-venymikéyrissd jainnos-
venymi saatiin aikaan siten, ettd kriittiset jinnitykset valittiin pieniksi ja kuormitusta ei poistettu
kokonaan laskennan lopussa.
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Kuva 7: Voima-venymikuvaajat muistimetallilangan vetokokeiden seké superelastisuus-mallilla
saatujen tulosten mukaisesti 0 °C:een, 23 °C:een ja 40 °C:een limpétiloille.

Koukkuimplantin mallinnus tehtiin plastisuusteorian bilineaarisella materiaalimallilla sekd
superelastisuusmallilla. Koukku mallinnetaan ympyrdn kaarena, jonka toinen pdi on kiinnitetty
jaykisti, Koukkua avaava voima saadaan liittdimilldi koukun alimpaan kohtaan pistevoima.
Plastisuusmallissa kéytettiin 2D-palkkielementtid suurten siirtymien teorian mukaan, koska langan
paksuus on hyvin pieni rakenteen muihin dimensioihin nihden. Epilineaarisen mallin laskenta-
aika on ollut myds kriittinen tekija plastisuusmallilla mallinnettaessa. Elementiksi on valittu
plastinen 2D-elementti BEAM23, jolla saadaan superelastisuuden alkuosa mallinnettua. NiTi-
materiaalin jinnitys-venymiyhteyden kuvaamiseen superelastisella alueella kiytetéén bilineaarista
kinemaattista lujittumiskriteerid. Parempi valinta olisi anisotrooppinen muokkauslujittumiskriteeri,
mutta tarkkoja puristuspuolen materiaaliarvoja ei ole kéytettivissd. Laskenta suoritetaan tdydelld
Newton-Raphson -menetelmilld. Superelastisuusmallia kéytettiin kuten langan vetokoetta
mallinnettaessa. Mallinnustulokset ja mittaustulokset on esitetty kuvassa 8.

l Siirsymii [mm] 2
Kuva 8: Koukkuimplantin vetokokeiden tulokset sekd plastisuus- ja superclastisuusmallicn
vastaavat tulokset. Plastisuusmallin tulos on pisteviivalla ja superelastisuusmallin tulokset on
katkoviivalla.

Tuloksia vertaillessa huomataan, ettd implantin avautumiskokeessa voima muuttaa paikkansa
koukun avautuessa. Laskentamallissa voima pysyy siind solmussa, mihin se on alun perin
miiritelty. Téstd aiheutuu virhettd muodonmuutoksen kasvaessa. Toinen ongelmakohta on siini,
ettd edelld tehdyt materiaalitestit on tehty eri materiaalille, kuin mistd implantti on valmistettu.
Avautumiskokeiden mittaustuloksista on vaikea selvittdid mallinnuksessa tarvittavat
materiaaliarvot, silli implantin geometria vaikeuttaa voima-siirtymikéyrin tulkitsemista.
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8. YHTEENVETO

Ansys-ohjelmistossa oleva superelastisuusmalli osoittautui pienistd puutteistaan huolimatta
kohtuullisen hyviksi malliksi superelastisuuden kuvaamiseen. Aiemmin superelastisuutta
kuvaamaan kéytetyn plastisuusmallin se voittaa helposti, koska silld voidaan kuvata voima-
venymésuhdetta my6s kuormitusta pienennettiessd. Suurimpina ongelmina oli jadnndsvenyméin
puute ja superclastisuusalueen jilkeisen kimmokertoimen valintamahdollisuuden puute.
Jagnndsvenymin puute johtuu siitd, ettd Ansyksen malli sisélsi vain yhden sisdisen muuttujan,
joka kuvasi martensiitti-austeniitti -faasimuutosta. Mallin yksinkertaisuuden huomasi siini, ettd
tissd tydssd kdytetyissd implanttirakenteissa laskenta-aika pysyi lyhyehkona.

Seuraavana vaiheena on muisti-ilmién ohjelmointi elementtiohjelmistoon. Silld voidaan tuoda
mallintamiseen mukaan my9s l4mpétilan aiheuttamat muodonmuutokset. Tétd tarvitaan implantin
mallinnuksessa, kun koukku ensin avataan kylmissé ja asetetaan kehoon. Témén jilkeen koukun
lampotilan kohoaminen kehon ldmpaiseksi poistaa koukun muodonmuutokset.

LAHTEET

[1] B.Peultier, T.Zineb, E.Patoor. Macroscopic constitutive law of shape memory alloy
thermomechanical behaviour. Application to structure computation by FEM. Mechanics of
Materials, 38, 2006, 510-524,

[2] S.Reese and D.Christ. FEM optimization with Nitinol. Min Invas Ther & Allied Technol,
13(4), 2004, 228-239.

[3] E.Patoor, D.Lagoudas, P.Entchev, L.Brinson, X.Gao. Shape memory alloys, Part I: General
properties and modelling of single crystals. Mechanics of Materials, 38, 2006, 391-429

[4] D.Lagoudas, P.Entchev, P.Popov, E. Patoor, L.Brinson, X.Gao. Shape memory alloys, Part II:
Modeling of polycrystals. Mechanics of Materials, 38, 2006, 430-462.

[5] Jussi Anttonen. Diplomity6n késikirjoitus, 2005

[6] A.Danilov, A.Kapanen, S.Kujala, J.Saaranen, JRyhi#nen, A.Pramila, T.Jimsd and
J.Tuukkanen. Biocompatibility of austenite and martensite phases in NiTi-based alloys. Journal
de Physique IV, 112, 2003, 1117-1120.

[7] Jouni Mérsyla. Diplomitys, 1999.

[8] J.Ryhdnen, J.Mérsyld, E.Niemeld, J.Tuukkanen, T.Jimsd, A.Pramila. Acromio-clavicular
dislocation repair with NiTi AC-hook implant: Clinical pilot study, AFM and FEM analysis of
the implant. SMST Europe, Antwerp. (1999)

[9] Ansys Inc. Theory Reference. Release 10.0.

[10] S.Kujala, J.Tuukkanen, T.Jamsi, A.Danilov, A.Pramila, J.Ryhinen. Comparison of the bone
modelling effects caused by curved and straight nickel-titanium intramedullary nails. Journal
of Material Science: Materials in Medicine, 13, 2002, 1157-1161.



673

A COUPLED MAGNETOELASTIC MODEL FOR FERROMAGNETIC
MATERIALS

ANOUAR BELAHCEN!, KATARZYNA FONTEYN?, STEFANIA FORTINO?, RE1IJO KOUHIA?

I Laboratory of Electromechanics, Helsinki University of Technology
P.O. Box 3000, 02015 HUT, Finland
e-mail: anouar.belahcen@tkk.fi, katarzyna.fonteyn@tkk.fi

2Laboratory of Structural Mechanics, Helsinki University of Technology,
P.O. Box 2100, 02015 HUT, Finland
e-mail: stefania.fortino@tkk.fi, reijo.kouhia@tkk.fi

ABSTRACT

This paper presents a coupled magnetoelastic model for isotropic ferromagnetic materials used
in electrical machines. As proposed by Dorfmann et al. for general nonlinear magnetoelastic solids,
the constitutive equations of the model are written on the basis of the Helmholtz free energy for
which the strain tensor and the magnetic induction vector are chosen as the basic variables. As
a result of the method, a suitable form of the free energy is chosen by comparing the proposed
constitutive relations and the corresponding experimental data under several external magnetic
fields and pre-stresses.

1 INTRODUCTION

The ferromagnetic materials can show the well known phenomenon of magnetostriction and are
characterized by a coupled magnetomechanical field. In the traditional models for magnetostriction
the constitutive equations of the material (linear or nonlinear) are decoupled [1].

Nowadays the so—called magnetoelastic coupling is widely used for modeling the reciprocal effect
between the magnetic and the elastic field. In particular, the linear elastic behaviour is usually con-
sidered, while the magnetic properties can be linear or nonlinear. Very simple magnetoelastic models
are defined by using the magnetic forces as loads for the elastic tield (weak coupling, see refs in [2]).
In these coupling models the magnetic equations and the mechanical equations are solved separately.
More accurate models, based on the so—called strong coupling ([3], [4], [5]), solve simultaneously the
governing equations of the problem in the following coupled cases: 7) linear magnetic - linear elastic
fields, 41) nonlinear magnetic - linear elastic fields and i) nonlinear magnetic - nonlinear elastic
fields. The recent literature concerning the development of coupling magnetomechanical methods,
pointed out that there is still a lack of both theoretical and experimental work in the development
of constitutive relations of ferromagnetic materials (see [6] and [7]). As observed by Belahcen in
[2], the knowledge of the coupled constitutive equations in general magnetostrictive materials is not
possible without measurements needed to provide the required material parameters.

In this paper, starting from the model proposed by Dorfmann et al. ([8], [9],]10]) for general
nonlinear magnetoelastic solids, the constitutive equations of isotropic ferromagnetic materials are
written on the basis of the Helmholtz free energy. The strain tensor and the magnetic induction
vector are chosen as the basic variables. Following Dorfmann et al., since the Cauchy stress tensor is
not in general symmetric, the so—called total stress tensor, symmetric and defined as a function of the
Cauchy stress tensor and of the magnetic field vector, is introduced. In the general case of isotropic
magnetoelastic solids, the Helmholtz free energy depends on the six invariants, forming the integrity
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basis of an isotropic tensor function depending on a symmetric second order tensor and a vector. In
this work a suitable form of the Helmholtz free energy for isotropic ferromagnetic materials used in
electrical machines is then proposed by fitting the experimental data obtained by means of a simple
but sufficiently accurate measurement device. The measurement set-up enables measurements of
both magnetization and magnetostriction as functions of the externally applied stress. As numerical
results, the magnetostriction curves for uniaxial problems under several external magnetic fields and
pre-stresses are shown.

2 Governing equations for ferromagnetic materials

Let us consider a general electromagnetic body of domain Q and boundary S subjected to body
forces f in 2 and to surface forces t on S. Following Maugin [1], the mechanical balance laws of the
body are:

p+pdiva=0 (1)
pu=dive + pf +f., (2)

where p is the mass density, u the displacement vector, (*) represents the total time derivative
operator (&), o is the Cauchy stress tensor and for, the electromagnetic force (per unit volume).
Equations (1) and (2) represent the conservation of mass and the balance of linear momentum
equation, respectively.

The integral form of the energy balance equation in the isothermal case is written as

d 1 .
= =0t i Q= ) dQ t-1ud
= Q(zpu u+pU)d /Q(<I>+f 1) d +/S 1dS (3)

where U represents the internal energy density per unit mass and @ is the electromagnetic energy
density. In particular:
1 1
<I>=—E-D+;B-H 4)
2

where E is the electric field vector, D the electric displacement field vector, B the magnetic induction
field vector and H the magnetic field intensity vector. The vector fields E, D, B and H obey to the
Maxwell equations for general electromagnetic bodies (see [1]). Furthermore, B and H are related
through

B =p(H+M) (5)

where pq is the magnetic permeability in the vacuum and M represents the magnetization. By using
the mechanical balance laws (see Maugin [1]), equation (3) can be simplified as follows:

/pUdQ=/k¢+é:@dQ (6)
Q Q
where ¢ is the infinitesimal strain tensor.

2.1 Case of quasi—-magnetostatic of insulators

Let us now consider the assumption of quasi-magnetostatic of insulators (see [1]), which reduces
the Maxwell equations for general electromagnetic bodies to

divB =0 (7)
curlH=10 (8)

In particular, (7) describes the conservation of magnetic flux and (8) the Ampére law in the sta-
tionary case and null current density.
The assumption of quasi-magnetostatic of insulators reduces the balance equation (6) to

/QpUdﬂz/n(B-H+é:o')dQ )
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Following Dorfmann et al., let us further assume the existence of a Helmholtz free energy ¢ =
(e, B) for which the strain tensor € and the magnetic induction vector B are chosen as the basic
variables. In particular, in the case of isotropic ferromagnetic materials, ¢ depends on the set of
invariants

L=tre, I, =tre?, ,=B-B, 5=B-¢-B, [y=B-¢*-B (10)
By using the Clausius-Duhem inequality (see [1]), the constitutive equations of the material are
expressed as

0
o = pa—f (11)
_ %
M = P38 (12)

It is worth to note that the Cauchy tensor o is symmetric only when the magnetization M is
everywhere parallel to B (see [1], [8], [9], [10]). This is the case of the linear isotropic bodies, for
which equation (12) reduces to

M=+B (13)
with v = (¢ — 1)/(up0) where p > 1 represents the magnetic permeability. The proportionality
between M and B implies the independency of the free energy on the invariants Is and Ig. Actually
in real ferromagnetic bodies, the magnetic permeability of the material depends not only on the
magnetic field strength but also on the mechanical stress, i.e. on the solution of the elastic field.
Then, in general cases, v can be defined as a function of the invariants Iy, Is and Ig. Furthermore,
to avoid the use of a non-symmetric stress tensor, the so—called total stress tensor is defined:

r=0+ug [BB—%(B-B)I] +(M-B)I- BM (14)

where the dyad BB represents the open product, expressed in the component form as B;B;. By
using (5) and in the absence of mechanical volume forces, equation (2) becomes:

divr =0 (15)

This expression is obtained by incorporating the electromagnetic force f.,, into the Cauchy stress
tensor as a Maxwell stress (see [10]).

3 Proposed form of the Helmholtz free energy

Let us write the Helmholtz free energy 1 in terms of the invariants I1,I5,I4,I5 and Is in the

following form:
pb= é)\-’f + plz + %’)’4-’4 + %7515 + %’YGIG (16)
where X and u represent the Lamé coefficients, the coeflicient -y4 is a polynomial expansion of the
invariant I
1= + APl + AP+ A1 + AT+ )

while the coefficients 5 and g are constants.
The constitutive equations of the model are then:

o = /\Ill+2,ue+%'ysBB+%76(B6-B+B-5B) (18)
M = —-7,B-—ye-B—ve?-B (19)

Where 4 0 1 2 3 4
1= P L AP B AP B + 01+ (20)

Then, the total stress tensor (15) has the following form:

T = (A —3pg L — vals — vsIs — velo)T + 2pe + (MEI +y.+ %’Ys) BB+
(21)

+ (s +7)(Be-B+B-eB)+ 37 (Be? B+ B-£?B)
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3.1 Uniaxial case

In this work we consider the uniaxial case, such that

711 = T; otherwise 7;; =0
€11 = €1, €92 = £33 = €; otherwise €5 =10 (22)
B = [B 0 0T (23)

where the indexes 1,2, 3 refer to the axes x1, z2, T3, respectively.
The uniaxial model furnishes the following system of equations quadratic in €;:

T = Xer+2e2) + 2uer + (3ot + 395 + vee1) B
(24)
0

i

Aer + 2e2) + 2uen — (%MEI + 75 + Y561 +765%) B}

One of the solutions of the system represents the expression of the magnetostrictive strain in the
direction of the z; axis which, after some manipulations, can be written as

I TR PR L A YO R S b v 25
T T ke g —[ " B2 (E_E( T ALt G) 1>] o

with 8 = 1+ (2v€5 + &6)by where by = pg'B}/E. Furthermore £ = 54(10) + 54(11)]4 + Eiz)lf +
§£3)I43 + 'yi”ij. Note that 54(11) = 'yil)uo (i=0,1,2,3,4), & = 5o and & = vgito are dimensionless
parameters to be evaluated by fitting the experimental data in terms of magnetostrictive strains,
magnetic field values and magnetic induction field values. Finally, v is the Poisson’s ratio and E
the Young’s modulus.

Note that, by neglecting the dependence of the Helmholtz free energy on the invariant Iy, system
(24) becomes linear in €; and the expression of the magnetostrictive strain in the direction of the
z1 axis reduces to:

1 T 1
€1 = 1+2—V£5b1 [E - ; (1 +2v + 4’/64 +£5)b1] (26)

4 Some results
4.1 Measurements of magnetostriction

The cxperiments for measuring the magnetization and the magnetostriction data were conducted
at the Laboratory of Electromechanics (Helsinki University of Technology, Finland). To obtain the
data as function of both the magnetic induction field and the external mechanical stress, a slightly
modified version of the 25 cm Epstein frame was used (see Figure 1). The modifications mainly
involve the dimensions of the test specimen and the use of extra insulation between strips (see
[2] for the details). The screw system allowed for the application of both tensile and compressive
mechanical stresses. The use of plastic strips between the iron strips prevented them bending when
compressive stress was applied. The measurement of magnetostriction was conducted by using the
same set-up as for the measurement of magnetization. The only difference is a piezoelectric force
transducer introduced between the load cell and the specimen holder. The transducer was used for
the measurement of the force due to magnetostriction in the direction of the magnetic field.

As described in [2], the device for measuring magnetostriction furnishes a force from which the
magnetostriction and the magnetostrictive stress need to be calculated. In particular, one strip of the
measurement device with its supports and holders, can be schematized as shown in Figure (2). This
part is mechanically equivalent to the system of springs shown in the same figure. The force measured
by the piezoelectric force transducer is the force in the system of springs at equilibrium after the
magnetostriction takes place. Since the measurement is made at a frequency of 5 Hz, the mass effect
can be ignored. The spring constants of the iron strip, the force transducer, the load cell and the
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1, 2, 3 and 4: Load-cells
5: screw system for loading

Figure 1: Epstein frame. Cross section of the iron strip: S = 30 mm X 7.5 mm.

support are, respectively, Kiron = 1.7 x 108N/m , kpr = 1.0 x 108N/m , kpc = 5.0 x 108N/m and
Ksupport = 5.0 x 105N /m.

The elongation of each spring at equilibrium is calculated from the measured force and the
spring constants. Then, the elongation Au of the iron due to the magnetostriction is the sum of
the elongation of each spring. To produce the same magnetostrictive elongation Au in the iron, a
magnetostrictive force

Fus = —kironAu (27)
is needed. The magnetostrictive stress is calculated as
OMS = FMs/S (28)

where S is the cross section of the iron strip while the magnetostrictive strain will be:

ems = Au/l (29)
where [ is the length of the iron specimen.
= Crr— ] ] Before M
B un}-.l.!, ....... Feme e _"+..[|_, e ), eo;e S
| L .

NN

After MS

Figure 2: Schematic of the measurement device and its equivalent representation. Left: 1: load cell,
2: force transducer, 3: specimen, 4: supports. Right: equivalent representation.

4.2 Validation of the theoretical model

In the following, the magnetostriction curves obtained by fitting the experimental data for both
cases of compressive (Figures 4 and 6) and tensile (Figures 5 and 7) mechanical pre-stresses, are
shown. The used valued of the Young’s modulus, the Poisson’s ratio and the permeability in the
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Figure 3: Magnetization curves: magnetic field (H1) vs. magnetic induction field (B1) in the
presence of compressive pre-stresses; dependence of the free energy on the invariants I, I, Iy, I, Is.

Table 1: Magnetostriction curves: values of the pre-stresses.

compressive stress (MPa) | tensile stress (MPa)

1 0.0 0.0

2 4.360 x102 4.360 x10~2
3 8.720 x107! 8.720 x107!
4 1.744 1.308

5 2.616 1.744

6 3.488 2.180

7 4.360 2.616

3 5.232 3.052

9 6.104 3.488

10 6.976 3.924

dependenceof ponly, 1o, 14,15 | dependenceofponly, Iy, Iy, 15,16

3% -0.99974858 -0.99974858

&) 0.00076054 0.00076054

g2 -0.00089881 -0.00089881

3% 0.00008964 0.00008964

0 0.00012688 0.00012688

& -0.34426261 -0.32974548
& -7457.27

Table 2: Dimensionless parameters.
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x 107 ... experimental resulis, - proposed model
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Figure 4: Magnetostriction (MS) vs. magnetic field (B1) in the presence of compressive pre-stresses
(values reported in Table 1); dependence of the free energy on the invariants I, Iz, I4, Is.

x10° ... experimental results, — proposed model
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Figure 5: Magnetostriction (MS) vs. magnetic field (B1) in the presence of tensile pre-stresses
(values reported in Table 1); dependence of the free energy on the invariants Iy, Ia, Iy, I5.
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x10° - exparimental results, — proposed model
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Figure 6: Magnetostriction (MS) vs. magnetic field (B1) in the presence of compressive pre-stresses
(values reported in Table 1); dependence of the free energy on the invariants Iy, Iy, Iy, Is, Is.

x 107 ... experimental results, — proposed mode!
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Figure 7: Magnetostriction (MS) vs. magnetic field (B1) in the presence of tensile pre-stresses
(values reported in Table 1); dependence of the free energy on the invariants I, Iy, Iy, I, Is.
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vacuum are E = 183.62 GPa, v = 0.34 and pp = 4wx1077N/A?, respectively. The values of the
pre-stresses are reported in Table 1 while Table 2 report the estimated values obtained for the
dimensionless parameters.

The results show that the proposed model is suitable to describe the phenomenon of magne-
tostriction. It is worth to note that the definition of the coefficient 4 through the fine polynomial
expansion (17), permitted to correctly describe the effect of the magnetic saturation of the magne-
tostrictive strain under high magnetic fields. Furthermore, the dependence of the Helmholtz free
energy on the invariant I5 is necessary in order to furnish the correct sign of magnetostriction.
Finally, the results show that the dependence of the free energy on the invariant Ig is important to
accurately predict the experimental results in the presence of external mechanical pre-stresses. Al-
though the proposed model is simple, the obtained results are very good when compared with those
of the standard square model used in [6] for magnetostrictive materials and based on the expansion
in series of the Gibbs free energy. In that paper, the authors had to introduce more complicated
models in order to better describe the magnetic saturation at high magnetic fields and the whole
phenomenon of magnetostriction even at low values of pre-stresses.

The magnetization curves drawn in Figure 3 for the case of compressive pre-stresses show that
the results predicted by the theoretical model agree well with the experimental data.

5 CONCLUSIONS

This paper presented a coupled magnetoelastic model for ferromagnetic materials. As proposed
by Dorfmann et al. in ([8], [9],[10]), the constitutive equations are written on the basis of the
Helmholtz free energy. In particular, the strain tensor and the magnetic induction vector are chosen
as the basic variables. A form of the free energy suitable for describing the phenomenon of mag-
netostriction in ferromagnetic materials used in electrical machines is presented. The constitutive
equations derived from the proposed free energy depend on the invariants I, I, I4, Is and Ig which
are functions of both the magnetic and the mechanical field. The dimensionless parameters of the
model were evaluated by fitting the experimental data of magnetization and magnetostriction ob-
tained by means of a modified Epstein device. The results show a good agreement between the
magnetostriction curves obtained from the theoretical model and the experimental results. Since
both the magnetic saturation under growing magnetic fields and the magnetostriction in the pres-
ence of different mechanical external pre-stresses are described with accuracy, the proposed model
is competitive with respect to the recent magnetoelastic coupled models proposed in literature (see

(6])-
Acknowledgments
The present research was funded by TEKES, the National Technology Agency of Finland, in the
context of the project KOMASI (decision number 40288/05).
REFERENCES

[1] Maugin GA. Continuum Mechanics of Electromagnetic Solids. North-Holland, Amsterdam,
1988.

(2] Belahcen A. Magnetoelasticity, Magnetic Forces and Magnetostriction in Electrical Machines.
Doctoral Thesis. Helsinki University of Technology, Laboratory of Electromechanics. Report 72
(2004).

[3] Besbes M., Ren Z, Razek A. Finite Element Analysis of magneto-Mechanical Coupled Phenom-
ena in Magnetostrictive Materials. IEEE Transaction on Magnetics 1996, 32 (3): 1058-1061.

[4] Besbes M, Ren Z, Razek A. A generalized FiniteElment Model of Magnetostriction Phenomena
IEEE Transaction on Magnetics 2001; 37 (5): 3324-3328.



682

[5] Pérez-Aparicio J.L., Sosa H. A continuum three-dimensional, fully coupled, dynamic, non-
linear finite element formulation for magnetostrictive materials. Smart Mater. Struct. 2004,
13:493-502.

[6] Wan Y, Fang D, Hwang KC. Non-linear constitutive relations for magnetostrictive materials.
Int J Engr Mech 2003; 38: 1053-1065.

[7] Fang DN, Feng X, Hwang KC. Study of magnetomechanical non-linear deformation of ferro-
magnetic materials. Theory and experiment. Proc. Instn Mech Engrs 2004; 218, Part C: J.
Mechanical Engineering Science: 1405-1410.

[8] Brigadnov I.A., Dorfmann A. Mathematical modelling of magneto-sensitive elastomers. Int. J.
of Solids and Struct. 2003; 40:4659-4674.

[9] Dorfmann A., Ogden R.J. Magnetoelastic modelling of elastomers Eur. J. of Mech. 2003;
22:497-507.

[10] Dorfmann A., Ogden R.W., Saccomandi G. Universal relations for non-linear magnetoelastic
solids. Int. J. Non-Linear Mech. 2004; 39:1699-1708.



683

A MODEL FOR CONCRETE AT HIGH TEMPERATURES
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ABSTRACT

Prediction of concrete performance at high temperatures is of great importance, in par-
ticular for safety evaluation of concrete structures in fires in tunnels and high buildings or
in thermal hazard situations like hypothetical core disruptive nuclear accidents. High tem-
peratures induce strong physical and chemical changes in the micro-structure of concrete
that affect its mechanical behaviour.

In the present paper, a preliminary version of a fully coupled non-linear multi-phase
mathematical model based on continuum thermodynamics is presented for simulation of
hygro-thermo-mechanical behaviour of moist, partially saturated concrete at high temper-
atures. The hygro-thermal behaviour of concrete is highly complex phenomenon which is
influenced by cracking of concrete. The couplings between hygro-thermo-mechanical re-
sponses are dealt with by a consistent constitutive approach choosing proper expressions
for the Helmholtz free energy and the dissipation potential.

1 INTRODUCTION

In many modern engineering applications concrete structures are exposed to tempera-
tures above ambient conditions (temperatures higher that 50°C) such as pressure furnaces,
chimneys and nuclear reactors. An extremely important area is the safety evaluation of
structures under severe accidental situations like fires. In particular, the evaluation of the
residual strength of structural components that have been damaged has become imperative
for modern civil engineering.

In the literature, there are relatively few publications related to mathematical modelling
of concrete structures at high temperatures [1]. This is probably due to the complexity of
the problem [2, 3, 4, 5, 6].

Concrete is a composite material consisting mainly of a mineral aggregate bound by
a matrix of hardened cement paste. The paste is highly porous and normally contains a
large amount of free evaporable water. The chemical composition of the cement can vary
considerably, e.g. the Portland cement manufactured mainly from a calcareous material has
typically the following oxide composition: CaQ, 60 - 67 %; SiOg, 17 - 25 %; Al,O3, 3 - 8
%; and FexO3, 0.5 - 6 %. At any stage of hydration the cement paste includes gel (made of
hydrates of the various compounds of cement), anhydrous cement, gel pores and capillary
pores [1].

When concrete is exposed to high temperature, changes in chemical composition, physi-
cal structure and water content occur mainly in the hardened cement paste. Heating causes
a gradual loss of evaporable water leading to dehydration of the hardened cement paste.
Also, the calcium hydroxide in Portland cement paste starts to convert into calcium oxide,
in which case the chemically bound water is gradually released to become free, evaporable
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water. Heating can also induce changes in porosity and pore structure of the hardened
cement paste.

The coefficient of thermal expansion of the binder is different from that of the aggre-
gate. Therefore mere temperature increase induces microcracking and changes in the pore
structure of concrete thus reducing its strength and stiffness [7]. Further mechanical degra-
dation in heated concrete is induced by build-up pore pressure due to evaporation of pore
water as well by shrinkage of the binder due to water loss. The reduction of strength and
elastic stiffness due to different chemical, hydro- and thermomechanical processes is termed
damage. The branch of continuum mechanics, which deals with behaviour of damaged and
damaging materials, is called continuum (or continuous) damage mechanics (CDM) (8, 9].

In the present paper, a thermodynamically consistent model to describe the behaviour
of concrete at elevated temperatures is presented. The model is based on the theory of
mixtures and the principles of continuum mechanics and macroscopic thermodynamics [10,
11, 12, 13, 14, 15]. In the model, the following phenomena are taken into account:

e the reversible thermoelastic behaviour of concrete,

e damaging of concrete,

e transport of water, water vapour and air in the porous cement paste,
e adsorption of water into the cement gel,

e the phase change between water and water vapour and

e diffusion of water vapour in the gaseous component.

2 THERMOMECHANICAL THEORY
2.1 Basic definitions and kinematics

In the continuum theory of mixtures each constituent is assumed to be spread over the
spatial domain in a continuous manner and are able to coexist at any point of the region. As
a consequence of the smoothing the variables and functions are continuous and differentiable
describing the state of the material in some average sense.

The concrete is considered as a multiconstituent system consisting of a solid skeleton
(s), liquid water (1) and a gaseous component (g) of water vapour (v) and air (a).

The volume fractions of the solid, liquid and gaseous components are defined as

v,
ﬂk - av ’ ke {Salag} ’ (1)

where dV} is the volume of component k and dV the reference volume. Since the water
vapor and air belong to the same gaseous component, their relative proportions are measured
via the molar fractions ¢, and {, such that

G=¢=—""—, G=1-C=

. )
Ty + Ng

Na

(2)

where ny the mole number of constituent k. The molar volume fractions, £k, are defined as

6 = ﬂ y El = :817 gv = Cvﬁg = Cﬂg: fa = Caﬂg = (1 - C):@g (3)
Apparently the molar volume fractions satisfy the constraints
ng = 1, gk > 07 ke {s,l,v,a}. (4)
k

The molar volume fractions & relate the the apparent densities py to the intrinsic (bulk)
densities py according to
Pk = gkﬁk) ke {Sa la v, a‘}' (5)
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In addition, it is useful to introduce the porosity, 7, and the water saturation, x, as follows

&
=1- = } 6
n £, x=17 £ (6)
The state of motion of constituent k at an arbitrary instant of time ¢ is described by a
velocity field vg(x,t), where & is the vector of spatial coordinates. The motion the solid
component can be described more conveniently by its displacement field v = u(z,1).
The deformations are described either by the rate of deformation

dp = 1[Vo, + (Vvk)T], k€ {s,1,v,a} (7)

or by the strain
e =e=1[Vu+(Vu)T]. (8)
The material time derivative of a quantity following the movement of constituent % is

determined by the operator 4 5
E’;- = 5; + 'Uk'v. (9)
The velocity v is then obviously the material time derivative d «/dt.
Because constituents have in general different velocities at the same macroscopic point
of the mixture, a reference velocity field v.(z,t) is introduced in order to establish the
fundamental principles for the mixture. The material time derivative with respect to the

reference movement can be expressed as follows
dy d.

dt  dt

where vy, is the relative velocity of the constituent k& with respect to the reference velocity:
Uge = Vi — Vs In the classical mixture theory [16], the barycentric velocity is used as a
reference, whereas in the models based on Biot’s theory [17], the movement of the solid is
taken as the reference movement. In this paper, the latter approach is chosen, i.e. v, = v .
It is also convenient to define the generalised Darcian fluxes, Jy and Jg, of liquid and
gaseous components with respect to the motion of the solid component as well as the
generalised Fickian flux, j,, of vapour constituent with respect to the motion of the gaseous

component such that

+ ’Uk*-v, (10)

Ji=Fi(v1 —v ), Jg = ﬁg(vg -v), J,=((vy— vg)v (11)
where the molar-weighted velocity of the gaseous component v, is defined as
vg = (vy + (1 = {)va. (12)

2.2 Conservation laws and entropy inequality

Introducing the Cauchy stress tensor oy, the specific internal energy ey the heat flux
vector g, and the external energy supply 7 of constituents k € {s,1,v,a} as well as the
acceleration of gravity g, the conservation laws of mass, linear momentum and energy for
the concrete can be expressed as follows [12]:

9 =0, (13)

0+ 0, =0, (14)

6, =0, (15)

m +my+m,+m, =0, (16)
£+ 0+ +4, =0, (17)
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where the mass production rate g, the linear momentum production rate my and the
energy production rate £y for constituents k € {s,1,v,a} are defined as

0
0 = % + V- (orvs) (18)
dpv
myg = pg Izltk + 0kvi — Vo) — prg, (19)
_ dyey 1
b = pk—g + (6k = gvk-vk)ek —Oidp + Myg-vge + Ve q — 7k (20)

According to the second principle of thermodynamics the entropy production should
always be positive. Introducing the absolute temperature T and the specific entropy s of
constituent k, the entropy inequality for the concrete can be stated as

Ty +m+w+7%) 20, (21)

where the entropy production rate 7, of constituent k is defined as follows

_dgsk di Tk
Ve = PE + s,k + V (T) T (22)

2.3 Constitutive relations

The thermodynamic state and the material behaviour are defined in terms of variables
of state and dissipation through the Helmholz free energies and the dissipation potential.
The variables defining the thermodynamic state are the absolute temperature 7', which is
assumed to be uniform for all constituents, the strain tensor € and the damage tensor D,
which takes into account microfracturing of the solid component, as well as the intrinsic
densities g , p1, pv and g, and the molar volume fractions £ , £, & and £,. The variables
defining the dissipation behaviour in turn are the heat flux, ¢ = ¢ + q; + q, + q,, the rate
of damage, D=dD /dt, and the relative velocities vy, vy and v, . Reversible material
behaviour is described by means of the Helmholz free energies

'(b = 1/) (T7 G,D,ﬁ ’§ ’glagvaga); 1/)1 = wl(T, :5175 7£l;£V7£a)1

5 . (23)
ty = ’l[)V(T, Pvs & 1517§v,§a)7 Ya = "pa(Ta Pas & ,flafvyga)a
whereas irreversible material behaviour is characterised through the dissipation potential
¢ =¢(q, D, 01,9y ,va ; T, D, pv,€ 6,6y, Ea)- (29)

The thermodynamically admissible constitutive relations are derived from the Helmholz
free energies and the dissipation potential by exploiting the entropy inequality (22) as
follows. Introducing the Legendre transformations

T_l"/)k = T—lek - sk, k€ {S,L v, a’}’ (25)

postulating the representation of the power of dissipation

. 0 0 0
T(vy +71+'yv+'ya)=%-q+a—q.5:D+—¢-v1 + ¢ ¢

0q oD vy ov, v OV, "Ya (26)
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and taking into account the field equations (13)-(20) yield the following equation

o ov\ 4T o\ d.T
— (S +6T> T _‘"(s +6T> & _"V(SVJ“ oT ) dt

O, \ d T vT 9¢
Pa (3a+3—T) q ('—'+_) q

T Oq
l: Z ]8¢] +3 'vv

Z 18% F01° 'Ul] oy

+ (a —p_+£ Z Ja"/)JI) :d + (01+§1ij88—12j1) H
J
+(UV+§VZPJ8¢JI) dv—l-(aa-l-faz J ):da—<p %+%>:D

oD ' oD
oy oh_ G, Oy | diy
( Z -7 ) (p apl p] ;p.? 65] dt
. Oy 81[)] vpv 8"»/):1 8¢J apa
( Y Opy Z i 8pa Z bi 0t | dt
Oh 0, I¢
- [ml +Z (Pl -VE&i —p; 8§J V&) By } V)
3% Oy ¢
= I:mv ) Z ( j 7] 35] v6V> avv Uy
O OY; o¢
- lmﬁz( vg Pige, Ve )+ g, | v =0 (27)
Requiring eq. (27) to hold for any evolution of d T'/dt, d\T/dt, d,T/dt, d.T/dt, q, 6, d
di, dy, da, D, d p /dt, dipr/dt, dvpy/dt, dups/dt, v), vy and v, result in the relevant
constitutive relations
O Ot Oy Oa
— ——— - = _ =" 28
ar’ T Ter YT Toar T Tar (28)
vr _ o
T ~ g’

(29)
o =p - ae =76 Z Jaw’l a1 Elng 1/)’1

§VZpJ wJI

o (30)
= €a E p] 65’ I
i a



giD +22 0, (31)
SRR
ey Jzzz—o, m e,

¢v+ﬁivzj:"j%+%vv vy — Z JawJ - 300 =0, (33)
m=-) (Plggvﬁj Pi 6;? VEI) - %
L)
m, = —Z( a%é’;vgj Jg‘? Véa) 6?)":

3 SPECIFIC MODEL

The mathematical model consisting in the conservation laws (13)-(20) and the constitu-
tive relations (28)-(34) is specified next by choosing particular expressions for the thermo-
dynamic potentials ¢, k& € {s,1,v,a} and ¢.

The Helmholz free energies are composed of thermal (T), mechanical (M), interaction
(I} and constraint (C) parts as

Ve =1 + Y + ¥+ YT, ke {sLv,al}, (35)

and the partial expressions are defined with respect to a prescribed reference state, in which
T = TOa € = 07 D = Oa and 'lplrf = ’lka,O, ¢II;/I = wllg’[o’ Ilpllg = ’()bllg,()a 1/)](3 = 1/"]?,0, £k = &k,O and
Pk = ﬁk,,o for k € {S,l, v, a}.

The expressions for thermal contributions given as follows

W= yT—c o [Tln% - (T—TO)], (36)
W = 48 — o [T In 7 - (T To)] ~ b, (37)
T =YLy —cvo [TlnTzo —(T—TO)] —lv,oT;OTO, (38)
o = ¥lo—cun [T 2 - (0= T0) (39)

determine the caloric capacity of the system in terms of the specific heat capacities ¢y o
of constituents k € {s,1,v,a} and the fusion heat of melting /; o and the fusion heat of
sublimation [, o of water.
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The expressions for the mechanical parts

PM =M - ) <ln—+1>+1[
p p

Gy(tr €)? +Gtr(e-€) —y(T —Ty) tre

P o 1-2
+ a1 tr D(tre)® + agtr D tr(e- €) + agtre tr(e-D) + ag tr(e-D-€) |, (40)
Ko ( )
M o Ay 41
ot = s - 22 (1 2 ()
RT . p,
M+ 42
¢ ¢ 0 Mv on ( )
RT
M
A =Yo7 1o =
w w M, paO ( )

take into account compressibility of each component and damaging of the thermoelastic
solid component [18, 19]. K}, ¢ denotes the intrinsic bulk modulus of constituent & and G is
the shear modulus, v the Poisson’s ratio and -y the thermal expansion parameter of the solid
component at the reference state. Considering isotropic thermal expansion, the additional
material parameters a1, a2, as and a4 are constrained by the relations

2a1 + %ag + %ag =0, az+ %a4 =0. (44)

Furthermore, My is the molecular weight of constituent k and R the universal gas constant.
The the adsorption of pore water and the interactions between vapour and air are char-
acterised by the molar volume fractions through the following expressions

«/ﬂ=w{0, (43
i ¢”+§Zm@i§ “r
vh=vho+ g ln e, (4s)

where the parameters a and b depend mainly on the specific surface area of the porous
medium.

The constraints (4) pertaining to the molar volume fractions are dealt with an indicator
function, Z, such that [15]

C_£ _ 0 if (évgl’évaéa)ec)
’(/}k . ﬁkI(g ;glagvvéa)7 I(£ ’§17§Va§a) - {+OO otherwise, (49)
where

C’z{({,&,ﬁv,fa)GR‘l |Zk£k:1a & >0, kG{S,l,V,a}}- (50)

The dissipation potential involves contributions from heat transfer, evolution of damage,
motions of liquid and gas and diffusion of vapour as follows

¢=31T"1qA" g+ 1D-B 1D + iJrs T+ dpgd gkt T g + DY 5,,  (51)

where A = X(T, £ ,&, &y, &) is the thermal conductivity tensor and B = B(D) the damage
evolution tensor of the concrete. In addition, k1 = k(€ , &, &, &) and kg = Kg(€ , &1, 6wy Ea)
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are the permeability tensors of concrete for the liquid and gaseous components while y; =
w(T) and pg = pg(T, &, &) are their dynamic viscosities, respectively. Finally, D, =
D, (T, py,&v, &) denotes the diffusivity parameter of vapour.

4 CONCLUDING REMARKS

A rather general formulation for the analysis of hygro-thermo-mechanical behaviour of
concrete at elevated temperatures is presented. The resulting model is capable of describing
the following phenomena: the thermoelastic and damaging behaviour of concrete, transport
of water, water vapour and air in the porous cement paste, adsorption of water into the
cement gel and diffusion of water vapour in the pores. In addition, the model takes into
account the phase change between liquid water and water vapour.

Further improvements to the model will inctude:

e shrinkage of concrete due to the loss of adsorbed and chemically bound water during
heating,

e inclusion of a model for transient thermal creep and

e development of a model capable to describe plastic behaviour of concrete, which is
mainly due to the relative sliding of the microdamaged material surfaces.

Moreover, numerical implementation of the model is under development.
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TIIVISTELMA

Raskaiden aseiden tuliputkiin kohdistuu siséballistisen vaiheen aikana pulssimainen painekuormi-
tus. Perinteisesti tuliputken mitoitus on perustunut putkimateriaalin staattiseen lujuuteen. Vanhoil-
la aseilla ja ampumatarvikkeilla tuliputken kiytt6ikéid on rajoittanut kuluminen. Uusissa asekonst-
ruktioissa on kiytetty lujempia materiaaleja ja lujuuden kasvu on myds hyddynnetty putken staatti-
sessa mitoituksessa. Samoin putken sisdpinnan pinnoitusmenetelmilld on vihennetty kulumista.
Tallsin putken vdisyminen toistuvassa laukauskuormituksessa saattaa tulla midradviksi tuliputken
mitoitusperusteeksi. Putken kestoiille on kyettdvi médrittiméén arvio sen véisymislujuuteen perus-
tuvilla laskennallisilla tarkasteluilla. Tydssé esitelldén tuliputken lujuusteknisen mitoituksen teo-
reettista taustaa sekd mitoituksen ohjelmointia MATLAB-ympiristdssd. Ohjelmaa on kiytetty
mm. AMOS-kranaatinheitinasejirjestelmén (Advanced MOrtar System) tuliputken mitoitukseen.

TAUSTAA

Raskaiden aseiden tuliputkiin kohdistuu siséballistisen vaiheen aikana pulssimainen painekuormi-
tus. Maksimipaine vaihtelee putkikoordinaatin (putken pituusakselin) suhteen tavallisimmin siten,
ettd panoskammion painetaso on suurempi kuin paine putken suulla. Ruutikaasun tuottamalle pai-
neelle saadaan arvio siséballistisen vaiheen laskennallisista simulaatioista tai olemassa oleville
aseille ja ampumatarvikkeille tehdyistd mittauksista.

Perinteisesti tuliputken mitoitus on perustunut putkimateriaalin staattiseen lujuuteen. Aseen sallittu
kayttopaine-alue on ollut kokemusperdisen turvamarginaalin (varmuusluvun) verran alhaisempi
putken alkavaa myétdfimistd vastaavaan paineeseen nihden. Vanhoilla aseilla ja ampumatarvik-
keilla tuliputken kiytt6ikid on rajoittanut kuluminen ja siitd aiheutuva aseen suorituskyvyn heik-
keneminen.

Uusissa asekonstruktioissa on kéytetty lujempia putkimateriaaleja ja lujuuden kasvu on myds hys-
dynnetty putken staattisessa mitoituksessa. Samoin putken sisépinnan pinnoitusmenetelmilld on



693

vihennetty kulumista. T4lloin putken vésyminen toistuvassa laukauskuormituksessa saattaa tulla
médridviksi tuliputken mitoitusperusteeksi. Putken kestoidlle on kyettivd médrittiméan arvio sen
visymislujuuteen perustuvilla laskennallisilla tarkasteluilla kuten esimerkiksi standardin
STANAG 4110 painemédritykset edellyttivit (Fatigue Design Pressure, FDP-curve) /1/. Asejir-
jestelmien kayttturvallisuuden todentamiseksi nykyisin pyritdén testaamaan aseiden kestdvyys ja
erityisesti visymiskestdvyys laskennallisten tarkastelujen tulosten varmistamiseksi. Aseen kons-
truktiivisen lujuuden testaus on kuitenkin vain pieni osa kiyttsturvallisuuteen liittyvistd koko ase-
jérjestelmén testauksesta /2/.

TULIPUTKEN STAATTINEN LUJUUS

Aseiden tuliputket ovat kohtuullisen sileitd sylintereitd ja voimakkaita geometrisia poikkileikkauk-
sen epdjatkuvuuskohtia on pyritty valttiméin. Pdistdén avoimen (normaalivoima N =0), sisépuo-
lisella paineella kuormitetun, vakio- ja paksuseindméisen sylinteriputken kimmoteoriaan perustu-
vista yhtiloistd voidaan johtaa valitusta vertailujdnnityshypoteesista riippuen sisdpuoliselle my6to-
paineelle sangen yksinkertaiset lausekkeet.

Tuliputkien tapauksessa poikkileikkauksen ulkohalkaisijan muutoksen pienuudesta johtuen “kési-
laskentalausekkeet” antavat tdysin FEM-laskentatuloksiin yhtyvié tuloksia. Suurempia virheitd ai-
heutuu todellisuudessa dynaamisen tilanteen kisittelemisesti staattisena sek# painekuormituksen
laskennan epdvarmuudesta. Painekuormituksen laskentatuloksia (siséballistiikan ratkaisua) ei voi
verrata mittaustuloksiin koko tuliputken matkalla mittaamiseen liittyvien ongelmien vuoksi.

Lineaarisen kimmoteorian mukaan sisépuolisen paineen kuormittaman paksuseindisen ja autofre-
toimattoman putken poikkileikkauksen jinnitykset tasomuodonmuutostilassa ovat

2
o, =— Mh_l (radiaalisuuntainen jénnitys)
(du / ds) -1
2
o, = EM (kehin suuntainen jénnitys)
(du / ds) -1

joissa p on sispuolinen paine, d, putken ulkohalkaisija, & putken siséhalkaisija ja d laskenta-

halkaisija, eli tarkastelupistettd vastaava halkaisija. Kehin suuntainen jdnnitys, joka on aina vetoa,
saa suurimman arvonsa putken sisipinnalla. Radiaalisuuntaisen jannityksen itseisarvo on myds
suurimmillaan putken sisépinnalla.

TULIPUTKEN VASYMISTARKASTELU

Suurikaliiperisille aseille on tyypillistd kuormituskertojen alhainen lukumaird, kiyttdidn aikana ta-
vallisesti satoja tai tuhansia laukauksia. Suurimmilla panoksilla rasitustaso on ldhelld putken myo-
tidmistd. Kéytettdvid panoksia ja ammuksia on myds useita, jolloin aseen rasitustaso vaihtelee.
Télloin olisi tarpeen midrittad jokin mitoituksessa kiytettdvi peruslaukaisuyhdistelmd, johon mui-
den laukausyhdistelmien rasituksia verrataan, tai sitten tehdd mitoitus suurimman tyypillisesti kiy-
tettdvin panoksen mukaan. Toisaalta staattisen mitoituksen vaatimukset saattavat johtaa riittdviidn
kestoikdin, mikd my6s on pystyttivi toteamaan. Epdvarmuutta putken rasitusten miérittdmiseen
aiheutuu mm. rihlojen muokkautumisesta ammuksen johtorenkaaseen, mik4 saattaa kasvattaa put-
ken laukausrasituksia /3/.
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Laukauksessa esiintyy lampokuormitus, joka aiheuttaa putken sisdpinnalle limpdsirdverkon jo
varhaisessa vaiheessa, tyypillisesti muutamien kymmenien laukausten jilkeen. Limpdsirsverkon
sérdsyvyys on n. (0,2...0,5) mm. Tatd pienempid sirdjd ei kannata etsid putken valmistusvaiheen
NDT-tarkastuksessa. Putken rihlaus aijheuttaa kehén suunnassa geometrisia epidjatkuvuuskohtia,
jotka toimivat hyvéni kasvualustana séréille rihlatuilla tuliputkilla. Kirjallisuudesta 16ytyy run-
saasti valokuvia, joiden mukaan putken suuntaiset sirét ovat alkaneet kasvaa juuri rihlauksen juu-
resta. Koska kehén suuntainen vetojénnitys on suurimmillaan putken sisipinnalla, visymisen kan-
nalta kriittisin kohta on putken sisépinta, jos putken ulkopinnalla ei ole voimakkaita geometrisia
epdjatkuvuuskohtia.

Tuliputkien materiaaleina kdytetdén taottuja erikoisteriksid, joilla on suuri lujuus ja lujuuteensa
ndhden hyvit sitkeysarvot myds matalissa ldmpétiloissa. Murtumisparametrien méérittiminen
ndille terdksille on vaikeaa, esim. murtumissitkeyden K- sijasta joudutaan tyytyméin tasojénni-

tystilassa (tai ldhelld sitd) saatavaan K -arvoon, koska testikappaleen koko ei tiytd tasomuodon-

muutostilan edellytyksid. Tuliputkessa materiaalin ominaisuudet saattavat olla taonnasta johtuen
suuntautuneita, jolloin materiaaliltaan 13hinnd isotrooppisesta ja homogeenisesta koekappaleesta
mitattujen materiaaliparametrien kiyttdmiseen liittyy epdvarmuutta.

Perinteiset high cycle —alueella toimivat nimellisid jannityksid k#yttivit visymisanalyysimenetel-
miit ovat kiyttSkelpoisia, mikili nimelliset jannitykset lovenvaikutuslukuineen kuvaavat kriittisen
kohdan jénnitystason oikein. Niin on, mikili kriittisen kohdan geometria ei muutu visymisen ai-
kana. Visymissdron synnyttyd geometria muuttuu (jinnitysten kannalta), mutta mikdli visymis-
idstd suurin osuus kuluu sérdjen ydintymiseen, visymisidn ennusteeseen téti kautta tuleva virhe on
pieni.

Mikaili rakenne sisdltdd valmiiksi alkusdrgjé tai sdrdt ydintyvit jo varhaisessa vaiheessa, visymis-
idn médrdd sdron kasvu kriittisen suuruiseksi. Sen médrittdmiseksi on téllin luontevinta kiyttda
murtumismekaniikan sirén kasvun laskentaan perustuvia menetelmii. Kiytdnnén kannalta ongel-
maksi muodostuu kdytettdvin sirdnkasvulain parametrien madrittdminen ja niiden arvojen luotet-
tavuus sekd kriittisen sdrdn koon midritys. Kestoikdennusteet ovat erittdin herkkid sdronkasvulain
parametrien muutoksille ja toisaalta lineaarista murtumismekaniikkaa sovellettacssa murtumissit-
keyden mittaaminen on sitkeille materiaaleille hankalaa. Sardn kasvun laskenta on sinélldan yksin-
kertaista ja nopeaa, jolloin erilaisten herkkyysanalyysien tekeminen materiaaliparametrien suhteen
on helppoa.

Tuliputken tapauksessa syntyvit sirdt ovat tyypillisesti tuliputken suuntaisia, jolloin sérén kuormi-
tus on peruskuormitustavan I mukainen. Koska tuliputki on pitkd, sen poikkileikkaukseen syntyy
varsin tarkasti tasomuodonmuutostila (ja liséksi palkkiteorialla varsin tarkasti laskettavissa oleva
taivutustila). Tasomuodonmuutostilassa sirén kirjen edessé olevan plastisen alueen koko on pie-
nempi kuin tasojénnitystilassa, jolloin lineaarisen murtumismekaniikan kaytts on perustellumpaa.

Todennikoisesti kaikkien palveluskiytdssid olevien panosten painerasituksesta laskettu jdnnitysin-
tensiteettikerroin K ylittdd kynnysarvon AKyy, jonka alapuolella sird ei kasva. Alkusirtjen
kuormitus on laukausrasituksessa tykyttdvid, ja mikili sdron kasvulain materiaaliparametrit mita-

taan tykyttivilld kuormituksella, keskijannityksen vaikutus on koetuloksissa mukana laukausrasi-
tusta vastaavalla tavalla. T4lloin sdron kasvun laskemiseen kannattanee kiyttid Paris’n kaavaa /7/

da

—=C(AK, )"
& clak,)
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Séaron kasvun laskennan lopetuskriteerit ovat:

® intensiteettikerroin saavuttaa murtumissitkeyden arvon, mikd johtaa epistabiiliin siron-

kasvuun

e  siron edessd oleva kannas on ldpiplastisoitunut

e intensiteettikerrointa ei voida laskea
Kaksi ensimmdisti lopetuskriteerid ovat itsestddnselvid, sen sijaan kolmas vaatii perusteluja. Kir-
jallisuudesta 16ytyvit intensiteettikertoimen késikirjakaavat ovat tyypillisesti numeerisesti lasket-
tuihin tuloksiin sovitettuja lausekkeita. Niiden ilmoitettu voimassaoloalue loppuu sirén syvyyden
ollessa n. (75...80)% seindmén paksuudesta. Laskennan jatkaminen timin rajan ylitse on riskial-
tista, joten kiytdnnon tydssé, erityisesti késitellyssi tapauksessa, on varminta lopettaa laskenta il-
moitetun voimassaoloalueen rajalle ja todeta, ettd sdrd on kasvanut (laskentakaavoihin nihden)
kriittisen syvyiseksi.

Toinen kirjallisuudesta 16ytyvien intensiteettikertoimen kisikirjakaavojen ongelma on, etti tuliput-
ken tapauksessa halkaisijasuhde d, /d, osoittautui olevan usein suurempi kuin ksikirjakaavojen

voimassaoloalue sallii. Ne on ilmeisesti laadittu aineen siirtoon esim. ydinvoimaloiden yhteydessi
tarkoitetuille paksuhkoseindmisille putkille. Tuliputken seinimi on kuitenkin niihin nihden sel-
viisti paksumpi erityisesti panoskammion liheisyydessa.

Intensiteettikertoimen laskentaan liittyvit ongelmat voinee ratkaista esim. kiyttimilli intensitect-
tikertoimen laskentaan painofunktiomenetelmid /8, 9/. Téssd selostetussa tydssd siihen ei kuiten-
kaan ldhdetty.

TULIPUTKEN LUJUUSTEKNISEN MITOITUKSEN OHJELMOINTI

Tuliputken lujuustekninen mitoitus sisdltdd staattisen mitoituksen ja visymismitoituksen. Koska
mitoitus ei sisdlld raskasta laskentaa séiron kasvua ehki lukuunottamatta, laskenta voitaisiin suorit-
taa perinteisend késilaskentana. Toisaalta uusien ampumatarvikkeiden kéyttoonotto seké herkkyys-
analyysit materiaaliparametrien suhteen vaativat laskennan toistamista useita kertoja. Tuliputken
geometriset tiedot pysyvit niissd laskennoissa samoina. Virheiden vilttimiseksi, olemassa olevan
tiedon hallitsemiseksi ja kiyttomukavuuden vuoksi Patria Weapon Systems Oy:ss# katsottiin tar-
peelliseksi ohjelmisto, jossa tuliputken geometria syStetidn vain kerran ja laskenta voidaan toistaa
erilaisilla ldhtdarvoilla helposti. Patria Weapon Systems Oy:n ja Mekalyysi Oy:n vilisissd neuvot-
teluissa paadyttiin mitoitusohjelmiston toteuttamiseen MATLAB-ympiristdss.

Aikana jolloin tietokoneita kiytettiin tekstipohjaisilla paitteilld, kynnys tissi kuvatun mitoitusoh-
jelmiston tekemiseen olisi ollut pienempi, koska ohjelmiston vaatima sy&ttddata olisi annettu (ul-
kopuolisen kannalta varsin kryptisen nikoiseni) tekstitiedostona ja laskentatulokset olisi tulostettu
tekstitietiedostoon tai péitteen ruutuun. Graafisten kéyttojirjestelmien yleistyessd kynnys pieneh-
kdjen ohjelmien tekoon on noussut, koska niiltikin vaaditaan graafisia kdyttoliittymid ja graafisia
tulostuksia. Teknisen laskennan yhteydessd niyttds siltd, etti MATLAB on téll4 hetkelli paras rat-
kaisu laskennan suorittamiseen, graafisen kiyttdliittyman ohjelmoimiseen ja graafiseen tulostuk-
seen, mikéli ohjelmoitava laskenta on selvirajainen ja laajuudeltaan pienehkd. MATLABIa kiytti-
en ohjelmoijan ei tarvitse syventyd minké4n ohjelmointikielen hienouksiin, vaan riittdvin niytt4-
vid ja samalla toimivaa jilked saa aikaan varsin nopeasti. Muitakin vaihtoehtoja tietysti on.
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Tuliputken lujuustekniseen mitoitusohjelmaan annetaan syottdarvoina:
e  materiaaliparametrit: kimmomoduuli £ , Poisson kerroin v, murto- ja myétdlujuus (R, ,

R, ), murtumissitkeys K, Paris’n kaavan materiaaliparametrit C ja m

e gcometriset suureet: putkigeometria, alkusirén koko

e  kuormituskertojen médrdi N ja tunnettu paine

e aseen sisdballistisiin simulointeihin perustuva laskennallinen suunnittelupainekéyrsd DP,
jota ei kiytetd lujuuslaskennassa, mutta ehdon DP < SMP tulee toteutua /1/.

Ohjelma laskee syé6ttdarvojen perusteella:
e tuliputken staattiset painerajat (SMP) materiaalin mySt6rajaan perustuen
e  visymispainerajat FDP(N) méiritylle kuormituskertojen (laukausten) lukuméaérille
e  kuormituskerrat N(p;) tunnetulle painekuormalle p;.

Visymistarkastelut perustuvat lineaariseen murtumismekaniikkaan kuten edelld on esitetty ja tar-
kasteltavat putken sisdpinnan sdrStapaukset ovat:

e  Hdrettdmdn pitkd aksiaalisdro (rajoitus putkigeometrialle d, < 1,204, )

e puoliclliptinen s#r6 (rajoitus putkigeometrialle d, <1,25d, sekd sdr6n muodolle

a<c<20a, a sirdn syvyys, ¢ sirdn pituus)

e reunasird puoliddrettdmissi levyssi.
Viimeinen tapaus piti liséitd, koska kédytetyn ddrettomén pitkin aksiaalisdrdn jannitysintensiteetti-
kertoimen laskentakaavan rajoitus oli liian rajoittava tuliputkien mitoitustarpeita ajatellen. Sen
kaytté paksuseindisen putken sisdpuolisen aksiaalisdrén yhteydessd lienee perusteltua, kun sirén
syvyys suhteessa seinimin paksuuteen on pieni.

Laskennan tuloksina tulostetaan
e Stanag 4110 mukaiset painekiyrit putken pituudelle:
o staattiset mydtSpaineet (SMP) jénnnityskriteerin mukaan putkimatkalle
o visymispainekiyrit (FDP) valitulle sirémuodolle ja annetulle laukausméérille
putkimatkalle
e  kriittistd sirokokoa vastaava kuormituskertojen miiri putkimatkalle (N(p;) nimellinen
sallittu kuormituskertojen méérd annetulla paineella)
e sdr6n syvyyden ja jénnitysintensiteetin kehittyminen laukausmédréin funktiona halutuissa
tarkastelupisteissi
e  sirdn kasvun laskennan lopetuskriteerit.
Kuvissa (Kuva 1 ja Kuva 2) on esitetty esimerkki tuliputken kriittisten paineiden seki sidrdn ja jin-
nitysintensiteetin kasvun graafisesta tulostuksesta.

Alun perin ohjelmoinnin toteutusta ajatellen eniten ty6td vaativaksi osuudeksi arveltiin graafisen
kayttoliittymin tekemistd. Yllattden sdron kasvun laskennan toteuttaminen luotettavasti osoittautui
tyoldimméksi. Tdssd yhteydessd ilmeni ainakin seuraavia ongelmia:

e Joissakin tapauksissa sdron kasvu pysidhtyi kiytinnollisesti katsoen kokonaan, kun sérén
syvyys ylitti laskentakaavojen voimassaoloalueen rajan. T#std johtuen ohjelman pitd4
tarkkailla useampaa laskennan lopetuskriteerid, mikd monimutkaistaa ohjelmaa. Alun pe-
rin ajatuksena oli, ettd jinnitysintensiteettikertoimen ja murtumissitkeyden vertailu riitta4.

e Kirjallisuudessa esitetyt jdnnitysintensiteettikertoimien laskentalausekkeet ja niiden il-
moitetut voimassaolorajat osoittautuivat epéluotettaviksi. Laskentalausekkeiden ja niiden
voimassaoloalueiden luotettavuuden varmistaminen vaati ylimaéardistd tyota.

o Integroitaessa Paris’n kaavaa MATLABIn automaattinen askelpituuden valinta aiheuttaa
joskus puolielliptisen sdron tapauksessa sdrdn syvyyden kasvamisen sen pituutta suurem-
maksi, jolloin jannitysintensiteettikerroin menee kompleksiseksi ja laskenta kaatuu.



697

— alllxf
Lasketut kriitiset paineet Tuliputkiesimerkld 1 Tutosta | Tuosta bedostoon | Paiwu
SMP AWEN FDP fong arial track. N = 4000 1
—DP - - -+ -SMPAMPWM G—8—5—aFDP femisliic creck, N= £0D
T T

N

R, MPY)

Kuva 1. Tuliputken kriittisten painearvojen laskentaesimerkki. Kuvan painekéyrit ylhiltd alas:
SMP/MPVH myétopaine maksimipdédvenymihypoteesi, SMP/VVEH my6topaine vakiovédristy-
misenergiahypoteesi eli von Mises, DP suunnittelupaine (< SMP), FDP/semielliptic visymispaine
puolielliptiselle sisisiirdlle N = 4000 Is, FDP/long axial crack vésymispaine N = 4000 Is.
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Kuva 2. Sironsyvyyden ja jannitysintensiteetin kasvu annetulla painekuormalla p; kuormitusjakso-
jen N (laukauksien) funktiona. Laskentapoikkileikkaus on osoitettu pallukalla putken kuvassa.
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T#ssd selostetussa tydssd syntynyttd ohjelmaa on kiytetty Patria Weapon Systems Oy:ssd mm.
AMOS®-kranaatinheitinasejirjestelmin (Advanced MOrtar System) tuliputkien mitoitukseen.
Kiyttokokemuksien perusteella ohjelmasta on 18ytynyt joitakin jatkokehitystd vaativia piirteitd,
mm:
tietojen syo6ttéd voisi kehittdd
laskettavat tulokset olisi voitava valita kulloisenkin tarpeen mukaan
siarén edessd olevan kannaksen ldpiplastisoituminen olisi lisdttdvd laskennan lopetuskri-
teeriksi
e  geometrisista epdjatkuvuuskohdista, kuten rihlauksesta tai putken seinimén ldpiporauk-
sista, johtuvien jinnityskeskittymien huomioonottaminen karkealla tasolla olisi lisattava
e jinnitysintensiteettikertoimen laskennan rajoitteista olisi padstivi eroon.

YHTEENVETO

Kokemuksina tdssi selostetusta tyostd esiin nousee kaksi asiaa. Ensinndkin pienehkdjen teknisté
laskentaa suorittavien ohjelmien ohjelmointi MATLAB-ympiristdssd on helppoa mukaan lukien
graafinen kéyttoliittyma ja graafinen tulostus. Toiseksi kriittinen suhtautuminen laskentatuloksiin,
tissi tapauksessa jinnitysintensiteettikertoimen arvoihin, on aina paikallaan. Erityisesti ohjelmoin-
tityossid laskentatuloksien oikeellisuuden takaaminen vaatii paljon ty6ta.

Ohjelman kiyttijin sekid laskennallisten tulosten loppukiyttdjdn eli puolustusvoimien asealan
asiantuntijoiden kannalta Mekalyysi Oy:n toimittaman ohjelman kéyttdominaisuudet ja erityisesti
laskentatuloksien selked “insind6rimiinen” esitystapa ylittivit alkuperdiset odotukset ja tavoitteet
/6/. Ohjelmisto on osoittautunut helppokdyttdiseksi ja laskennalliset tulokset kdyttokelpoisiksi uu-
sien asejérjestelmien suunnittelussa ja testauksessa sekd vanhojen asejérjestelmien suorituskykyar-
vioineissa. Kéyttijin kannalta nopea ja luotettava laskenta on sekd taloudellisesti ettd laskentare-
surssien kiyton suhteen ylivoimaisen tehokasta etenkin nykysuuntauksen mukaiseen raskaaseen ja
aikaa vieviin sir6n FEM-mallinnukseen verrattuna.
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FRACTURE AND J-INTEGRAL ASSESSMENT OF A
WELDED CFSHS K-JOINT TESTED AT -40 °C

T. BJORK, S. HEINILA and G. MARQUIS
Laboratory of Fatigue and Strength
Lappeenranta University of Technology
P.O. Box 20
FIN-53851 Lappeenranta, FINLAND

ABSTRACT: The deformation, ultimate load capacity and fracture behaviour of full-scale
welded K-joints fabricated from cold-formed rectangular hollow sections has been studied both
numerically laboratory testing at -40 °C. The experimental program revealed that the primary
failure mode was ductile tearing of the chord flange at the weld toe of the tension brace flange. In
some cases the ductile tearing led to brittle fracture. Finite element based J-integral assessment of
an advancing crack was combined with J-Aa curves measured at -40 °C. Assessment revealed that
crack advance, once initiated, would be expected to continue at nearly constant load. This
assessment method was found to be effective in modelling the ultimate ductility of the joint.

1 INTRODUCTION

Rectangular hollow sections (RHS) are widely used in load-carrying structures due to their good load
transfer behaviour and aesthetic form. Experimental tests and numerical analyses on the capacity and
fracture of structural hollow section joints are regularly reported, however, most of these investigations
involved joints fabricated using hot-formed structural hollow section members or testing has been at room
or elevated temperatures [Wardenier 1982 and 2002, Packer et al. 1992, Packer & Henderson 1997, Puthli
1998, Vainio 2000, Zhao et al. 2005]. Full-scale sub-zero temperature tests are complex and relatively
expensive, especially if a significant number of joint geometries and section profiles are of interest.
Therefore, only limited test data is available for cold-formed structural hollow section joints at sub-zero
temperatures [Niemi 1990, Niemi 1996].

Finite element (FE) modelling can be an effective tool for studying the nonlinear load deformation
behaviour of RHS joints. For cold formed structural hollow sections (CFSHS), the yield strength
of the comer is typically higher than that of the adjacent flat faces because of the greater degree of
cold forming. True stress-strain curves determined by material tests from both the flat face and the
corner region can be used to develop nonlinear material models for the FE analyses. It was found
that the load-deformation behaviour predicted by FE analysis was in good agreement with that
measured in the laboratory experiments, However, the ultimate strength or ultimate deformation
capacity of a joint based on FE analysis is strongly dependent on the choice of the failure mode.
Previous work showed that the simple von Mises theory over predicted the deformation at failure
[Bjork 2005, Bjork et al. 2003a, Bjork et al. 2005].

In practice, sufficient load carrying capacity means that the joint can withstand the required design load
with a sufficiently low failure probability. The design load can be assessed using design guidance
documents [EN 2003], where the capacity is based on the nominal yield strength of the parent metal. Even
though load carrying capacity is the most significant design criterion, deformation capacity is an extremely
relevant parameter when considering structural safety. In order to fulfil the requirements for the



700

deformation capacity, the joint must have sufficient plastic deformation before final failure. The concept of
“sufficient deformation capacity” of the RHS-joint is not standardized, but a widely adopted practice is to
ensure that the plastic deformation / chord width-ratio &,/b, > 0.5% for joints where the widths of the brace
and chord members are equal, £=1.0, and §,by> 1.0% for joints with § < 1.0 [Wardenier 1982].

The current study focuses on the use of nonlinear FE analysis of a K-joint fabricated from cold formed
rectangular sections. Elastic-plastic analysis was used to model the load-deformation behaviour of the
joint. Additionally, J-integral values at several crack depths were numerically computed. J-Aa
crack resistance curves measured for the material near the weld in the through thickness direction at -40
°C were experimentally measured using standard procedures. J-integral values were used in conjunction
with the J-Aa curve in order to asses both the ultimate load carrying capacity of the joint as well as the
ultimate deformation capacity.

2 EXPERIMENTS
2.1 Full-scale tests

Quasi-static tests of full-scale symmetric K-joints at ambient and sub-zero temperatures have been
performed. The gap type K-joint was used because it is very common joint type in truss and other
types of structures. Joint geometries for which minimum deformation capacity was expected were
chosen for testing. In order to restrict the deformation capacity of the joint, the gap between the
brace members was chosen to be the minimum value allowed in the design recommendations. The
material of test tubes had a nominal yield strength f; = 355 MPa. A schematic of the test specimen
is shown in Figure 1 and a typical test specimen is shown in Figure 2.

More that 30 sub-zero K-joint tests were performed. The joint chosen for detailed FE analysis had
chord dimensions 100x100x6 (by x A X fp [mm]), brace dimension 50x50x5, a gap of 8 mm and an
angle between chord and braces of 50°. The test temperature was -40 °C. The specimen chord was
fixed in a frame and preloaded in tension to 460 kN by hydraulic jacks. Pinned boundary
conditions were used for the brace ends. A schematic of the test frame is given in Figure 3. More
full details of the test program are reported elsewhere [Bjork 2005, Bjork et al. 2003a]. The
measured experimental ultimate load was 365 kN which was in good agreement to the design code
value [EN 2003]. Measured joint deformation at fracture, d,/by, was 1.5%.

N

covering tube

Figure 1. Schematic of K-joint test specimen.
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Figure 2. A typical K-joint test specimen.

COD transducer in brace side gap
strain gauges along chord and brace members

coolant circulation plugs

pin ended
end plates

frame of chord

loading rig pretension
e .-...-‘.‘;'-.:a;-_—-;?.'.'..‘.._ .:-.":; _.':;-_.:-a-r.-ag.'_.'..;..._..-_..a_-._ - =
BEER

. . / displacement transducer
thermal insulation

Figure 3. Schematic illustration of K-joint test arrangement.

2.2 Fracture surface evidence

The primary failure mode for many of the joints tested at sub-zero temperatures was ductile tearing
of the chord flange followed by brittle fracture. Failure started from the weld of the tension brace
at the chord flange side of the weld toe. The fracture initiated at the location where, according to
FE analysis, the stresses of the gap were greatest. The failure surface in the chord flange was
normal to the tension brace, i.e., at an angle of approximately 50° with respect to the longitudinal
axis of the chord.

The fracture initiated by ductile tearing and then, as the crack size increased, the fracture type
changed to brittle. This is seen in Figure 4. In the ductile zone the surface was rougher and appears
as the darker region in the photograph. The brittle surface has a lighter shade and a typical chevron
pattern. The failure modes observed using SEM agreed well with the macro-level observation
concemning the change of failure mechanism.
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Figure 4. Failure surface of a K-joint at -40°C.
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Figure 5. Ductile (a) and brittle (b) failures defined by SEM.

The failure progressed by ductile tearing until the crack depth through the wall of the chord was
approximately 3 mm. The corresponding crack width along the chord surface was about 35 mm. After
this, the fracture type changed to brittle and continued until complete separation of the chord member.
Similar types of failures were observed in numerous K-joints. The crack length at which the fracture
behaviour changed from ductile to brittle varied from one joint to another but the mechanism remained
constant. In some cases the critical crack depth was only a fraction of the chord wall thickness while in
other cases a full through thickness ductile crack was observed. In those cases where the critical crack was
through thickness, the surface crack length was approximately equal to the width of the brace member
[Bjork 2005].

2.3 J-Aa tests

J-Ada crack resistance test specimens (5x10x40 mm) were cut from the same RHS from which the chord
of the K-joint was taken. The position from which the specimens were cut is shown in Figure 6. In order
to simulate the weld, a cladding operation was performed using a one-pass MAG process. The same weld
parameters were used as those used during K-joint fabrication. The cladding was applied to the cut surface
of the specimen. After cladding, a pre-notch was machined in the specimen followed by fatigue pre-
cracking to achieve a sharp crack of the desired dimension.
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Figure 6. Location of J-Aa specimens taken from the RHS.

The tip of the fatigue pre-crack was about 1 mm from the fusion boundary as seen in Figure 7. The fusion
boundary was located near the specimen surface at a depth similar to that observed in the welded K-joint.
Specimens were pre-cracked at ambient temperature and tested at -40 °C according to ASTM E 1921-03
[ASTM 2002].

ﬁyl‘ﬂ-rl' pmperesr gt

W"ﬂvﬂt ¥

. fusion.
boundary _»

o i, o A _j

" fatigue
“pre-crack
(highlighted)

Figure 7. An example of a pre-cracked J-Aa test specimen.

3 THE J-INTEGRAL

Because the experimental program revealed that ductile tearing followed by brittle failure was
observed for many welded K-joints at sub-zero temperatures, it was decided to include ductile crack
growth in the analysis model using a J- integral fracture mechanics approach. The J-integral as developed
by Rice for eclastic materials generally describes the flow of energy into the crack tip region [Rice &
Tracey 1969]. The theoretical load carrying capacity is based on J-integral value defined as
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¢ du du
J=|Wdy+ ||t —=+t —L |ds 1
6[ y xdx ydx ()

5

where u; are the nodal displacements, s is the path length and W is the strain energy density which can be
divided into elastic and plastic component

Ww=Ww,+ Wp, = J.O',.jdg,.j + Wp, )
0

In the case of FEA, the plastic strain energy density W} can be obtained directly within the FE software.
The tractions # and #, are

t, =o,n. +o &)

x x}’ny

t,=oc,n +o,n, @

where #1x and 7 are the normal vector x- and y-components.

The procedure for defining the critical load, Fy, and subsequently the critical deformation
capacity is based on the EPRI approach [Kumar & al.1984]. In this method the calculated elastic-
plastic J-integral is compared to Jz —values obtained from material test results. The procedure is

illustrated schematically in Figure 8.
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Figure 8. a) Numerically defined F and J~integral dependence for a structure and b) critical load
F..;; assessment procedure.
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The applied force F and J-integral dependence of a joint is defined using FE analysis for several
crack sizes, ay, as, as, etc., see Figure 8a. From these curves the J-Aa relationships for alternate
force levels, Fy, Fy, F3, F,, etc., can be defined as shown in Figure 8b. By plotting the Jy curve
from material tests on the same diagram, the critical load F; can be estimated.

It should be noted that the shape of the constant force J-Aa curves for a structure is highly
dependent on the structure itself. A structure for which the crack growth is predominantly load-
controlled will have a generally positive curvature. While the curve for a structure in which the
crack growth is displacement controlled will have a negative curvature or even a negative slope.

4 FINITE ELEMENT CALCULATIONS
4.1 Load-deformation evaluation

The program MSC MARC was chosen for the FE load-deformation analysis. Eight node linear
solid elements and 4-node linear tetra elements were used. A solid model was used in order to take
into account the real joint geometry with the welds. A Ramberg-Osgood type true o—¢ material
model was for the analysis. Details of this analysis have been reported previously [Bjork 2005,
Bjork et al. 2003b]. A comparison of the experimentally and the numerically predicted load-
deformation behaviour is shown in Figure 9.

The FE analysis provided good estimates of the elastic—plastic joint behaviour of the analysed
joints. However, FE analysis tended to overestimate the ultimate deformation and load carrying
capacity. This is mainly due to the von Mises failure hypotheses used in the analysis. This failure
hypothesis does not take into consideration the void nucleation or crack growth that lead to ductile
failure in a joint. Experimentally, joints failed before the local strains reached the measured critical
strain value obtained from the coupon tests.
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Figure 9. Measured and numerically simulated load displacement behaviour of a K-joint.
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4.2 J-integral evaluation

Quasi-static tests of full-scale symmetric K-joints at ambient and sub-zero temperatures were
simulated using ANSYS. Measured geometrical data from the laboratory tested K-joint was used in the
model. The finite element model of a K-joint was solved for several different crack depths and the J-
integral was computed at numerous load steps for each crack depth. Identical FE models were used except
that the crack depth varied from 0.1 mm to 3 mm. Material properties for the brace and the chords were
based on the measured material data. Elastic linear hardening material models were assumed.

Due to the geometric symmetric and the loading condition, % of the joint was modelled. The boundary
conditions, applied loads and the element model used to define the J-integral in the critical region of
the K-joint of interest are shown in Figure 10. Boundary conditions were assumed to represent the
laboratory test rig boundary conditions. Modelling of the crack and crack tip required a very fine mesh so
the FE models were large. For this reason only the regions near the crack were modelled using solid
elements while shell elements were used elsewhere. The boundary conditions required some beam
elements and spider web meshing on the end of one chord.

4 tension load

AUG 27 2004
09114136

RLEMANTE

preload

pin end free end

pin end
crack line follows the weld toe

crack tip

Figure 10. The FE model used for assessing the J-integral in a K-joint.

Regions near the crack were meshed with 20-node solid elements. Regions distant from the crack, but that
were expected to experience nonlinear deformation, were modelled with 8-node solid elements. Pyramid
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or tetrahedral versions of the 20-node solid elements were used in some difficult transition volumes near
the crack. Connections between the parabolic and linear solids were done by reducing the mid-side nodes.
Other regions of the structure, such as chords and the ends of the brace, were modelled with linear
or parabolic shell elements depending on the connection to the solid elements.

The crack tip mesh consisted of two rows of crack tip elements. Only a limited number of crack tip
elements around the crack tip were used because of the difficult joint geometry. The crack tip
clements were also modelled as elastic crack tip elements having middle nodes Y distance from
the crack tip and the nodes at the tip connected to each other. Each of the FE models had
approximately 35 000 elements and 462 000 degrees of freedom.

The J-integral along the weld toe between the corner of the brace member and the centreline of the
joint was assessed. For smaller crack depths and at lower loads, the J-integral reached a maximum
value at a distance approximately 3.2 mm from the brace comer. This corresponds reasonably well
with the location of the ductile crack from the fracture surface (see Fig 4.).

5 RESULTS AND DISCUSSION

The J-Aa crack resistance test results are summarized in Figure 11. These were generated using ASTM
test procedures at -40 °C. The symbols LTY2, LTY8 and LTY12 refer to test specimen numbers.
Specimen LTY2 was without cladding while specimens LTY8 and LTY12 included a cladding operation
and the ductile crack growth was initiated in the HAZ approximately 1 mm from the fusion line (refer to
Figure 7). In all cases the crack propagation direction represented a through-wall ductile crack extension.

Jgr-curves for K7 chord member

0k
£

-§- X et
e —
L—<T*
—1° |
)
——LTY2, curve fit
——LTY8, curve fit
= = =LTY12, curve fit
LTY2, test values
s LTYS, test values
x LTY12, test values

0 025 05 075 1 125 15 175 2 225 25
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Figure 11. The measured crack resistance curves for specimens taken from RHS.

The J-integral calculation results for the K-joint of interest are shown in Figure 12 for crack depths
of 0.1, 0.2, 0.5, 1.0 and 2.0 mm. The J-integral is calculated for a path situated 3.2 mm from the
corner areca of the brace where the highest elastic stresses were computed. This location
corresponds well to the location where ductile fracture was observed to occur based on the fracture
surface analyses.
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Figure 12. Computed J-integral values for the K-joint at a path 3.2 mm from the brace corner.

From the curves in Figure 12, the constant force curves (F = 200, 250, 300 and 350 kN) were
derived. These are plotted in Figure 13. Experimental J-Aa crack resistance curves of the chord
material from Figure 8 are shown in this same figure. The upper curve is for a crack initiating in
the HAZ of the welded material while the lower curve is for a crack initiating and propagating in
the base material. The upper crack resistance curve was assumed to be valid for crack depths up to
1 mm. For cracks deeper than this the base metal curve was considered more representative.
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Figure 13. Assessment of the critical brace load to initiate ductile crack extension.

From Figure 13 it can be immediately seen that the 0.1 mm deep continuous crack-like defect
along the weld toe would begin to grow by ductile fracture when the force in the brace member
attains a force level between 250-300 kN. Further numerical analysis revealed that this value was
approximately 300 kN. Once ductile fracture is initiated, this assessment shows that the crack
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would continue to propagate even at slightly lower force levels. For example, a crack which has
extended to a depth of 1 mm would continue to advance even if the load on the brace member is
reduced to 270 kN.

When the crack has passed through the HAZ area, it was estimated that the force required for
continued crack extension drops still further, i.e., about 260 kN for a 2 mm deep crack. The ductile
crack extension for this K-joint is therefore combines both load- and displacement controlled
mechanisms. Consequently, crack propagation does not become completely unstable, but the crack
is predicted to advance at a relatively constant load. The estimated critical force is somewhat less
than the value obtained from experimental test of this joint geometry, F,,= 365 kN. The numerical
procedure, however, has included some assumptions that may need some refinement. For example,
initial crack shapes other then the assumed continuous toe crack should be studied. The method
does, however, provide a promising starting point for further studies. The method was a significant
improvement when compared to estimating the ultimate deformation capacity using a more
conventional von Mises type of failure criterion that tended to give overly optimistic assessment of
joint ductility.

Once the FE model is constructed, it is possible to assess the temperature at which a joint will not
exhibit sufficient ductility. This can be accomplished by substituting alternate J-Aa crack resistance
curves measured at different temperatures. These small-specimen material tests are far less expensive that
full joint tests. Also the influence of alternate welding processes involving different heat inputs can be
assessed in this fashion.

6 CONCLUSIONS

The deformation capacity and ultimate strength of K-joints fabricated from cold-formed
rectangular hollow sections at sub-zero temperatures has been studied both experimentally and
numerically. Non-linear elastic-plastic finite element analysis was used to model the load-
deformation behaviour of a K-joint. The true o—¢ material model used in the FE analysis was
based on actual material tensile tests performed at -40 °C. The FE model geometry corresponded
to the measured geometry of a joint tested in the laboratory, also at -40 °C.

The nonlinear FE analysis with solid elements could be used to accurately estimate the elastic-
plastic load-displacement behaviour of K-joints, but did not provide an estimate of the deformation
capacity or ultimate strength of the joint. The conventional von Mises type of failure criterion gave
overly optimistic assessments of joint ductility and ultimate load-carrying capacity.

Elastic-plastic fracture mechanics analyses including the J-integral for one K-joint were combined
with J-Aa crack resistance material data obtained using standardized test procedure. The ultimate
load predicted using this procedure was slightly lower than the experimentally measured capacity
of the joint. The method did, however, give an accurate representation of the location from which
ductile fracture was expected to initiate. The method is promising and some the assumptions used
in the analysis should be refined. Specifically, smaller crack sizes and initially semi-elliptical crack
shapes should be investigated.
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LUJITEMUOVIEN VASYTYSTESTAUS: MENETELMAT, ONGELMIA
JA ESIMERKKITAPAUS

M. KAJATSALO, T. KARTTUNEN, J. KOVANEN

Mikkelin ammattikorkeakoulu
YTI —tutkimuskeskus, materiaaliteknologian toimiala
PL 181, 50101 Mikkeli
e-mail: tero.karttunen@mikkeliamk.fi

TIIVISTELMA

Komposiittien mahdollisuudet konepajateollisuudessa (KOMPA) projektissa tutkittiin yhdessd
Ahlstrom Glassfibren kanssa lasikuitulujitettujen muovien visymiskiyttiytymistd. Tutkimuksen
tavoitteina on ollut selvittid miten ja milli menetelmilld koekappaleiden visytystestaus tulisi
suorittaa, miten kappaleet tulisi valmistaa ja miten erilaiset kudoksen ominaisuudet vaikuttavat
lyjitemuovin vasymiskdyttdytymiseen. Tutkimus suoritettiin kahdessa vaiheessa. Ensimmiisessi
vaiheessa suoritettiin lujitemuovien vésymiseen liittyen kattava kirjallisuustutkimus sekd
haastateltiin useita komposiittialan ammattilaisia. Toisessa vaiheessa suoritettiin visytystestit
lasikuituluyjitemuovista valmistetuille koekappaleille. Kokeet suoritettiin DLR:114 saksassa seké
Mikkelin ammattikorkeakoulun materiaalitekniikan laboratoriossa Mikkelissd. Kokeiden
tarkoituksena oli verrata eri laitoksissa saatuja tuloksia keskendin sekd selvittdid miten kudoksen
ominaisuudet vaikuttavat lujitemuovin visymiskiyttiytymiseen.

1. JOHDANTO

Lujitemuovituotteita kéytetdin nyky#4n mitd moninaisimmissa kohteissa kuten paperi- ja
painokoneiden teloissa, paperi- ja muun prosessiteollisuuden putkistoissa ja sdiligissd, mastoissa ja
lipputangoissa, urheiluvilineissd sekd kuljetusvilineissd. Kiytossd komposiitit — altistuvat
tyypillisesti  vésyttiville kuormituksille. Téllaiset kuormitukset aiheuttavat lujitemuovin
materiaaliominaisuuksien muuttumista ja johtavat lopulta materiaalin vaurioitumiseen ja sen
kantokyvyn pettdmiseen. Tietoa lujitemuovimateriaalien visymiskdyttdytymisestdi saadaan
viisytyskokeista. Lujitemuovituotteiden visymistestaus on haastava tehtéivi, jonka teorioiden ja
periaatteiden perusteellinen tuntemus on tirkeis tulosten oikeellisuuden kannalta.

2. KIRJALLISUUSTUTKIMUS

Kirjallisuustutkimuksessa  késiteltiin laminaatin, testisauvojen, testausmenetelmin seki
ympdriston osuutta visymisessd. Lujitemuovin kiiyttidytymiseen visyttivin kuormituksen alaisena
vaikuttavat mm. matriisin ja kuitujen ominaisuudet, kuitujen suuntaus, kuitutuotteen ominaisuudet,
kaytetty valmistustekniikka, kuidun ja matriisin vélinen sidos, kuitujen tilavuusosuus rakenteessa
sekd valmistuksen ammattitaito. Lujitemuovikomposiiteissa kdytettyjd kuitutuotteita ovat irralliset
kuidut sekd erilaiset kuiduista valmistetut puolivalmisteet, kuten katkokuitumatot, huovat,
kudokset, yhdistelmédtuotteet ja multiaksiaalit. Testisauvoille suoritettuihin testituloksiin
vaikuttavat puolestaan laminaattien valmistus, koekappaleiden valmistus, koekappaleen muoto,
kiytetty menetelmd, testauslaitteisto, testaajan ammattitaito (kiinnitys koneeseen jne.), ympéristo
sekd visytystaajuus.
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Visytystestien suorittamiseksi etsittiin tarvittavaa tietoa kirjallisuudesta, komposiittialan
osagjilta ja testauslaitoksilta. Tuloksista koostettiin raportti “Coupon Fatigue Testing of FRP
laminates” (MAT05-1603-007). Raportti tarjoaa tictopaketin lujitemuovien visymisilmidsti ja
visytystestauksesta. Vasytystestauksessa keskitytddn koesauvojen valmistuksen ja testauksen
esittelemiseen, silld oikeilla osilla tehtdvit visytystestit suunnitellaan usein tapauskohtaisesti.
Raportti palvelee kuitenkin myds oikeiden osien testin suunnittclemista, silld esimerkiksi
laminaattien valmistus, kuormitustapaukset ja tulosten esittdminen ei riipu koekappaleen
muodosta.

Lujitemuovien visytystestauksesta on julkaistu paljon artikkeleita ja tutkimuksia mutta siitd
huolimatta lujitemuoveja kisittelevit standardit (ASTM D 3479, ISO 13003) eivit ole sellaisenaan
kidytdssd monessakaan testipaikassa, vaan tutkimuslaitokset ovat kehittineet omia menetelmii
visymisen testaamiseen. Tahin saattaa olla syynd testilaboratorion oma pitkd
visytystestaushistoria ja ndkemys testin suorittamisesta (tulosten vertailtavuus). Raportin
(MATO05-1603-007) liitteeksi on tehty lyhennelmd tuulivoimateollisuuden sertifikaatteja
my6ntivin Germanischer Lloydin tuulivoimaosaston médrayksisté testin ja testitulosten suhteen.

3. VASYTYSTESTIT

3.1 VASYTYSTESTIT YTI -TUTKIMUSKESKUKSESSA

YTIL:n visytystestit tehtiin 30.1. — 6.4.2006. Testeissd tehtiin 4kpl staattisia vetokokeita ja
37kpl visytyskokeita. Visytyskokeista onnistui 23kpl.

3.1.1 TESTIJARJESTELY

YTI -tutkimuskeskuksessa suoritetut UD —laminaattien visytystestit tehtiin MAMK:n
materiaalitekniikan laboratorion Matertest —aineenkoetuslaiteella (Kuva 1). Testilaitteessa oli
hydrauliset vésytysleuat, joilla testikappaleisiin saatiin tarvittava vakiopuristusvoima.
Koesauvojen puristuspaineena kiytettiin 5...6MPa, mikd vastaa 38...46kN puristusvoimaa.
Puristuspaine oli leukojen valmistajan suositusten mukainen dynaamiselle, maksimissaan
20...24kN, vetokuormitukselle. Kaikki visytyskokeet olivat veto-veto kokeita, joiden
minimi/maksimi —kuorman suhde oli 0.1. Testit ajettiin voimaohjattuna ja koe keskeytyi, kun
siirtymérajaksi médritelty 5...6mm -arvo ylittyi. Tdmd arvo ylittyi aina, kun laminaatti voitiin
katsoa rikkoontuneeksi.

Kappaleen venyméii seurattiin omavalmisteisella extensiometrilld, joka kalibroitiin VTT:n
kalibroinnin piiriin kuuluvalla toisella extensiometrilld. Koekappaleen lampdtilaa seurattiin testin
alussa ja huippulukemat kirjattiin ylgs. Lampétilat mitattiin koesauvan keskeltd ja grippien
juuresta noin 15...20 minuutin pééstd testin aloituksesta. Grippien juurien ldmpétilat mitattiin
koekappaleen sivusta, koska leuat estivit mittaamasta niitd pinnan tasosta.

M72 -sarjan visytystaajuuksia ei médritelty tarkasti, mutta suuremmilla kuormilla taajuus oli
alempi. M82 —sarjan viisytystaajuudet valittiin seuraavan taulukon 1 mukaisesti.

Taulukko 1 Viisytystaajuudet kuormituksen mukaan.
Maksimikuormitus 24 22 20 18 16 14 13 12
Taajuus 2 2.2 2.4 2.7 3 34 3.7 4




Kuva 1 Viisytyskoe menossa Matertest —aineenkoetuslaitteella.

3.1.2 TESTILAITTEISTON ARVIOINTI VENYMALIUSKAMITTAUKSILLA

Koesauvoihin syntyvid taipumia tarkasteltiin standardin ISO 527-4 liitteen mukaisesti
liuskoitetulla koesauvalla. Liite antaa ohjeet koejirjestelyn suuntausvirheiden arviointiin
venymiliuskamittauksilla. Sauvan keskelle oli liimattu kolme liuskaa, toiselle puolelle
vastakkaisiin reunoihin kaksi liuskaa ja vastakkaiselle puolelle keskelle yksi liuska (Kuva 2). Ndin
voitiin tutkia sauvan kiinnityksestd ja suoruudesta aiheutuvia taipumia. Testit tehtiin sekd suoraan
ettd vinosti suunnatulla koesauvalla.

Taivutuksen osuus suora- ja vinovetomittauksissa on laskettu taulukkoon 2. Tuloksista
ndhdddn, ettd suoravedossa taivutuksen osuus on suurempi paksuussuunnassa kuin
leveyssuunnassa. Paksuussuunnan virheet syntyviit suurilta osin leukojen kulmavirheestd ja
koesauvan geometriavirheisti. Vinovedoissa taivutuksen osuus venymistd kasvaa myds
leveyssuunnassa, mutta ei lincaarisesti kulmavirheen suhteen. Suoravedossa taivutuksen osuus
paksuussuunnassa 2kN:n kohdalla on taulukon mukaan suuri, koska absoluuttiset virheet ovat
syntyneet piidasiassa jo ylidleukaa suljettacssa. Tulokset viittaavat siihen, ettd koesauvan
muotovirheet (mm. sauvan suoruus ja grippien tasotoleranssi) ja aineenkoetuslaitteen geometriset
virheet ovat olemassa, mutta itse vedosta ei aiheudu suurta lisitaivutusta koesauvan keskiosaan.
Sinidllddn timd tulos ei poissulje taivutuksen syntymistd grippien laheisyydessd. Ttd pitdisi
kuitenkin tarkastella laajemmalla mittauksella.

Virhearviointien testit suoritettiin alhaisemmilla kuormilla kuin vésytystestit. Téhén oli syyni
se, ettd sauvan matriisi haluttiin pitdd chjind. Taivutuksen osuuksien summa on alempi
visytystestien maksimivoimilla (14...24kN), koska paksuussuunnan osuus laskee kuormituksen
kasvaessa. Visytystestien maksimivoimilla B, + By, asettuu noin 3% pintaan ja jopa sen alle.
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Taulukko 2 Taivutuksen osuus suora- ja vinovedoissa sekii dynaamisessa kuormituksessa.

Suoraveto g [pe] | By [%] By [%] | By + By [%]
2kN 1139 0,6 8.4 8.9
10kN 5817 1,1 4,1 52
Vinoveto Imm

2kN 1147 18,5 79 | 264
10kN | 5824 4,0 4,1 3,1
Vinoveto 2,5mm

2kN 1167 5,1 7,9 13,0
10kN 5834 1.9 4,2 6,1
Dyn. kuormitus *)

2...9kN | 4107] 24 | 32 5.6

*) Dynaamisen kuormituksen virhearvot on laskettu amplitudeista. Niitd virhearvoja ei voi
verrata staattisiin virhearvoihin.

3.1.3 KOESAUVAT

Koesauvojen keskimadrdiset padmitat on esitetty kuvassa 2. Testisarjoja oli kaksi, M72 ja M82.
Niiden laminaatit olivat samanlaiset (UD), mutta ero oli tikkauslankojen kdytossd. Molempien
sarjojen sauvat oli valmistettu kolmesta valmistuseréstd. Naitd merkittiin M72.1, M72.2 ja M72.3
sekd vastaavasti M82.1, M82.2 ja M82.3. Kaikki koesauvat oli valmistettu Ahlstrom Oyj.:n
toimesta.

aksuus

Kuva 2 Koesauvan paimitat (venymiiliusat olivat vain mittakoesauvassa).
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3.1.4 TULOKSET

Ennen varsinaisia visytystestejd tehtiin testisarjoille staattiset testit 2mm/min vetonopeudella.
M72 —sarjasta vedettiin yksi koesauva, jonka tulos oli 903MPa. M82 —sarjasta vedettiin kolme
koesauvaa: 1023MPa, 1048MPa ja 994MPa. Niiden perusteella arvioitiin visytystestien
suurimmaksi kuormitusamplitudiksi 50...60% staattisten vetotestien arvoista. Staattisista
vetokokeista lasketut kimmomoduulien arvot olivat M72 —sarjassa 39.9GPa ja M8&2 —sarjassa
38.9GPa, 41.4GPa ja 39.0GPa.

Visytystesteissd sauvat vaurioituivat joko laminaatista tai grippipalojen juuresta. Gripin
Juuressa olevat liimaukset antoivat eriasteisesti periksi jokaisessa testissd, mutta erityisesti suurilla
voimilla (>20kN) koesauvat my&s vaurioituivat ko. kohdasta. Grippien juuresta vaurioituneet
koesauvat hylittiin eikd niitd sisillytetty SN -kéyriin. M82 —sarjassa oli grippivikoja 10/21, mutta
M72 —sarjassa vain 4/16. M82 —sarjassa grippiviat jakaantuivat seuraavasti: M82.1: 7/8, M82.2:
1/7 ja M82.3: 3/6. Tallainen jakauma grippivikojen suhteen voi viitata myos keskindisiin eroihin
koesauvoissa (tai grippicn liimauksissa), koska koesauvat testattiin sekalaisessa jirjestyksessi ja
samoja kuormitusarvoja kiytettiin kaikissa erissd tasaisesti.

Visytystestien tuloksena saatiin kummallekin testisarjalle SN —k#yrdt. Testisarjojen SN ~
kéyrit on esitetty alla olevissa kuvissa (Kuva 3 ... Kuva 5). Kuviin on myds lisdtty pistejoukkoon
sovitettu logaritminen tai eksponenttiaalinen kdyrd. Gv —pisteet tarkoittavat testejd, jotka ovat
péittyneet grippivikaan. Kuvaajista nihdién, ettd grippivikaisten sauvojen elinikd oli alempi. Ndin
ollen yksittdisen sauvan visytystestin hyviksymiskriteerind oli perusteltua kiyttdd vaurion
syntymistd muualla kuin grippien juurissa. Gv —pisteet eiviit ole mukana sovitetuissa kiyrissd. SN
-kédyrien hajonnat olivat sen verran suuret, ettd M72- ja M82 —testisarjojen kiyrien vilistd
Jjyrkkyyseroa ei voida pitds vertailukelpoisena (Kuva 5). Niin ollen tikkaustavan vaikutuksesta
elinikddn ei voida péitelld timin visytystestin perusteella.

SN -kidyrs, M72
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Kuva 3 M72 —sarjan SN —kiiyri logaritmisella sovituksella. Gv —pisteet ovat grippiviallisia
(ei mukana sovituskiyrissi).
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SN -kdyrd M82

700
I

600 —+1

550 AHH -

500 o\

450

e
T 400 0 | ‘0\ il
& MB2

350 bt e N e N MB2gv
e \ —og. (M82)

A
%)
1]
o
[e:]
[=)]
w
w

1 10 100 1000 10000 100000 1000000 10000000
N

Kuva 4 M82 —sarjan SN —kiiyri logaritmisella sovituksella. Gv —pisteet ovat grippiviallisia
(ei mukana sovituskiyriissi).

SN -kayrat, M72 & M82
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Kuva 5§ M72- ja M82 —sarjan SN —kiyriit logaritmisilla sovituksilla.
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3.1.5 JOHTOPAATOKSET YTIL:N TESTEISTA

Visytystestien tuloksena saatiin SN —kéyrit M72- ja M82 —sarjoille. M82 —sarjan sovitettu SN
~kidyrd on jyrkempi, mutta pistejoukon hajontaan suhteutettuna jyrkkyyseroa ei voida pitda
luotettavana. Niin ollen tikkaustavan vaikutuksesta elinikd4n ei voida pédtelld tdmén visytystestin
perusteella. M82 —sarjan testien hajonta oli pienempi kuin M72 —sarjan hajonta. Tahdn voi olla
syynd M82 —sarjan testeissd kiytetty koesauvan suuntaus luotilangan avulla ja visytystaajuuden
tarkka médrittely kuormituksen suhteen.

Grippivikaisten sauvojen kestoiké oli selvisti alempi kuin itse laminaatista vaurioituneiden
sauvojen kestoikd. Niin ollen grippivikaisten koesauvojen hylk#fiminen testituloksista oli
perusteltua.

3.2 VASYTYSTESTIT DLR:LLA SAKSASSA

DLR suoritti viiden laminaatin vésytystestauksen. Testeissd kdytettiin standardiin ISO 527
pohjautuvia suoria testikappaleita kuten YTI:n testeissdkin. Kaikki suoritetut vésytyskokeet olivat
veto-veto kokeita ja R arvona oli 0,1. Kussakin sarjassa oli 2 + 12 kockappaletta. Kahdelle
kappaleelle tehtiin staattinen vetokoe murtolujuuden madrittimiseksi. Varsinaiset vésytyskokeet
suoritettiin 12 kappaleella siten, ettd kaikkien koekappaleiden vidsymiseen tarvittava sykliméiri oli
alueella 10°3-10"6.

Saksassa suoritettiin kokeet seuraaville laminaateille:

1. UD laminaatti scrim

2. UD + 90° sidontana, scrim

3. UD + 45° sidontana, scrim

4. tuotannollinen tikattu laminaatti
5. tuotannollinen tikattu laminaatti

Téssd yhteydessd kisitellddn vain laminaatin nro. 5 visytystestejd, koska samaa laminaattia
testattiin YTL:n toimesta. DLR 5 -sarja vastasi YTL:n vésytystestisarjaa M72.

3.2.1 TULOKSET

DLR 5- ja M72 —sarjojen SN —kiyrit on esitetty seuraavissa kuvissa (Kuva 6 ja Kuva 7). Kuva
7 on DLR:n esitystapa SN .kdyrdstd (eksponentiaalinen sovitus). Kuvista ndhddén, ettd DLR 5 —
sarjan sovitettu SN —kiyré on loivempi. DLR:n 250...400MPa:n pisteet ovat suunnilleen samoilla
linjoilla M72 -sarjan pisteiden kanssa, mutta kaksi ylemp#i pistettd loiventaa kayrid
huomattavasti. T4m4 voi antaa paremman kuvan visytyskestdvyydestd alhaisilla jannityksilld ja
huonomman suuremmilla jannityksilldi. DLR:n tuloksissa on esitetty kaikki tulokset, myds
grippivikaiset, samassa SN —kiyrdssi. YTLn tekemissd vésytystesteissd tdmén todettiin
vaikuttavan SN —kédyriin, kuten kappaleessa 3.1 todettiin.

Kuva 8 esittds kiytettyjd vésytystaajuuksia DLR 5 ja M72 —sarjoissa. DLR:n testeissd on
kéytetty korkeampia visytystaajuuksia kuin YTIin M72 -sarjan testeissd, mutta korkeilla
jéannityksilld ero oli vdhdinen. M72 —sarjan vésytystaajuudet eivit kulje tdysin kuormituksen
funktiona, koska sarjaan sisdltyi mm. vésytystaajuuksien kokeiluja.
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SN -kayrat, M72 & DLR 5
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Kuva 6 DLR 5 -sarjan ja sitii vastaavan M72 —sarjan SN —kiiyriit. Logaritminen sovitus.
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Vésytystaajuus DLR 5 vs. M72
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Kuva 8 Visytystaajuudet DLR 5- ja M72 —testeissi.
3.3 JOHTOPAATOKSET

DLR:n ja YTLn visytystestien erot olivat testituloksien esittimisessd seké visytystaajuudessa.
DLR:n visytystesteissd osa tuloksissa esitetyistdi SN —kayrén pisteistd oli grippivikaisia.
Visytystaajuudet olivat DLR:n testeissé myos korkeammat. Lopullista tulosvertailua ei voida viel
tehd4, koska lopullista testiraporttia ei ole vield saatu DLR:1t4 (24.4.2006), mutta testauspaikkojen
kaytinndilld on testituloksiin vaikuttavia eroja. Testauskdytdntdjen ei kuitenkaan pitdisi antaa
vaikuttaa SN —kéyriin, koska testausolosuhteiden vaikutukset pitdisi minimoida. Testauspaikkojen
tuloksia verrattacssa on siis oltava perilld testien suoritustavoista.
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FRACTURE MECHANICS ASSESSMENT OF MIXED MODE
FATIGUE CRACKS IN CFRHS BEAMS
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Lappeenranta University of Technology
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FIN-53851 Lappeenranta, FINLAND

ABSTRACT: Mixed mode crack propagation in cold-formed corers of high-strength steel
plate structures has been investigated using linear elastic fracture mechanics and laboratory testing.
Large- and small-scale test specimens having complex residual stress states have been fatigue
tested and examined using linear and nonlinear finite element analysis. Straight, zig-zag and “S”
shaped cracks were observed depending on the material strength, range of cyclic loading, residual
stress field and multi-axiality of the applied loading. The multi-axial stress state was produced by
both the comner geometry and residual stresses. Numerical simulations of residual stresses and
linear elastic fracture mechanics were used to help understand the alternate crack paths.

1 INTRODUCTION

Cold-forming is a widely used fabrication process for plate welded structures. Cold-formed
rectangular hollow section (CFRHS) tubes are frequently fabricated in a two-phase process in
which a flat plate is initially cold-formed into a circular mother tube and is then further cold-rolled into
its final rectangular shape. The cold-forming process introduces high levels of residual stress which
may be either beneficial of detrimental with respect to fatigue strength of the structure. During
plate bending or fabrication of a CFRHS, the concave inside corner surfaces experience significant
compressive plastic strains. The resulting tensile residual stress along the inside of the bend region
enhances the crack propagation during cyclic loading. The bend process also coarsens the initially
smooth surface and enhances both micro-cracking and crack development on the surface [1].

If the residual stresses in a fabricated component are sufficiently high, a crack can propagate even
if the applied local stresses are cyclically compressive. Greasly et al. [2] showed that a mode 1
fatigue crack within a tensile welding residual stress field can grow even when the cyclic external
stresses are compressive. It was reported that the cracks arrested after a period of propagation.
Hermann [3] tested compact tension aluminium alloy specimens that were pre-compressed in order
to create a tensile residual stress field ahead of the notch tip. It was shown that the crack length at
which a crack arrested increased with increasing levels of the pre-compression, i.e. an increasing
large tensile residual stress field.

In this current study, multi-axial compressive loading was applied to the cold-formed corners of
CFRHS beams, CFRHS sections and simple bent plates. Cracks always initiated along the inside
of the bend radius where high tensile residual stresses exist. Cracks did not arrest as they
propagated into the compressive residual stress region, but the crack mode was altered in some
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cases. Several distinct crack paths were observed depending on the type and range of cyclic
loading, material and residual stress conditions of the specimens.

In the case of applied mixed-mode loading, it has been previously reported that the crack growth
rate alone is not sufficient for assessing the fatigue strength of a technical structure, but that the
strength also depends on the growth direction of the fatigue crack [4,5]. In this study of the
residual stress field induced a complex multiaxial stress field that had significant influence on the
crack growth direction and thus on the lifetime of the structure.

2 BACKGROUND

The current study was partially motivated by an observed in-service failure of a CFRHS high-
strength steel beam structure[1]. The observed crack was long (in the longitudinal direction of the
tube) and had a small aspect ratio. It propagated undetected from the inside corner through the tube
wall. The resulting fatigue crack had an “S” shaped path as seen in Fig. 1.

Bottom edge

Side edge

-

Figure 1. Observed crack path from a=CFRHS that failed in service.

3 LABORATORY TESTS

Analytical and experimental studies were planned to both reproduce the observed cracking
behaviour and to better understand the fatigue crack propagation behaviour. Both large and small
scale specimens were tested.

3.1 Large Scale Specimens

The large scale laboratory specimen was a CFRHS manufactured by cold rolling and was identical
to that used in the failed in-service structure. The test configuration included two beam-type
specimens of which four corners, two of each specimen, were monitored for cracks using back side
strain gauges, i.e. strain gages were glued to the outside corner of the tube. The CFRHS profile is
generally shown in Fig. 2 and a schematic of the test arrangement is shown in Fig. 3. In total, eight
specimens were tested. The CFRHS was fabricated from high strength steel with nominal yield
stress f, = 650 MPa. The middle support shown in Fig. 3 consisted of a series of rollers that
travelled back and forth in-phase with the applied bending loading. The lateral roller translation
was about 10% of the length of the beam-type specimen. Fatigue cracking was observed within
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this region of travel and also in the regions just beyond travel of the rollers. Multiple cracks
initiated near the centre of the inner corner of the tube as can be seen in Fig. 4.

[ S,

crack
o o i P
Initiation

H\
—

[\
Y

Figure 2. CFRHS profile.

AF F
A
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y o
cracks time
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Figure 3. Testing configuration and schematic diagram showing the applied loading AF.

Figure 4. Cracks initiated along the inner corner of the tube. Dark regions are cracks
highlighted using a dye-penetrant solution.

The residual stresses at the centre of the corner were measured using the X-ray diffraction method.
Residual stresses on the inner and outer surfaces and at small depths from the inner surface were
measured. Measured tensile residual stresses on the inner surface were in the range 30...50% of
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the nominal yield strength of the material. Results for one tube corner are shown in Table 1. Depth
measurements in Table 1 are presented as a portion of the wall thickness, ¢, of the tube. The outer
surfaces of the tubes were found to have compressive residual stresses.

Table 1. The tangential residual stresses o, at the centre of the CFRHS corner

depth Ores
MPa + MPa

0 (inner surface) 213 25
0.003 * ¢ 313 32
0.006 * ¢ 292 17
0.012 * ¢ 252 33
0.022 * ¢ 188 33
0.035*¢ 174 33
0.051 *¢ 173 44
0.066 * ¢ 124 55
1.000 * ¢ (outer surface) =73 44

Residual stresses along the inner corner at positions other than the centre were also measured.
These stresses were also tensile, but the magnitudes were lower and are not here reported. Crack
initiation was observed to occur in the centre of the corner where the tensile residual stress was
highest. Numerous small cracks, longitudinal with respect to the beam-type specimen, propagated
along the inner surface and eventually joined to form a single long small aspect ratio crack. This
crack then propagated transverse through the wall of the tube. Crack growth was initially
orthogonal to the inner surface of the tube. However, near the neutral plane of the wall the, crack
appeared to turn 90° with respect to the original direction forming a zigzag crack as seen in Fig. 5.
Closer inspection revealed, however, that the crack did not turn but rather joined with other cracks
that had initiated tangential to the tube corner radius near the centre of the wall. This is seen in Fig.
6.

Figure 5. Crack branching observed in a large scale laboratory specimen.

Testing also included two beam-type specimens that were thermal treated so as to relieve, or at
least reduce, the residual stresses in the beam corners. These specimens showed completely
different cracking behaviour. No cracks were observed to initiate on the inner surfaces of these
tubes. Cracks in these specimens initiated on the outer surface of the tube due to contact fatigue
with the moving middle support rollers. Fatigue strength was significantly improved with respect
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to the non-heat treated beams. This observation clearly demonstrated that the residual stresses have
a major effect on fatigue crack path and fatigue strength of the structure.

Figure 6. Crack kinking found in large scale laboratory specimen turned out to be a new crack
initiation.

3.2 Small scale CFRHS sections

Sections of CFRHS tubes were fatigue tested using external compressive loading as shown in Fig.
7. These small scale CFRHS specimens were made of structural steel with yield strength £, = 650
MPa. Loading was applied to opposite corners so as to create pure bending condition in the
corners. Some specimens were found to fail from the corners under applied cyclic compressive
stresses while other specimens fractured in the comers subject to applied cyclic tension. In all
these cases the cracks propagated relatively straight through the wall thickness as seen in Fig. 7.
Similar crack path have previously been reported by Béickstrom et al. [6].
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Figure 7. Straight crack paths were found in a small scale specimen cut from CFHS tubes
subject to compressive external loading.

3.3 Small scale “L” specimens

Small scale “L” shaped plate specimens were manufactured both by cold forming small plate
sections and by cutting “L” shaped corner sections from existing CFRHS tubes. These were
fatigue tested using compressive loading as shown in Fig. 8. In the case of specimens produced by
plate bending, the initially straight plates were bent in a single operation with special tools to
achieve a final angle of 90° angle with a defined inner radius, #. The radius and the material were
chosen so as to be similar to the large beam-type specimens.

During testing, the specimens were clamped along one end and an external cyclic force, AF was
applied at the start position of the corner, see Fig. 8. This loading mode induced a bending stress in
the corner region similar to that produced by the compression loading shown in Fig.7. However,
the test configuration in Fig. 8 also produced a significant alternating shear stress component. The
local stress state in the corner region was, therefore, similar to the stress state in the large beam-
type specimens.

AF

Figure 8. Loading configuration for small scale “L” plate specimens.
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Fatigue cracking was always observed to initiate on the inside surface of the corner. Curvilinear
crack paths similar to the service failure crack (see Fig. 1) were observed in specimens cut from
CFRHS tubes. Specimens formed by simple bending of plates with nominal yield strengths greater
than 650 MPa had straight crack paths. Typical paths are seen in Fig. 9.

f, =650 MPa | /,>650 MPa

Figure 9. Samples of curvilinear and straight crack paths observed in small scale “L” plate
specimens.

4 NUMERICAL MODELLING

In order to better understand the initial residual stress state, the finite element method was used to
simulate the cold forming operation for a structural tube [7]. The computed through-thickness
distribution of tangential residual stresses is shown in Fig. 10. Numerous simplifying assumptions
were made in this simulation and, as a result, the computed residual stresses were not in full
agreement with the stresses measured by X-ray diffraction. The errors were mainly due to the
overly simple material model implemented and the use of a 2D simulation. The true cold forming
process for a CFRHS tube is 3D and it difficult to simplify.

Figure 10. Tangential residual stresses of CFRHS according to FE-simulation.

Residual stresses along two crack paths were assessed. Paths were chosen based on the observed
crack paths in the laboratory test specimens and the in-service failure. The first path was “S”
shaped (see Fig. 1) while the second was straight through the thickness in the corner region (see
Fig. 7). The stress intensity factors (SIF’s), K and Kj;, as a function of crack length due to the
residual stress alone were calculated. These are shown in Fig. 11. For calculations residual stress
distribution with crack growth was assumed, however, contact between the crack faces was not
included so SIF values contain some errors, especially in the cases where K| < 0. Some mesh
simplifications were also used. K; and Kj; could be calculated based on the J-integral or its domain
integral conversion [8]. For Fig. 11 it is clearly seen that K for the straight crack approaches zero
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at a crack depth of about 3 mm. On the other hand, K remains greater than zero in the case of a
curvilinear crack path. If the external cyclic loading also produces compressive stresses, it is clear
that a straight crack path through the thickness is not physically possible. On the other hand, the
curvilinear crack will remain open even at greater crack depths. The fact that the mode II SIF
becomes negative is not significant.

(a) Straight crack (b) Curved crack
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1500 b ——K 1500 42\
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Figure 11. Stress intensity factors for straight (a) and curved crack (b) in case of no external
loading.

Estimates of the residual tangential stress redistribution due to crack advance were also obtained
for the two crack paths. The residual stress field for the “S” shaped crack case evolves into a
simple tension-compression field as the crack approaches the neutral plane, see Fig. 12.

In the case of a straight crack, the tensile residual stresses ahead of crack tip slowly diminish and
compressive stresses are developed, see Fig. 13.

Figure 12. Estimated redistributed residual stresses tangent to the corner in the case of a curved
crack.
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Figure 13. Estimated redistributed residual stresses tangent to the corner in the case of a straight
crack.

5 DISCUSSION

The local tangential stress on inside surface at the corner is the sum of the stress induced by the
external loading and tensile residual stress. In general the local tangential stress under alternating
external loading can be stated as

0 _ __Bres fext
0-min =0 + O.min (1 a)
0 ___fres Oext
Opax =0 T 0, (1b)
o_ 0 0
Ao’ = O nax ~ Oin (2)
where o™ is local tangential residual stress, 0 is local tangential stress caused by remote

external loading and Ao’ is the range of the local tangential stress caused by the external loading
cycle. The range of local stress is clearly independent of the residual stress while the mean stress
depends on both the residual stress and the applied external stress.

Tensile or compressive mean stresses are known to have a strong influence on whether a crack
grows predominantly by mode I or mode II [9,10]. Once a crack begins to branch, the mean stress
does not influence the orientation of the brack crack. Branch cracks initially propagate in the
direction perpendicular to the local maximum tangential stress (O‘:)m ) and gradually changes to
the direction perpendicular to the remote principal stresses [11,12]. Residual stresses would
therefore be expected to have an influence on the dominant mode of crack growth but do not
promote growth in arbitrary direction. The issue of residual stresses is of course further
complicated by the fact that they are secondary stresses that continuously redistribute with crack
advance so as to be self-equilibrating. Residual stresses also frequently have large grandients that
change from tensile to compressive over very short distances.

As mentioned previously, the loading configuration illustrated by Fig. 8 produces both tangential
stresses and shear stresses in the corner region. A fatigue crack that initiates on the inner surface of
the comer will initially propagate in the direction perpendicular to the local maximum tangential
stress range. Even though the external load produces a local stress that alters between zero and a
compressive minimum, the crack will be open during the cycle due to the high tensile residual
stresses. Eventually the mode I crack growth rate will reduce or go to zero as the crack proceeds
into the region of reduced tensile residual tangential stresses or even into the region of
compressive residual stress. The driving force for a straight crack is very small due to the
significant compressive residual tangential stresses associated with this path, see Fig. 13. If the
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alternating shear stress was sufficiently small, the crack would arrest as was observed in the
previously referenced cases [2, 3].

With relatively small external loads, the crack advance is small and the crack path turns. The
turning is aided by the redistribution of the residual stresses in which the stresses tangential to the
crack tip plane remain tensile. The alternating shear stresses near the neutral plane of the plate
combined with a small tensile K| are sufficient to continue crack advance on the curved path. The
propagation progresses in this fashion until the crack reaches the neutral plane and the crack has
turned to direction of the maximum shear stress. After a short period of crack extension along the
centre of the plate, mode I crack growth caused by the external loading is again preferable and a
branch crack develops that rapidly advances through the plat thickness. This process produces the
“S” shaped crack path as seen in Fig. 1.

The zigzag crack path seen in Fig 5 for the large laboratory specimen was subject to loading
similar to the in service beam shown in Fig 1. The in-service beam had an “S” shaped crack. The
only significant difference is the amplitude of applied loading which is greater in the case of the
zigzag crack. The large stress amplitude leads to the network of tensile and shear cracks observed
in Fig. 6. In this case the main crack does not turn as in the case of a single crack, but the straight
mode I crack links to a mode II crack initiated near the neutral axis of the plate. The final branch
crack the leads to failure is the same for both the “S” crack and the zigzag crack. The increased
stress amplitude probably also has some influence on the residual stress redistribution, e.g., Lee et
al. [13] found that residual stress redistribution was affected also by the cyclic loading range. This
issue, however, is not fully understood for the cold-formed corners studied here and remains an
area for further investigation.

An interesting contrast exists for the small “L” shaped specimens cut from CFRHS tubes and those
formed by bending of simple plates. An “S” shaped crack, similar to that found in the failed-in-
service beam, was observed for specimens cut from tubes sections while straight cracks occurred
for plate bending specimens. The external loading conditions were identical and the major
difference was the residual stress state. The plate bend specimens had somewhat higher yield
strength and therefore potentially higher residual stresses. However, the corner radii and plate
thickness were slightly different. Residual stress measurements for the simple bending case have
also not yet been done and this difference in behaviour is not yet fully explainable.

The loading configuration shown in Fig. 7 produces predominantly tangential normal stresses and
only negligible shear stresses. The resulting crack paths observed for the small scale CFRHS
specimens were nearly straight (Fig. 7). In this case mode I crack initiation is assisted by the
tensile residual stresses. The combination of external loading and redistributing residual stresses
does not lead to a crack arrest condition.

6 CONCLUSIONS

Fatigue crack propagation in cold-formed corners of high-strength structural steel plates has been
investigated using large- and small-scale laboratory specimens, finite element analysis and linear
elastic fracture mechanics. The cold-formed corners have complex residual stress states and the
stress state in the corner region was multi-axial due to the geometry/loading combination. Straight,
zig-zag and “S” shaped crack paths were observed. The compressive tangential residual stresses
due to cold forming and the alternating shear stresses due to the external loading were found to
have a dominating influence of the observed fatigue crack path.
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TIIVISTELMA

Hitsin laatu voidaan midrittdd tarkoituksenmukaisuusperiaatteen mukaisesti monella eri tavalla.
Yleisimmin tarvitaan luokittelua kestdvyyden perusteella. Vaikka hitsin laatuluokitus standardi on
olemassa, ei se palvele kustannustehokkaasti nykyisid kasvaneita laatuvaatimuksia. Energian kal-
listuminen, keveysvaatimus tai hydtykuorman kasvattaminen edellyttavit terdksen kdyttdasteen
kohottamista etenkin liikkuvissa rakenteissa. Tami johtaa korkealujuuksisten terdiksen hy&dynté-
mistarpeisiin my6s visyttivisti kuormitetuissa rakenteissa, mikd puolestaan edellyttdd hitsien
suunnittelun ja valmistuksen laatutason kohottamista. Keskeiseksi muodostuu tidlloin laadun méaa-
rdytymisen ymmértiminen. Laatu olisi pystyttivd médrittiméin kvantitatiivisesti siten, cttd se
korreloi visymislujuuden kanssa. Téssd on esitetty menetelmén perusteita laadun médrittimisestd
silloin, kun lujuus on oleellinen laatuparametri.

1. JOHDANTO

Hitsin laadulla tarkoitetaan hitsin kykyi suoriutua tehtdvistiin elinkaarensa aikana. Alilaatua tulee
vilttdd, koska se voi aiheuttaa vakavia turvallisuus- tai kustannusseuraamuksia. Ylilaatu puoles-
taan on varmuusmarginaalin ylittivd osuus, jota asiakas ei suostu maksamaan. Ylilaatu voi olla
sikili harmiton, ettd sen tuottaminen ei vilttimittd aiheuta yliméaariisii kustannuksia. Huonompaa
laatua ei kannata tuottaa, mitd prosessissa luontaisesti syntyy.

Tarkoituksenmukaisen laadun tekeminen edellyttdd suunnittelun ja valmistuksen yhteistyota.
Suunnittelija asettaa tavoitetason ja antaa valmistukselle mahdollisuudet sen toteuttamiselle. Val-
mistuksessa on hyvd ymmirtdd vaatimusten taustat silld tasolla, ettd suunnittelusta tuleva vaati-
mukset ovat motivoivia. Vain varmuuden vuoksi laadun teettiminen tulee kalliiksi ja vie pohjan
vaatimuksilta silloin, kun laatua todella tarvittaisiin. Laatu on kohdennettava oikeaan paikkaan.
Korkeatasoisen tdsmilaadun tekeminen maksaa ja saakin tehdd sitd, koska se korvautuu esim.
suurempana hyétykuormatehona, pienempind energiankulutuksena tai pitempénd kayttoikéna.

Suomessa ja muissa Pohjoismassa on samantapainen hitsattujen rakenteiden tuotantokulttuuri.
Sarjakoot ovat pienehkdjd, jolloin kilpailu kdydiddn innovatiivisella tuotesuunnittelulla ja valmis-
tuksella. Tuotteet pitdd saada asiakkaalle houkuttelevaksi esim. alhaisemmilla kiyttokustannuksil-
la. Hitsatuissa terdsrakenteissa timd johtaa hitsauslaadun merkityksen ja myds yhé lujempien te-
rislaatujen kdyton lisddntymiseen erityisesti visyttdvésti kuormitetuissa rakenteissa. Lujasta terdk-
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sestd tehtdvit rakenteet on osattava suunnitella ja valmistaa niin laadukkaasti, ettd suuri lujuus
ndkyy myds kiyttdasteen kasvuna. Tulevaisuudessa energian hinta tullec sdilymédn korkeana
korostaen liikkuvien laitteiden painon merkitystd kidyttokustannuksissa. Tamén kehityksen myoté
laatuun panostaminen on palkitsevaa.

Hitsin laatu kuten laatu yleensdkin mééritelldéin usein vain kvalitatiivisesti parempi- huonompi-
asteikolla. Tallainen laadun médrittely toimii vain kahta vaihtoehtoa keskendin verrattaessa, jos
siindkddn. Vertailussa voi nimittdin esiintyd tekijoitd, jotka vaikuttavat vastakkaisiin suuntiin.
Siten todellinen ja yksiselitteinen laadun médritys edellyttéd kvantitatiivisuutta. Ensiksi tdytyy
vain sopia, miké on se suure, joka kuvaa hitsin laatua yksiselitteisesti. Valitettavasti téllaista yksi-
selitteistd suuretta ei ole olemassakaan, mutta hyvid kompromisseja kuitenkin.

Hitsin laatuluokitusta kisittelevi standardi ISO 5817 [1] jakaa hitsit laatuluokkiin B, C ja D. Hitsin
laatuluokka on vain apusuure, jonka avulla yritetéidn lajitella joukko laatua kuvaavia tekijéitd yh-
teen karsinaan. Menetelmin heikkous piilee siind, ettd kokonaisuutta kisitellisin huonoimman
yksittdisen tekijin mukaisesti, vaikka todellisuudessa se muodostuu eri osatekijéiden yhteisvaiku-
tusta. Lisdksi lajitteluun on otettu mukaan parametreja, joiden vaikutukset laaduntuottotekijoind
ovat kyseenalaisia.

Tiéssd esityksessi kisitelldfin edelld mainittuja laatuluokkia, mutta niiden sisaltod pyritddn selkeyt-
tdméin ja midrittdiméadn laadulle numeerinen arvo vaativassa sovellusympéristossé, eli vésyttivisti
kuormitetuissa rakenteissa.

2. HITSIN LAADUN MAARITYSPERUSTEITA
2.1 Tarkoituksenmukaisuusperiaate

Johdannossa esitetystd laadun mééritelmistd kdy ilmi, ettd elinkaariaikainen toiminto maArittda
laadulle tarkennetut kriteerit. Sellaisia kriteereji voivat olla mitki tahansa hitsausliitoksen pia- tai
sivutoimintoon liittyvd ominaisuus, kuten kovuus, kulumiskestivyys, korroosionkestivyys, tiiviys,
ulkonikd, pintakisiteltdvyys, jne. Vanha ruotsalaisen hitsin laatuluokitus otti timén térkedn tarkoi-
tuksenmukaisuusperiaatteen huomioon ja hitseille pystyttiin vaatimaan kéyttotarkoituksen mukai-
sesti oikeita ominaisuuksia painottava laatu. Tdmi tarkoituksenmukaisuus viestitettiin valmistuk-
seen lisddmill4 laatuluokituksen perdiéin vaadittavaa ominaisuutta kuvaava lisikirjain, kuten Y, I,
U, jne. Laadun lisimé4re mahdollistaisi sellaisten hitsien kéytdn, joilla ei olisi mitdin muita vaa-
timuksia kuin lisimidreen mukainen ominaisuus. Jos tillaisen luokaton hitsin merkittfisiin E-
kirjaimella, esim. ET tarkoittaisi liitosta, jolle asetetaan vain tiiveysvaatimus. Téllainen tarkoituk-
senmukainen laadun mééritys on kustannustehokas tapa tdyttdd asiakkaan tarpeet, mutta jostain
syystd sitd ei ole kelpuutettu uuteen kansainviliseen hitsin laatuluokkastandardiin. Tassd esityk-
sessd laatu kohdennetaan tarkoittamaan lujuutta ja erityisesti visymislujuutta.

2.2 Kuormituksen luonteen vaikutus

Kuormituksen luonne on yksi tirked laadun tekemistéd ohjaava kriteeri, jota ei ole otettu huomioon
riittdvén selkedsti nykyisissd laatuohjeissa. Laatutasot voidaan jakaa kuvan 1 mukaisesti perus-
tasoon ja vaativampaan tasoon kuormituksen vésyttivyyden mukaisesti. Staattisesti kuormitetuille
liitoksille, joissa ei ole haurasmurtumavaaraa, laatu voidaan méairittdd perustason mukaisesti. Pe-
rustason keskeisin vaatimus on hitsin ja limpdvydhykkeen (HAZ) sitkeys, joka taataan tarvittaessa
esim. esituotannollisella menetelmikokeella varmennetun hitsausohjeen (WPS) avulla. Saman
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ohjeen pitdisi taata se, ettei sdromdiisid vikoja synny hitsauksessa. Materiaalin lujuus on tirked
ominaisuus, mutta sen menetystd hitsauksessa voidaan korvata materiaalin lisdykselld. Sen sijaan
sitkeyden menetystd ei voida korvata, joten se on kaikista tirkein hitsausliitoksen perusvaatimus.
Kestivyyden méiritys lepdd tdimén oletuksen varassa. WPS on siten pohjimmiltaan ohjeistus, jolla
taataan hitsin muodonmuutoskyky ja lujuus. Siten hitsausparametrien médrityksessd on tirkedd
priorisoida aina ensin riittdivin laadun tuottavat parametrit ja vasta sitten tuottavuutta parantavat
asiat, ei toisin pdin. Tietysti voi olla rakenteita, joiden liitosten laatuvaatimukset ovat viihiiset.
Niissd valmistuskustannusten optimointi voi tuoda merkittdvid siddstoja konepajalle. Tyypillisid
tdllaisia kohteita ovat staattisesti kuormitettujen rakenteiden pitkét kiinnityshitsit. Sité paitsi hitsin
laatu ja tuottavuus eivit vilttdmittd ole vastakkaissuuntaisia vaatimuksia, kuten kuvassa 1 symbo-
lisesti osoitetaan. Perustason kolmas laatukriteeri on hitsin g-mitta. Hitsityypilld (péittiis-, piena-,
V-, K-hitsi) ei ole perustason vaatimuksiin oleellista merkitysts, jos kaikissa on sama a-mitta.
Edelld esitettyjen ehtojen tdyttdminen riittdd staattisesti kuormitetuissa rakenteissa. Siten hitsin
laatuluokkaohjeessa ISO 5817 [1] on staattisesti kuormitetun liitoksen laatuluokkia liikaa, kaksi
luokkaa riittéisi.

vaativampi - liitosten sijoittelu ja mitoitus AF 4
,/ taso - lijtosten muotoilu \
J C, B, B+ - hitsin muotoilu

BE T N LG - vikakoko alas Ny
< vasyttava | >
55

- voimavuolle reitti

perustaso - a-mitta kunnossa F i
D,C - sitkeys
Staattinen - viat pienentiivit nettoalaa S
kuormitus
HITSAUSTEKNIIKKA
- prosessit !
- hitsausmetallurgia sulatusteho ja ns.
valmistusystiviillisyys

Kuva 1. Laatu voidaan jakaa kuormituksen mukaan perus- ja vaativampaan tasoon

Vaativampi taso tuo mukaan lisivaatimuksia hitsin geometrialle ja on tarkoitettu ldhinné visytti-
vésti kuormitetuille rakenteille. Perustason laatuvaatimukset ovat tietenkin edelleen tdysmiiriises-
ti voimassa. C-luokkavaatimusten mukaiset vikaisuuskriteerit voidaan vaatia myds staattisesti
kuormitetuille liitoksille, jos mahdollisen vaurion seuraukset ovat erityisen ankarat, kuten esim.
painelaitteissa. Toinen perustelu C-tason vaatimuksille staattisessa kuormituksessa voisi olla lii-
toksen huono kiytonaikainen tarkastettavuus. Tarkastuslaajuuden kytkeminen laatuluokkavaati-
mukseen estdd saman vaikutuksen huomioon ottamisen suoraan varmuuskertoimella. Myds hau-
rasmurtumavaaran ollessa mitoittava kriteeri vaativampia laatuluokkia kédytetidn staattisesti kuor-
mitetuille rakenteille, koska till6in perustason sitkeyskriteeri ei ole voimassa. Visyttavisti kuor-
mitetun liitoksen kapasiteetti médriytyy karakteristisesti heikoimman detaljin mukaisesti, kun
staattisesti kuormitetun sitkeisti kdyttiytyvin liitoksen kapasiteetti madrdytyy koko nettoleikkauk-
sen lujuuden perusteella. Téstd ratkaisevasta eroavaisuudesta aiheutuu se, etté jos staattinen kuor-



735

mitus muuttuu visyttiviksi, laajenee kriittisten detaljien lukuméirdd koko rakenteessa, yksittdises-
sd liitoksessa ja myos yksittdisessd hitsissid. Koska vasymiskestidvyyteen vaikuttaa monta paramet-
ria ja niiden yhteisvaikutuksesta lujuus voi vaihdella merkittivisti, on tarkoituksenmukaista ottaa
kéyttoon ainakin kolme eri lujuustasoa, joita vastaavia laatutasoja merkitdén tdssd symboleilla C,
B ja B+. Jos oletetaan suunnittelun ja mitoituksen olevan kunnossa ja juurenpuolen vdsymismah-
dollisuuden olevan siten eliminoitu, hitsin muoto ja rajaviivan geometria miérasvit liitoksen vi-
symislaadun poikittain rajaviivan nihden kuormitetuissa liitoksissa. Juuren puolen vdsyminen voi
esiintyd huonon valmistuslaadun seurauksena, mutta sille ei voida méairittdi omaa laatuluokkaa,
koska visymislujuus voi vaihdella lihes nolla-tasolta rajaviivan asettamaan laatuluokkaan saakka.

2.3 Hitsaus- ja suunnittelulaatu

Kun I4htékohdaksi otetaan juuren puolelta visymétdn hitsi, lujuustekninen laatu voidaan méaarittds
visymisominaisuuksien perusteella rajaviivan geometriasta madrdytyvind. Kriittisid rajaviivoja
voi olla 1-4 hitsityypin ja kuormitussuunnan mukaisesti, monipalkohitsauksessa myds palkojen
viilit voivat olla kriittisid. Valmistusteknisesti ko. rajaus typistdd hitsin laadun pelkéstédsn prosessin
tuloksena syntyviksi ja siten myds sen kautta ohjattavaksi suureeksi. Muut valmistusvaiheessa
syntyvit ja mahdollisesti liitoksen kestdvyyteen vaikuttavat tekijdt suunnittelija ottaa huomioon
laskennallisesti. Tdmén periaatteen mukaisesti kuvassa 2 esitetyt kulmavetdymat ja sovitusvirheet
eivit ole hitsin laatuluokkiin kuuluvia laatutekijoits, vaikka joku voisi kytkedkin ne samalla tavalla
rajaviivageometrian kanssa hitsauksessa syntyviksi tekijoiksi. Ko. poikkeamien vaikutus on mu-
kana rakenteellisen jannityksen suuruudessa ja vaikutus on analoginen eripaksuisten levyjen aihe-
uttamaan epédsymmetriseen porrastukseen. Suunnittelun laatua kuvaa se, miten suuria téllaisia
rakenteellisia epdjatkuvuuksia suunnittelija sallii eri kuormitustilanteissa ja miten hyvin valmistus
on informoitu ndistd. Ko. poikkeamat ovat syytd midritelld rakenteellisen jannityksen tekijoiksi
siksikin, ettd niilld on aivan erilainen merkitys kalvo- ja taivutusjdnnityksen alaisuudessa. Tadmi
luokitusrajaus on ristiriidassa nykyisen ohjeistuksen [1] kanssa, mutta uusi menetelmi selkeyttiisi
vastuukysymyksié, laadun mééritysti ja ohjeistusta.

vih Y ¥

Kuva 2. Sovitus- ja kulmavetiymi eivit ole laatuparametreja vaan osa rakenteellista jinnitysté

Hitsin laatu ei siis mésrdydy koko liitoksen geometriasta, vaan se on rajaviivan geometriaan sidot-
tu paikallinen ilmi6. Néin ollen hitsin laatu ei méiriydy rakennedetaljin muotoilusta, joka on puh-
taasti suunnittelijan vastuulla oleva asia. Siten laadun médritys ja vertailu tiytyy tehdd jannitysta-
solla, joka siséltdd liitoksen muodon ja siitd johtuvan vaikutuksen jdnnitykseen, mutta ei sisdlld
hitsin laadukkuudesta miiraytyvid lovijinnitysti. Ruotsalaisen BSK 99 [2] mukaisesti laatu on
otettu mukaan nimellisen jdnnityksen tasolla, mikd on periaatteessa kdypd ratkaisu. Ongelmana on
kuitenkin nimellisen jdnnityksen menetelméin liittyvd suuri hajonta, kun seké rakenteelliset ettd
paikalliset geometriaparametrit sisdltyvit samaan S-N -kdyrdén. Toisaalta menetelméssé esitetty
laadun mééritys rajaviivan liittymiskulmien mukaan ei yksin riitd luokitukseen ja laadun siséllyt-
tdminen nimelliseen visymisluokkaan edustaa siten 1dhinné suuntaa-antavaa arvausta. Rakenteel-
linen jdnnitys on oikeampi ldhtokohta laadun miérittimiselle. Tosin ongelmaksi ja4 edelleen se,
ettd lovijdnnitys, jonka pitdisi kuvata hitsin laatua, siséltdd laatua kuvaavan liittymédgeometrian
lisdksi my6s rakennedetaljin mittojen, kuormituksen ja reunaehtojen vaikutuksen. Jotta ndiden
sekundaaristen tekijdiden vaikutus voitaisiin eliminoida ja laatuluokka méarittdd pelkédstdin raja-
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viivageometriasta, tarvitaan laadulle muutama lisdluokitus esim. Niemen ja Hobbacherin [3] esit-
tamilld tavalla. Kahden eri rakennedetaljin hitsien rajaviivoilla voi olla sama rakenteellinen janni-
tys ja sama liittymisgeometria, eli laadun ja kestoikien pitdisi olla identtiset. Kuitenkin muutokset
kuvassa 3 esitetyssd symmetrisyydessi tai alusrakenteen jaykkyydessd vaikuttavat lovijannitysja-
kauman erilaisuuden vuoksi visymiskestivyyteen, samoin kuin rajaviivojen vilinen etdisyys /,,
kuormitussuunnassa. Myos hitsin kuormituksenkantoaste (0-100 %) vaikuttaa Poutiaisen [4] mu-
kaan lovijdnnitysjakaumaan. Myds kalvo- ja taivutusjdnnityksen suhde vaikuttaa kestoikéin, sa-
moin kuin seindmipaksuus, mutta ndmé seikat voidaan ottaa yleisesti kiytetyilld korjaustermeilld
huomioon..

by

-

Kuva 3. Rajaviivan geometria ja reunachdot yhdessd mairddvit lovijannityksen suuruuden

2.4 Liitostyypin vaikutus

Liitostyyppi kuormituksineen vaikuttaa myds laadun mé#drdytymiseen. Kuvassa 4 on esitetty T-
liitos, jota kuormittavat voimat F, Q ja N. Mikili mik4 tahansa primaarinen voimakomponentti ()
kulkee liitoksen 1dpi, on kyseessd voimaliitos. Kiinnitysliitoksen tunnistaa siitd, ettd sitd kuormit-
taa kahden rinnakkain toimivan komponentin yhteen sitomiseksi tarvittava leikkausvoima (Q).
Varusteluliitoksen ldpi ei kulje lainkaan primaarista voimavuota (&), ainoastaan siirtymétilan jat-
kuvuuden yhteensovittamiseksi tarvittava hajavuo. Jos juuren puolen visymismahdollisuus on
eliminoitu, hitsin a-mitat médrdytyvét staattisen kestdvyyden ja ldmmén tuonnin perusteella liitos-
tyypeittdin lausekkeen 1 mukaisesti. Lausekkeessa f -kerroin ottaa huomioon perusmateriaalin ja
hitsin lujuuden suhteen, y ja 4, ovat kuormituksen ja materiaalin osavarmuuskertoimia, / on hitsin
pituus, f, on perusmateriaalin murtolujuus, # on rinnakkaisten hitsien lukumésri, S ja / ovat poikki-
leikkauksen staattisen- ja jadyhyysmomentin arvot ja ¢ liitettédvien osien suurin paksuus. Voimalii-
toksessa alimitoitus on kohtalokasta, kiinnitysliitoksen ongelmana on usein liian isot a-mitat aihe-
uttaen ylimé#drdisid valmistuskustannuksia ja muodonmuutoksia. Kaikkien hitsien tdytyy téyttdd
lammontuontirajoitukset, mutta varusteluliitoksessa se on ainoa kriteeri hitsin a-mitalle.
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Kuva 4. Liitoksen luokittelu voima, kiinnitys ja varusteluhitsiksi maérdytyy kuormituksesta

P \/?—’IBWMzF
21,
— \/gﬂWMZQS (1)
nlf,
a:«/;—O.S

Visymiskestdvyyden mukaisessa tarkastelussa voimaliitoksen kuormitetun rajaviivaan juohevuu-
teen panostaminen parantaa liitoksen laatua. Vastaavasti varusteluliitoksessa kuormitetun osan
rajaviiva on aivan yhtd merkittivissd osassa laadun tekemisessd kuin voimaliitoksen vastaava
rajaviiva. Kiinnitysliitoksessa rajaviivan poikittaisgeometrialla ei ole olecllista merkitystd visy-
misominaisuuksiin ja laatu médrdytyy hitsin pitkittdissuuntainen juohevuudesta. Tdmé erittely olisi
syytd siséllyttdd laatuluokitukseen, jossa yleensd tarkastellaan vain liitoksen poikkileikkausta pi-
tuussuunnasta ja kuormituksesta piittaamatta.

a

2.5 Hitsin laatuparametrit

Hyvidstd suunnittelulaadusta viestittdisi sellainen tilanne, etti rakenteen visymisominaisuudet
médrdytyisividt kiinnityshitsien laadusta. Kiytdnndssi usein kuitenkin voima ja varusteluhitsit ovat
kriittisid ja koko rakenteen kdyttdaste midrdytyy niiden laadusta. Siten kriittisid laadun tekijoitd
ovat rajaviivaan nihden poikittainen lovijénnitys tai yleistetymmin jénnitysintensitecttikerroin X,
mikdli hitsin rajaviivalla on kasvukelpoinen alkusird. Uuden tuotteen jénnitysintensitecttikerroin
sisiltdd rakenteellisen jdnnityksen oy, lisiksi valmistuksessa syntyvén alkusédrén suuruuden ay ja
sdrén muodon korjausfunktion Y(ay) sekid varsinainen laadun huomioonottavan lovijannitysker-
toimen M. M, -kerroin méirdytyy kuvan Sa mukaisesti hitsin rajaviivan liittymiskulmasta 8, pyo-
ristysséteestd r sekd alkusdron koosta ay.
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Mikili alkuvika ay on terdvistd reunahaavasta aiheutuvaa, on jénnitysintensiteetti avaavaa moodia
(mode I), kun taas kylm#juoksun aiheuttamaa liitosvirhe synnyttii leikkaavan moodin (mode II)
tai ndiden yhdistelmén. Jannitysintensiteetin suuruuteen vaikuttaa oleellisesti my6s se, sijaitseeko
sularajalla mahdollisesti oleva alkuvika py6ristyksen pohjalla vai sen vieressd. Vastaavat paramet-
rit ovat muissakin hitsityypeissi (pdittdis-, V-, K-hitsi...).

Kuva 5. Pienahitsin rajaviivan laatuparametrit a. ja hyvi rajaviivaliittymé pienahitsissi b.

Muita sekundaarisempia hitsin rajaviivan laatuparametreja ovat mahdollinen pyoredpohjaisen
reunahaavan syvyys u ja hitsin kupu, hitsin leveys, hitsin yleinen koveruus-kuperuus seki hitsin a-
mitta. My®6s kuvan 6 mukainen hitsin pituussuuntainen rajaviivan muoto vaikuttaa poikittaissuun-
nan vésymisominaisuuksiin. Robottihitsauksessa kannattaa kdyttid ns. vaaputusta, koska aaltoileva
muoto on rajaviivan nihden poikittain kuormitetuissa voima- ja varusteluliitoksissa parempi kuin
suoraviivainen. Kiinnitysliitoksessa sen sijaan aaltoileva muoto synnyttdd lovia ja on siten laatua
heikentdva.

PR kiinnitysliitoksen
kiinnitysliitoksen sdr6 Kk 4
. a uormitus
- g |
evesans . o ; By eeeeenes >
< hitsi

: visymissird voima-
l * l lperusnmteriaalil tai varusteluhitseissi

voima- ja varusteluliitoksen kuormitus
Kuva 6. Vaaputus parantaa laatua voima- ja varusteluhitseisss ja huonontaa kiinnityshitseissi

Hitsin rajaviivageometria médriytyy hitsin jshmettymisvaiheessa. Vaikuttavina tekij6in4 liittymis-
kulmaan ja reunahaavaan ovat kuvan 7 mukaisesti mm. pintajénnitys, kaaripaine, vapaalangan
pituus ja gravitaatio. Ko. kuvassa rajapinnan energiatasoja edustavat ygy (kiinted-kaasu), yg (kiin-
ted-neste) ja yLy (neste-kaasu) rajapintojen pintajannitykset. Reunahaavan pohjan terdvyys voi
aiheutua Lancasterin [5] mukaan liian hitaasta lujuuden kehityksestd sulan jahmettymisvaiheessa.
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Kuva 7. Rajaviivageometrian syntymisen metallurgiset taustat [5]

3. LAADUN JA VASYMISKESTAVYYDEN VALINEN YHTEYS

Hitsin laatu m#idrdytyy hitsin rajaviivageometriasta, jota ohjataan hitsausparametreilla [6]. Raja-
viivageometria yhdessd sekundaarisempien tekijoiden kanssa médrittdd liitoksen védsymiskestoiéin
Ny, joka voidaan madrittéd rakenteellisen jénnitysvaihtelun 4oy, ja murtumismekaniikan avulla.

FAT. |" g
:[ Q} .2.10% = da 3)
Ao, a2 ClAc, M, (0,r,)Y ()]

Ny

Yhtilsssd C ja m ovat murtumismekaanisia sirénkasvuvakioita ja ay lopulliseen vaurioon johtava
sdron koko a. Lausekkeista voidaan méddrittdd hitsin laadukkuutta kuvaava rakenteellisen jénnitys-
vaihtelun mukainen laatuluokka FAT,.

@

1 a‘f[ da

FAT, =m
¢ \2.10C M, 0,10 (@)

FAT,=100 kuvaa normaalia konepajalaatua C ja siitd suuremmat arvot parempaa laatua. Liitoksen
rajaviivalta alkavan sidronkasvun ja visymiskestoidn vilinen yhteys on tyypillisesti kuvassa 8
esitettyjen kiyrien muotoinen. Sama kestoikd N, voidaan saavuttaa eri parametriyhdistelmalla.
Rakenteellisen jannitysvaihtelun ollessa vakio kdyrdn loivuus kuvaa liitoksen juohevuutta (suuri
r/8 -suhde) ja sen sijainnin m#4rdd alkusirdn suuruus (ag). Kiyristostd ndhdédn, ettd huonoa liit-
tyméd ei pieni alkusird paranna ja vastaavasti alkuséron pienuudesta on eniten hyotyéd juohevassa
liittyméssa.
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Kuva 8. rajaviivaliittymén ja kestoidn vélinen yhteys skemaattisesti

Nykénen [7, 8] on esittinyt lineaariselastiseen murtumismekaniikkaan (LEFM) perustuvilla las-
kelmillaan laadun tasa-arvokiyrid ja voimassaolorajoja eri rajaviivan parametriyhdistelmille kuvan
8 periaatteen mukaisesti.

4. KOETULOKSIA

Teorian ja laskentamallin toimivuus pitdd varmistaa kokeellisesti. Kokeissa testikappaleena on
kéytetty kuormaa kantamatonta X-liitosta, josta on médritetty globaalisten muotojen liséksi hitsin
paikallinen muoto makrokuvausta hyédyntien [9] sekd SLM -menetelméid kiyttden [10]. Kuvassa
9 on esitetty periaatekuvat niistd menetelmista.

Kuva 9. Hitsin rajaviivan geometria makrokuvausta ja SLM -tekniikkaa soveltaen.

Kuvassa 10 on esitetty visytyskoe, koekappaleen X-liitos ja sen vdsymismurtunut pinta, jossa
niikyy vaaputuksen vaikutus sirén kasvurintamaan. Kuormitus on ollut vakioamplitudista aksiaa-
lista vetotykytystd joko siten, ettd jannityssuhde R = 6pin/Omax = 0.1 tai siten, ettd maksimi janni-
tysarvo on sama kuin materiaalin nimellinen mydtoraja (FAT (R)-tulokset). Materiaalina on ollut
joko S355 tai S650 ja liitokset on hitsattu robotisoidulla MAG -prosessilla.
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Kuva 10. Visytyskoejérjestely sekd koekappaleen hitsin rajaviiva ehjini ja rikkoutuncena

Koetulokset ovat esitetty kuvassa 11. Kuvassa 12 on verrattu mitattujen vésymiskestivyyksien
riippuvuutta liitosparametreista (r, §) ja niiden yhteisvaikutuksesta K, -kertoimen avulla. K, -
kerroin on médritetty ldhteessd [11] esitetyll4 tavalla ja edustaa M-kerrointa tilanteessa, jossa ay =
0. Lis#ksi on verrattu lihteess [8] esitetylld menetelmalld médritettyjd FAT -arvoja kokeellisesti
médritettyihin tuloksiin.
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Kuva 11. Visytyskoetulokset
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Kuva 12. Visytyskoetulosten vertailuja liitosparametreihin ja niilld laskettuihin ennusteisiin

Tuloksista ndhddén, ettd hitsin laatutuokka voi vaihdella FAT, = 80...170 MPa. Lisiksi ndyttid
siltd, ettd rajaviivapyoristys tai liittymiskulma yksin ei selitd kovinkaan luotettavasti visymislu-
juutta. Tosin jonkinlainen trendi ko. yhteyksissd on havaittavissa, kuten myds K, —kertoimen ja
viisymisluokan vilisessid yhteydessd. Laskentamalli ennustaa visymisluokan melko hyvin 20 %
virhemarginaalilla FAT 125 MPa asti. T4td parempaa laatua laskentamalli ¢i pysty ennustamaan,
koska siind ei ole ydintymisvaihetta mukana.

5. YHTEENVETO JA JOHTOPAATOKSIA

Tarkoituksenmukaisen hitsauslaadun tuottamiseksi tarvitaan yhteisesti hyviksytty menetelma [12].
Sen perusteella suunnittelu pystyy tulevaisuudessa laatimaan yksiselitteiset ohjeet, joita ammatti-
taitoinen valmistus noudattaa. Huonon laadun tuottamiseen riittdd kumman tahansa laaduntuotto-
tekijin epdonnistuminen. Taulukossa 1 on esitetty yhteenveto kuormituksen vaikutuksesta laatupa-
rametreihin ja taulukossa 2 alustava esitys laatuluokista ja niihin siséltyvistd vaatimuksista rajavii-
van ollessa kriittinen.



743

Taulukko 1. Parametrien vaikutus laatuun

kuormitus
parametrit staattinen visyttivi
mekaaniset  |sitkeys ehdottoman tirked tarked turvallisuusmarginaali
ominaisuudet | lujuus korvattavissa lisimateriaalilla |ei kovin tirked
geometria hitsi (piena-,V-,K-) |ei oleellista merkitystd vaikuttaa lovijinnitykseen
hitsin a-mitta tirked ei vaikuta merkittavisti
hitsin muoto kuperuus ei haitta kovera muoto hyvéd
rajaviivageometria | huono liittymd ei haittaa tarked
viat ei siromdiset vihiisind harmittomia pintaa avautuvat huonontavat
sdroméiset nettopintavihennys vain hyvin pienid sallitaan
liitostyyppi | voimaliitos alimitoitus kohtalokasta hitsin rajaviiva tirked
(juuren puoli|kiinnitysliitos ylimitoitusvaara pituussuunta oleellinen

ei kriittinen) | varusteluliitos limmontuonti varmistettava | hitsin rajaviiva térked

rajaviivan kuormitusaste a-mitta, varustelu - voimahitsi | laadun merkitys kasvaa

tilanne kiertymi estynyt | ei vaikutusta laadun merkitys kasvaa
kolmiaksiaalisuus | parantaa (ei haurasmurtumaa) |ei oleellista vaikutusta

Taulukko 2 Esitys laatuluokkien peruskriteereiksi

laatuluokat
Kkriteerit E D e B [B+
sitkeys vaatimus voimassa
a-mitta (=staat. lujuus) | ei vaati- liitostyypeittiin
vikatyyppi kriteeri muksia | nettopinta-ala | ei saromiisid
menetelmé manuaalinen tai automatisoitu | automatisoitu
rajaviivakontrolli ei tarvita r, 0, ay vasyttivisti kuormitetut
voima- ja varusteluhitseille

tarkastus esituotannollinen WPS ja silmédméardinen
visymislujuus (FAT 80) FAT100 FAT112 FAT 125
sovellus staattinen visyttivi vaativa erittdin vaati-

vaativa staat. visyttivi va visyttivi
erityisvaatimukset jalkikasittely
UT,Y... X X X X X

Seuraavat johtopdétokset voidaan esittda:

e staattiselle kuormitukselle riittdisi yksinkertaistetut vaatimusohjeet ja vésyttdviin kuormituk-
seen tarvittaisiin nykyistd yksityiskohtaisemmat

e liitostyyppi (voima, kiinnitys, varustelu) vaikuttaa oleellisesti laatuvaatimuksiin

e hitsausparametreilla ja niistd aiheutuvalla rajaviivageometrian vaihtelulla on suuri merkitys
visymisominaisuuksiin véisymisluokan vaihdellessa FAT 80...170 MPa

e rajaviivan laatua ei voi madrittdd yksittdiselld parametrilla, vaan tarvitaan niiden yhteisvaiku-
tuksen huomioon ottamista

e LEFM -pohjainen laskentamalli ennustaa melko hyvin vdsymisluokan FAT 125 saakka, kun
ydintyminen ei vaikuta visymiskestivyyteen kovin merkittdvésti.
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