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Some aspects on efficient solution of creep problems

Reijo Kouhia!, Pekka Marjamiki, and Jorma Kivilahti

Summary. Integration of inelastic constitutive models by implicit schemes, require local New-
ton’s iteration to solve the discretized non-linear evolution equations at the integration point
level. Choise of the starting values in the Newton’s iteration affects on the success of the it-
eration at the local integration point level. This note describes a simple modification on the
approach proposed by Schreyer giving increased robustness on the local iteration process. Also
the effect of line search and quasi-Newton methods in the solution of the global equilibrium
iterations is investigated.
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Introduction

Implicit schemes are often used in the temporal integration of constitutive equations
(3,7, 8,10, 11, 18, 19]. Success in such methods depends primarily on two factors: firstly
how the small local non-linear system at the integration point level is solved and secondly,
is the Jacobian matrix of the discretized constitutive model (i.e. the algorithmic tangent
stiffness) properly formulated and evaluated. If the material Jacobian matrix is properly
evaluated, asymptotically quadratic convergence of the global equilibrium iterations can
be achieved. Convergence of the global equilibrium equations is a primary factor affecting
to the cost of the computation. Since the Newton’s method is only locally convergent, the
global equilibrium iterations might diverge or it can take quite a many iterations before
the domain of attraction is reached and the process starts to converge quadratically. As
it will be shown, a line search procedure can save a considerable amount of computing
time when large time steps are used.

Inelastic material model and its numerical integration

In this study the assumption of small strains is adopted, and therefore the rate of strain
can be additively decomposed in elastic €°, thermal €™ and inelastic €™ components

€ =€+ (1)
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Assuming the inelastic strain to be strictly deviatoric, the evolution equation for the
inelastic strain rate suitable for modeling secondary creep can be written as

. —-Q\ . ™ T T

€' =3fexp | — smhm<—>—:§—: n, 2

2 f p(RH v)Z= 7= (2)

where () is the process activation energy, R the gas constant, 6 the absolute temperature,
f the viscosity parameter and Y is the flow stress. In general, the viscososity parameter f
and the exponent m are functions of temperature [6, 15], however, in this study they are
assumed to be constants. The reduced stress 7 is defined as a differerence of the stress
deviator s and the back stress B as 7 = s — %B. The scalar 7 is the reduced equivalent
stress 7 = (37:7)"/2. The following hardening rules are used [1, 5, 13, 18]

Y = Hyy — (Hyy + H3)(Y — Yp)?,
B = K€" — (Kyy + K3)BB, (3)

where Hy,...., Hs, K1, ..., K3 and Y are material parameters and B = w%B : B.

Assuming linear isotropic thermoelasticity, the whole set of evolution equations com-
prises hardening evolution equations (3) and the elasticity equations

Ok 0

dG 0 . .
Om = K trace (€ — € )+%E Om, (4)

§=2G(é—¢€")+ 9GS
where é is the deviatoric strain rate, €™ = CAI the thermal strain rate, o, = %trace (o)
the mean stress and parameters GG, k are the shear and bulk modulus, respectively. The
linear coefficient of thermal expansion is denoted as C. All the material parameters
G,k,C, Yy, Hi, Hy, H3, K1, K5, K3,Q, f and m can depend on temperature.

Schreyer [18] used the generalized trapezoidal rule to solve the evolution equations (3).
In the following, the Schreyer’s algorithm, extended with isotropic hardening, is briefly
described. Denoting 7 = s — 2B the system (3)-(4) can be written in a form

7.' —+ 121117' + A12B = S-trial’
B+ AT+ AyyB = 0, (5)
Y — Hiy + (Hoy + Hs)(Y — Yy)? =0,

where
. v G 6 . ) ey
A =BG+ K|+ — —— A =—2(K K3)B 4+ ——
11 = (3G + 1)7,_ Rek 12 s (Ko + K3) +89G’
_ 3 _ _
Ao = —K1%, Agy = (Koyy + K3) B, (6)
and the elastic trial stress rate is defined as §"? = 2Gé°.
Applying the generalized trapezoidal rule
Tnil = Tn + At(on‘nﬂ + (1 - 04)7"”),
B, =B, +At(aB, i + (1 —a)B,),
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to the system (5), the discrete evolution equations are

AnTog + AeBoy = Ry,
A Tny1 + AnBuy = Ry,
Yo — Ata [Hiyppr — (HoYogr + Hy) (Yo — Y0)?] =Y,
+ A1 — a) [Hiyn — (Hoyn + H) (Yo — Yo)ﬂ( )
8

where
R1 = a1 Ty + CL12Bn + OéAtS.;rfll + (]. - Oé)AtS'Zrial,
Ry = a7, +anB, (9)
and
All =1 + &At/’illﬂﬂ»la a;l = 1— (1 — oz)Atfln’n,
A = OéAtAu,nJrl, app =—(1— Oé)Atlelz,m
Ao = aAtAy g1, ag = —(1 — a) At Ay p,
AQQ =1+ OéAt/IQQﬂH,l, 92 — 1-— (1 — O{)AtAQQ’H. (10)

Depending on the a-parameter, some well known schemes are obtained: a = 0 corresponds
to the explicit Euler scheme, a = 1/2 the trapezoidal rule and o = 1 the implicit,
backward FEuler scheme. Only the trapezoidal rule is asymptotically second order accurate,
however, it produces oscillations when the time-step size exceeds the critical time-step of
the explicit Euler method At.. As shown numerically in [12, 18, 19], the backward
Euler is the most versatile scheme in this family of methods. However, the equations are
expressed in this general form to facilitate a possibility to switch from implicit Euler to
the trapezoidal rule when the time-step is smaller than At,,.

Following the formulation in [18, 19], solution of this nonlinear system can be per-
formed involving only the scalar “invariants” 7 and B and, in the present formulation
also the flow stress Y. The two first equations in (8) can be solved formally as

Tn+l = (A22R1 - A12R2)/D;
B,i1 = (AuRy; — Ay Ry)/D, (11)

where D = Ay Ags— A1 A2 Squaring 1_30th sides of equations (11), the resulting nonlinear
algebraic system for the unknowns 7, B and Y is thus

Fy =T D —/3f1i =0,

Fy =BpD — /2 f> =0, (12)
Fy =Y1 — Y, — Ata [HiYnt1 — (Hoyngr + H3) (Yogr — Y0)?]
— At(1 = @) [Hyvn — (Have + H3)(Y, — Y0)?] =0,
where the following abbreviations are used
fi = A3 Ri1 — 245 A15R15 + A7, Roo,

fo= A§1R11 —2A1 A0 Ris + A%Rzz;
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The formulas for A;;, Fy and F, differ slightly from those presented in [18] due to the
difference in defining the direction of the inelastic deformation 7.

For this procedure, the algorithmic tangent stiffness matrix, which is necessary to
obtain quadratic rate of convergence in the global equilibrium iterations, is given in the

Appendix.

Selection of initial values

An important aspect in the Newton’s iteration process of the system (12) is the selection
of the initial values. Common choices utilize either the values from the previous converged
step (i.e. variables at the beginning of the increment) or the stress increment is taken as
elastic, while the internal variables have their values from previous converged step. An
alternative approach is given by Schreyer [18, 19], where the steady state solution for
the creep problem is used for the initial guess for the iteration. As shown numerically in
the above cited references and also by the present authors, the steady state approach for
the initial guess appears to be within the radius of convergence of the Newton-Raphson
iteration. In many cases it is also more efficient than the conventional approaches.

The steady-state solution is obtained under the assumptions that 7, B and Y are zero
and the elastic deviatoric trial stress §™! is constant. This is obtained if

«in

€' =é,
Tss = 1/ %é : é7
ifss = \/Hlfyss/<H2’yss + H3) + }/O (14)

and 74 can be solved from equation (3). The steady-state solution for the invariant of the

initial backstress is
52— 10 (15)

* K 2ss + K. 3

In some cases, where the parameters Ky and K3 are small, the steady state solution
for the initial backstress will be inaccurate, resulting inefficient iteration. To prevent
such situations, the initial value for the steady state backstress can be safeguarded by
comparing it to the elastic effective stress . A modification strategy could thus be: if

By > °, then the initial value for B is taken from the previous converged step.

Numerical studies

Selection of the initial values for the iterates is of primary importance when large steps
are used in the analysis. Behaviour of different choices is tested in a realistic problem. A
single solder bump of a ball grid array (BGA) is analyzed under a combined thermal and
mechanical loading. For simplicity, the movement between the board and the component
is approximated by prescribing the displacements in x and z directions on the upper
surface of the bump, see Fig. 1. The FE mesh consists of 540 standard trilinear 8-
noded hexahedral elements, integrated with 2 x 2 x 2 Gaussian quadrature. Loading
consists of spatially uniformly distributed and temporally sinusoidal temperature variation
0(t) = Oy + %A@ sin(27t /tmax), where 6y = 293 K and Af = 100 K, and prescribed
displacements on the upper surface of the bump (u, v, w) = (6,0, ) sin(27t /tnax) and 6 =
0.1 pm.
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Figure 1. Solder bump; geometry and FE mesh [12, Fig. 12].

Table 1. Material parameters of the binary near eutectic Sn40Pb solder [1]. Parameters Ky and K3 are
varied in the numerical tests and defined in (16).

E = 33GPa Q = 12 kcal /mol

v o= 0.3 R = 21073 kcal/mol-K
Yo = 20MPa  H; = E/165

m = 3.5 K = E/100

f = 10°s7! C = 1.7 107> K—!

Material parameters are given in Table 1. Since the values of the non-linear kinematic
hardening parameters Ky and K3 strongly affects on the initial value of the effective
backstress, they are varied in a vide range. As defined in [18, 19] the nondimensional

parameters &, &3 are
2G’}/0

Y'OQ
where 79 = fexp(—Q/Rf). Using the data in Table 1, it gives the values 2G/Y@ =
63.46 mm/N and 2G7,/YZ = 8.11107% mm/Ns, evaluated at temperature § = 293 K.
Since the non-linear isotropic hardening does not have much effect on the performance on
solution algorithm, the parameters Hy and Hj are assumed to be zero. In addition, all
material parameters in this test are assumed to be temperature independent.

Time interval [0, t,,ax] is divided into 12 equal timesteps. Four different choices for the
initial values are tested: (i) initial state as the last converged state, marked as “init.” in
Table 2, (ii) state where the elastic predictor is added to the previous converged state,
marked as “elast.”, (iii) saturated values according to equations (14) and (15), and (iv)
the modified strategy marked as “mod. satur.”. The modified strategy is the safeguarded
version of the steady state estimate, described in the previous section. Average numbers
of Newton’s iterations needed at the integration point level are recorded in Table 2.

Failure, as recorded in Table 2, is claimed when either the local Newton iteration at
any integration point or the global Newton iteration does not converge within 20 corrector
iterations. In a production code, failure at the integration point level might be avoided by
using substepping. Continuation after a failure at the global equilibrium iteration level
might be possible with a smaller time-step. The convergence for both iterations is tested

2G
Ky = fzw K3 =¢&3 (16)
0
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Table 2. Comparison of different choices for the initial iterate. The critical time step for the explicit
Euler method is denoted as At,, and it is determined from the predictor state, see [12].

average max average number of iterations
At At/Ate  At/Ate & &3 init. elast. satur. mod. satur.
50 s 1.8 13.0 0 0 55 6.1 4.3 4.3
1074 107* 5.8  fail 4.7 4.3
1072 1072 fail fail 4.5 4.5
1 1 fail  fail 4.7 4.7
10 10 fail  fail 4.7 4.7
102 10> fail  fail fail fail
500 s 4.0 23.6 0 0 55 7.5 4.0 4.0
107 107% 6.1  fail 4.5 4.0
107% 107* fail fail 4.3 4.1
1072 1072 fail fail 4.3 4.3
1 1 fail  fail 4.4 4.4
10 10 fail  fail 4.5 4.5
102 102 fail  fail fail fail
102 0 fail  fail 4.5 4.5
0 102 fail fail fail fail

1*:/* I Nev:fton LA
\‘J; * Newton+LS -~
o Kex BFGS - % -
e =) BFGS+LS £+ A
_ p T
<°].' 107* \\\ w _
=
= 1075 - 1 "%ﬁ:_\%_ﬁ n
- \ TRy K
1078 — \\\ —
—10 |- \ ]
10 | | | | | | | |

1teration

Figure 2. Equilibrium iteration history at the first step At = 500 s.
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as || 2Ft — zF|| < enq|2*Tt — 20| + aps, Where the values e,q = 1075 and g, = 107°
have been used and x is the displacement vector g in the global equilibrium iterations
and = (7, B,Y)T in the local iteration at the integration point level.

In Fig. 2 the global equilibrium iteration history is shown from the first step. It
is clearly seen that only one line-seach will reduce the number of Newton’s iterations
from 11 to 5. For the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-newton iteration,
application of the line-search does not give any improvement.

Concluding remarks

For standard elasto-plastic models the backward Euler method seems to be the best
integration scheme (2, 9, 10, 11, 14, 17, 20, 21]. However, if there are other ingredients in
the model, e.g. damage, other integration schemes could be more appropriate [22].

It is shown in many papers [12, 18, 19], that the backward Euler scheme seems to
be unbeatable in creep computations — simple to code, accurate and relatively fast —
especially when large time-steps are used. The key point in the success of the implicit Euler
scheme is that the error in the computations using large, practically relevant timesteps
is smaller than in other (even higher order) schemes. Many schemes having higher order
asymptotic accuracy are inferior to the first order accurate implicit Euler scheme when
the size of the time-step exceeds the critical time-step of the explicit Euler method, see
[12, Fig. 2].

For analyses where large timesteps have to be used, the steady state solution for the
initial guess, proposed by Schreyer, results in much larger convergence domain than the
conventional approaches.

Appendix: Consistent algorithmic tangent

To obtain asymptotically quadratic convergence for the Newton iteration of the global
equilibrium equations, the Jacobian of the discretized non-linear evolution equations of
material model has to be evaluated. In the literature this Jacobian is often called the
consistent algorithmic tangent, see e.g. [2, 16, 21]. It is defined as
Jdo 0

Czaza(s—i_O_mI):Cdev—i_ciSO (17)
and it is evaluated from quantities at the end of the current step at time ¢,.,. In sequel,
the subscript n + 1 is omitted in places where there is no danger for confusion. Since the
behaviour of the isotropic part of the stess is linear, thus Ci, = C¢L. In the algorithm,
the deviatoric stress is computed as

S=T + %B e _D_1 |:(A22 — %Agl) Rl + (%All - A12) R2] (]‘8)

and using the following notations: OR;/0e = aCS. and OR,/0e =0 and D = Ay Ay —

dev
A19A51, the deviatoric part of the stiffness tensor can be expressed as

8/112 8A12

Oe

0 1
e = 3| (R~ Ans)

0A,
Oe

+ (A218 — RQ)

+ (Algs — %Rl)

O Az

€

+ (R — Aqy8) +a« (A22 - %Am) 3 (19)

dev
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Derivatives for the scalars A;; are:

0An (3G + Ky) 87 or
de = aht T2 86 V(96
8A12 . 2 8B 8’7
ae = 306At |:(K2’)/ + Kg) a -+ K2Ba€]
0Ay 3 A Ky 5)7 . or
e 2a 86 786
(9A22 . 83 (9’}/

Derivative of the creep strain rate v can be expressed as

67 87 or T0Y
9 ~ o7 (a— - ?a) (21)
where 3 ; 0 - -
9o, ") ginh™ !t (L T
57 = Cr = v ©Xp (R@) sinh <Y> cosh <Y> (22)

It can be seen that the derivative with respect to the flow stress can be written as 0Y/0e =
Cy 07 /0€, where the coefficient C'y; depend on the chosen isotropic hardening model. For
the model (3) it has the form

hy
= 2
O =t 23
where At[H, — Hy(Y — o)
aQt|dy — (Y — Yo _
hy = ho =h Y 24
T 20 At (Hyy 4 Hs) (Y — Y 2= m(7/Y) (24)
Derivatives (20) can be written as
0Ay  OF 0Ay, . OF OB
De fu Oe e h2 Oe b Oe
aAgl ot 3A22 ot 0B
_ Odxn _ p
Oe b Oe Oe fage Oe e Oe (25)

where

tll = QAt(3G+ Kl)(CF/% — CFCH/Y — ’)//77'2) tlg = —%O&AtKQBCF(l — C’H?’/Y)

t21 == —%OéAtKl(CF/’T' — OFOH/Y - ’}//7_'2> t22 - OéAtKQBCF(]_ — CH%/Y)
b12 = —gOéAt(Kg”)/ -+ Kg) bgg = OéAt(KQ’}/ + Kg) (26)
Derivatives of the equivalent stresses 7 and B has to be evaluated from their algorith-
mic expressions in equations (12): 7 = % fi/D and B = % fo/D. After some simple
algebra
a’l’ 61411 0A12 81421 8A22
=1 t t t t
9e 0T THe ThTee Tl e T g
OB 0A1 0A5 0As 0As
i S 2
ge ~ Dot hiTge Hhg Tt his (27)
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where

3 2a
to = 375 (A ,CL ot Ry — AjpAsnCelL: Rg) bo = ;o= (A (CL s Ry — Ay Ay CEL RQ)
2 _
=-7D'A A A —BD'A
t1 T 22 by = 3025 (A11Ro2 — A21R12) 22
3 _
t2= 5= (A12R22 — Ao Riz) + 7D~ Ay by = BD™' Ay
2
ty=7D"'4 b A9 Ry — Ay Rio) + BD A
3=T 12 3= 3D2B( 214111 1 R2) + 12
3 _
t4 = 2D2— (A22R1]_ — A12R12) — 7D~ All b4 = —BD 1A11 (28)

Substituting expressions (20) into the equations (27), derivatives t. = 07/0e and b. =
0B/0e can be solved from the equation

Tllte - T12b€ = tO
—T51te + Thb = by (29)

where

Ty =1 —tytyy — tatia — tatar — latan

Tiy = tabio + tabao

To1 = bityy + batia + btayr + batao

Too =1 — bobio — byboo (30)

Finally, the deviatoric part of the consistent algorithmic tangent tensor can be written

in the form ]
Cdev = E [Oé <A22 — %Agl) glev + eltﬁ + egbe] (31)

where the second order tensors e; and e, are

e = [— (Azz — %Am) t11 + <A12 — %An) t21} T — [(Azz — %Am) t1g — (A12 — %An) t22] B
es = (A2 — 2A11) by — (Ass — 2421) bi2| B (32)

The algorithmic tangent is symmetric, although it is rather hard to see this directly in
(31). It should be noticed, that tensors t. and b, are functions of Ry and R, which are
defined in (9) by quantities evaluated at time ¢,, but which can also be expressed as in
equations (8) with quantities evaluated at time ¢, 1.

The derivations above are valid when the generalized trapezoidal rule is used to in-
tegrate the constitutive model in question. If the discontinuos Galerkin method with
piecewise constant trial functions is used [4], terms A;; in equations (10) should be re-
placed with those defined in equations (52) in [12] and expressions (26) and (24) are
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changed to:

tni1
— / (3G + K1) (Cp /7 — CuCi /Y — /72 dt
tn

tnt1 B
tiy = —3 KyBCORp(1 — Cy7/Y) dt
tn
tn+1
tglz—% Kl(CF/%—CFCH/Y—’Y/’?_j) dt
t'"/
tn+1 _
tQQ - KQBCF(l - CH%/Y) dt

tn

tn+1
b12 = —%/ (KQ’Y + Kg) dt
tn

tn+1
by = / (Koy + K3) dt (33)
tn

tn41
hy = / Cr [Hy — Hy (Y1 — Yo)?] dt
tn

o1
hy = 2A33(Yt1 — Yo) +/ Cr [Hy — Hy(Yni1 — Yo)?] (7/Y) dt (34)
tn
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