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Waves propagation in an arbitrary direction in heat
conducting orthotropic elastic composites

K. L. Verma

Summary. Dispersion of thermoelastic harmonic waves propagating in an arbitrary direction
in a layered heat conducting orthotropic elastic composite in the context of generalized
thermoelasticity is studied. Considering three dimensional field equations of thermoelasticity
and to obtain characteristic equation, continuity of displacements, temperature, stresses and
thermal gradient at the layers’ interfaces is employed, and the corresponding sixteenth order
characteristic determinant is examined. Particular results for the coupled and uncoupled
thermoelasticity are obtained as special cases of the obtained results by taking thermal
relaxation time and coupling constant equal to zero. Results of previous Investigations are
derived as particular cases. Finally numerical results are also obtained and represented
graphically.
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Introduction

Advanced high strength, high modulus composite materials must undergo careful
inspection to sort out manufacturing errors, in-service degradation, and defect formation
due to the influence of elevated temperatures, moisture, cosmic radiation, etc. The
growing practical importance of such materials, especially in thermal environment has
stimulated many analytical studies. The exact dispersion relations for composite
structures can be found in many good books [1] and [2], with many unidirectionally
reinforced layers are at least of orthotropic characters and sometimes transversely
isotropic.

Wave types occurring in bounded layered anisotropic media are very complicated,
and in thermoelasticity, the problem becomes even more complicated, because in
thermoelasticity solutions to both the heat conduction and thermoelasticity problems for
all the layers are required. These solutions are also to satisfy the thermal and mechanical
boundary and interface conditions. As a result, conventional procedure for thermoelastic
analysis of a multilayered medium results in having to solve system of two
simultaneous equations for a large number of unknown constants as in Refs. [3-7].

By introducing thermal relaxation time constants into the heat conduction equation,
new generalized theories of thermoelasticity have been developed in an attempt to
eliminate this paradox of infinite velocity of thermal propagation. Of all the non-
classical theories, at present, Lord and Shulman [8], Green and Lindsay [9] theories of
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the generalized thermoelasticity are mainly considered for engineering applications.
Various methods to study the isothermal elasticity problems in heat conducting
medium are studied in Ref.[10]. Propagation of plane harmonic thermoelastic waves in
an infinitely extended anisotropic solid is considered and investigated in [11]. In Ref.
[12] the governing equations of generalized thermoelasticity for anisotropic media were
derived.

This paper attempts to study the dispersion of harmonic waves propagating in an
arbitrary direction in layered orthotropic elastic composite in the context of generalized
thermoelasticity in Ref. [13]. Three dimensional field equations of thermoelasticity are
considered, and the corresponding sixteenth order characteristic determinant is
examined. The purpose of this paper is to examine the dispersive effects in layered
thermoelastic composites, where the direction of the corresponding harmonic waves
makes an arbitrary angle with respect to the layers. The results for the coupled and
uncoupled thermoelasticity are obtained as particular cases of the obtained results by
setting thermal relaxation time and the coupling constant equal to zero. Relevant results
of previous investigations are deduced as special cases. A similar type of the approach
has also been used in Ref. [14] for the corresponding elastic material.

Problem Formulation

Consider a set of Cartesian coordinate system x, = (X, X,, X, ) in such a manner that x,-
axis is normal to the layering. The basic field equations of generalized thermo- elasticity
for an infinite generally anisotropic thermoelastic medium with one thermal relaxation
time z, at uniform temperature Ty in the absence of body forces and heat sources are

oy = PU;, I,]=123 1)
KiTy —pC(T +7,T) =Ty B[, ; + 7500, 1, )
where
Oy = Cijklekl _ﬂijT , (3)
ﬂij = Cijklekl’ (4a)

and p is the density, t is the time, u; is the displacement in the x, direction, Kj; are the
thermal conductivities, Ce and z, are respectively the specific heat at constant strain, and
thermal relaxation time, oj; and e;; are the stress and strain tensor respectively; f;; are
thermal moduli; 6; is the thermal expansion tensor; T is temperature; and the fourth
order tensor of the elasticity Cjjq satisfies the (Green) symmetry conditions:

Ci =Cuij = Ci =Cjia» B = Bji» 6; =0 (4b)

Here comma notations are used for spatial derivatives and superposed dot represents

differentiation with respect to time. Strain-displacement relation is
_ Uty |

S 5 (5)
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Specializing the equations (1-5) for orthotropic media, the governing equations (1) and
(2) via (3) to (5) are

C11u1,11 + C66ul,22 + C55u1,33 + (C12 + Cee)uz,lz + (C13 + C55)“3,13 - :BlT,l = pul (68.)
(C12 + Cee)ul,lz + C66u2,11 + szuz,zz + C44uz,33 + (Czs + C44)U3,23 - ﬁzT,z = ,OUZ (Gb)
(ClS + Css)ul,ls + (Czs + C44)u2,23 + Cssus,ll + C44u3,22 + 033u3,33 - ﬂ,sT,3 = ,OU3 (GC)
K11T,11 + KzzT,zz + K33T,33 —pC, (T +7,T) (6d)
=T[5 (ul,l + TOUl,l)ﬂZ (uz,z + 2'ouz,z) + (us,s + 7003,3)]
where

B = +Cha, + Gy,

By = Cpat; +Cpp2, + Cppty, (7)

Py = Ciatty + ooty + Capt.

On considering equations (6) and (7) for each layer, and at the interface between two
layers, the displacements, temperature, thermal stresses and temperature gradient must
be continuous.

Analysis

For harmonic waves propagating in an arbitrary direction, the displacement components
and temperature u,,u,, u;and T are written as

(ul' Uy, U3,T) = (Ul(XS)’ U, (Xs)’ U, (Xa)v U, (Xs))eif(llxﬁlzxﬁlgxfa) (8)

where & is the wave number, ¢ is the phase velocity (= w/€), o is the circular
frequency, 1,l, and I, are the direction cosine defining the propagation direction.
Floquet’s theory requires functions U; (j=12,3,4.) to have the same periodicity as
that of the layering. Hence the problem is reduced to that of one pair of layers, where
(U T)(x)=Uje | j=12.34, (9)
a 1s an unknown ratio of the wave number components and Uj are constants.Upon
substitution from (9) into (8) and (6), we have
M, (2)U,=0,m,n=1234. (10a)
Here
M, = (Ilz +|22666 +a2655 -¢%)
IV|12 = (612 +€66)Ill2’
My, =—(C3 +Css)ix

<

14 = Il’

2 2 2 2
M,, = (I;Cs +1,C, + T,y — &)
My =—(Cp +Cu)lx

16



M, zﬁzlz

Mg, = (1T +1,C, + T —¢7)
My, =B

M, =¢en'?li/o,

M, = e0'C?L B0

M,, = —c0'’apijo,
M, = (|12 + IZZIZ2 + K3a2 ~0'Cr), (10b)
where
2 2
§2=’DC @ _ &G &= ATy , and r=7,+i/w.
Cyy K, pC.Cpy

The existence of nontrivial solutions for Uj (=1, 2, 3, 4) demands the vanishing of the
determinant in equations (10a), and yields the eighth degree polynomial equation

o’ +Aa’+Aa’+Aa’+A =0, (12)
where the coefficients A, A,, A, and A, are given in Appendix-I.
Equations (9) is rewritten as

8. _ _ _ —|§| +0 )X,
(U17U27U3’T):Z(U1q1U2q’U3q’U4q)e (3 q) '
q=1

(12)

For each «,, q =1, 2,...8, using the relations (10) and expressing the displacements
ratios as

J2q =D1(aq)=7/ J3q _ Dz(aq)=§ U =D3(aq):® q=12....8, (13)
U, D(¢) "*U, D) *U, D) N
D(aq)v Di(aq)’ i: 11 2, 31 (14)

are given in Appendix-I1. Therefore, the solution is

8 —_—
(Ul'UZ’U3’T)ZZ(liyqlé‘qleq)Ulqe
g=1
In view of the continuity of the displacement components, temperature, tractions and
temperature gradient across the interface of the two layers, the following conditions
must be satisfied:

7i.§(|3+aq)xg (15)

T'<1>[x3:6j=T'<2>(x3= j (16)
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where T"= 0 T/0%; subscripts (1) and (2) refer to layers | and Il, respectively, 0 and
0 are values of x, near zero. Because of periodicity of the deformation and
thermoelastic stress fields, additional conditions obtained are:

u(x; =h) =uf (x, =-hy),
'|'(1)(X3 — hl_) :-|-(2)(X3 — _h2+)’

o (X, =h)=0(x,=-h)), j=1,2,3

TO(x, =) =T"®(x,=-h;). (17)

Upon substitution of the displacement, temperature, stress and temperature gradient
components into (16) and (17), sixteen linear homogeneous equations for sixteen
constants UL ,UQ .. ,UP and UPare obtained. For nontrivial solutions, the
determinant of the coefficients must vanish. This yields the following characteristic

equation:
m{iﬁd [_ﬁdJ_Q jk=12,..8. (18)
[Bi] [-Bi]

The 8x8 matrices A, Kjk, B, and I§jk are given in Appendix-11I.
On simplifying equation (18), we have

det[ A, Jdet([~B, ][ B, J[ A ] [-A]) =0 (19)

which implies that either

det| A |=0, (19b)

det([~B, ][ B, ][ A ] [-Au]) 0. (19¢)

If equation (19a) holds true, then the problem reduces to a free wave propagation in a
single thermoelastic plate of thickness h,and in this case [—Ejk]—[Bjk][Ajk]‘l[—Ajk]
will not exist if A, issingular. On the hand if A, is nonsingular then A, ™ exists and
accordingly (19c) exists.

In order to solve the problem numerically one has to solve (18), and to solve it is
sufficient to consider either equation (19c) for heat conducting composite plates and
equation (19b) to solve for free thermoelastic plate.

or
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Particular cases
Uncoupled thermoelasticity

If the coupling constant,& =0, then thermal and elastic fields decoupled from each
other and from equation (10b) we have M,, =M,,=M,, =0 . In this case equation

(10a) reduces to
(|12 + K12 + Ko —a)*gzr)(Aae +Fa*+Fa’+ Fs) =0. (20)
From the above equation (20), considering the factor
Aa® +Fa’ +Fa’ +F, =0, (21)

equation (21) corresponds to the characteristic equation in the uncoupled
thermoelasticity where

A =C3;CyyCss
2 2 2 2
I:1 = [(C22C33 - 2(:23‘-':44 - C23)(:55 + C33C44C66]|2 + [(Css - 2(:13,(:55 - C13)C44 + C33C55C66]I1
2
'(C33C44 + C35Cs5 + C44C55)§ )
2 4 2 4
Fz = [(Css - 2013055 - C13)C66 + C44C55]I1 + [(szcss - 2023C44 - Czs)cea + szcssc44]|2
2
+ [(_C12033 - 2(033(:44 —C66C23Cs5 — C15C44Cs5 + C13C5Co5 — 2C44Co5Ca5 — C15CasCog
2 211212
+ C15C35C6 — C12C15C0s — Cy3C03C05 — C1pC0Cs5 — C12C13023) —Cy3Cp +Cp0Cq5 — C23]Il Iz
2112 #2
+ (2C13055 ~CesC33 —C55Cay —Cuy —Cg3 —CgeCos + C13)I1 C;

2 2 6
+ (2C23C44 +Cy3 —C55Cs3 = CppCs5 —CgsChy — Co5Cys — Csacee)lz + (033 +Cyy t Css)( )

F, = (055|12 +C44|22 _52 ){( (1+C66)|12 +(C22 +C66)I22 )42 _§4

2 212 4 4 (22)
+ [(Zczzcse +Cp, — C22)C55]|1 Iz - szceslz - C66ll }
Equation (14) reduces to
Dl(aq) = Mls(aq)Mzs(aq) -M,, (aq)MSS(aq)l
DZ(aq) = MlZ(aq)MZI'}(aq) - Ml3(aq)M22(aq)!
D;(a,) =0,
D(aq): Mzz(aq)Mss(aq)_Mzzs(aq)- (23)

Equations (23) correspond to the orthotropic materials purely elastic composites, which
are obtained and discussed by Yamada and Nasser [17], and on the hand, second factor
of equation (20) is
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17 + Kl + Kya? =" Pr =0. (24)

Equation (24) corresponds to the purely thermal wave, which is clearly influenced by
the thermal relaxation timer .

Coupled Thermoelasticity

In this is case when there is no thermal relaxation time, i.e. 7, =0 and hence z=i/w.
Following above procedure, we arrived at frequency equation in the coupled
thermoelasticity.

Numerical Results and Discussion

Using characteristic equation (18), numerical results for phase velocity versus wave
number are presented for the first few lower modes to indicate the dependence of
dispersion upon the angle of propagation and thermal relaxation times. The material
chosen for this purpose is Aluminum epoxy composite / Carbon steel as layer I (h;=0.7)
and Layer 11 (h,=0.3) respectively.

Figure 1 depicts the dispersion curves when the direction cosines of propagation are
1,=0.259, 1,=0.542, 15=0.799 whereas Figure 2 and Figure 3 depict the dispersion curves
when the direction cosines 1=0.195, 1,=0.515, 13=0.834 and 1,=0.125, 1,=0.707, 13=0.696,
in all these figures thermal relaxation time 7,=2.10"".

It is observed that lowers modes are more influenced with changes in direction
cosines whereas little variation is noticed in the upper modes. Further, as |, increases,
the phase velocity of lower modes decreases with wave number.

Each of figure display wave speeds (coupled) corresponding to quasi-longitudinal,
quasi-transverse and quasi-thermal, at zero wave number limits, lower modes are found
to highly influenced and phase velocity of higher modes have higher values and
decreases as wave number increases. One of the thermoelastic modes seems to be
associated with quick change in the slope of the mode.

In anisotropic plates the distinction between mode types is somewhat artificial, since
the equation for thermal and elastic wave modes i.e. quasi-longitudinal and quasi-
transverse and shear horizontal modes will be generally be coupled with quasi-thermal
wave modes. For wave propagation in the direction of symmetry some wave types
revert to pure modes, leading simple characteristic equation of lower order.
Consequence of elastic anisotropy in media is the loss of pure wave modes for general
propagation direction. At zero wave number limits, each figure displays wave speeds
corresponding to one quasilongitudinal, two quasitransverse and a quasithermal in
generalized thermoelasticity and higher mode. It is apparent that the largest value
corresponds to the quasi-longitudinal and the additional mode appears is a quasi-thermal
mode. At low wave number limits, modes are found to highly influence and it vary with
the direction cosine. At relatively low values of the wave number, little change is seen
in these values. As wave number increases others high modes appear, one of the modes
seems to be associated with quick change in the slope of the mode. It is also observed
that with change in direction cosines, lower modes highly influenced whereas small
variation is noticed in the high modes. Thus in generalized thermoelasticity, at low
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values of the wave number, only the lower modes get affected at low values of wave
number and the little change is seen at relatively high values of wave number. The low
value region of the wave number is found to be of more physical interest in generalized
thermoelasticity. Further as at high wave number limits, small variation is observed, and
so the second sound effects are short lived. Quasi-longitudinal, quasi-transverse (two)
and quasi-thermal waves are found coupled with each other due to the thermal and
anisotropic effects, also wave-like behavior in the additional quasi-thermal modes. For
uncoupled and coupled theory of thermoelasticity the results can be obtained from the
present analysis by setting coupling terms and thermal relaxation times equal to zero.

Phase Velocity [Non-dimensional]

1 1 1
0 0.63 1.25 1.88 2.5 3.13 3.75 4.38 5
Wave Number [Non-dimensional]
===+ quasithermal
""" quasitransverse
— q(quasitransverse
---- quasilongitudinal
= Higher modes

Figure 1. Phase velocity versus wave number for the direction cosinel, = 0.259,
|, =0.542and I, =0.799 in generalized thermoelasticity
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Phase Velocity [Non-dimensional]

1.57T

0 0.63 1.25 1.88 25 3.13 3.75 438 5
Wave Number [Non-dimensional]

===+ quasithermal

----- quasitransverse

quasitransverse

---- quasilongitudinal

= Higher modes

Figure 2. Phase velocity versus wave number for the direction cosine |, =0.195, 1, =0.515

Phase Velocity [Non-dimensional]

and |, =0.834 in generalized thermoelasticity

2.5T
pan
1.57
1+
/'/ ~.\'~.
2 2 ~ b | i

0 0.63 1.25 1.88
Wave Number [Non-dimensional]

===+ quasithermal
""" quasitransverse
quasitransverse
=+=+= quasilongitudinal
= Higher modes

Figure 3. Phase velocity verses wave number for the direction cosinel, =0.125, 1, =0.707

and 1, =0.696 in generalized thermoelasticity.
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Appendix-I.

A =B o' el? i/ @+ PK, +CyyCyyCos (I + 12K, — 02 %) A
A =B,0"%i/w+PK, +P,(17 + K2 — ') /A

A, =B el’ijo+PK,+P, (17 + 12K, - 0'1£?) /A

A, =B,0el’i/w+ PRI} +12K, - 0'1?) /A

A=Cy Cyy Cy Ky
P= [(C22C33 = 2C55Cyy — sza)css + CSSC44C66]I12 + [(033 —2C;5Cs5 — C123)055 + C33055066]|22 '(C33044 + Ca3Cs + C44C55)§ ’
Pz = [(C33 - 2C13055 - 0123)C66 + C44(:55]|14 + [(szcag - 2C23C44 - szs)cee + C22C55C44]|; + [(_C122C33 o 2(C33C44 F Co6C23Cs5
+C1,CyCy — C13CppCos + 2C44Cs5Cs5 + C13CasCos — C12CasCos + CiaCuaCas + CigCrsCos + C1oCoiCss + C1pC1sCos) — C123C22
+CyCa3 — C223]|12|22 + [(2C13C55 ~CesCa3 ~ Cs5Cay —Cyy —Ca3 — CeCos — C123)|12 + (2C23C44 + C223 033 — C0Css
~Ce6Cas —Cs5Cag — C33C66)§]§2 + (033 TCyt 055)4/4
P = (CSSI12 + C44|22 - 42){[_44 +(@1+ CGS)IlZ +(Cy + C66)|22]é'2
+ [Zczzcee + C122 - sz)css]llzlzz - szeelél - Ceelf}
B, = _C44C551332
B, = (Css + i) B¢ #2000 + )~ (€ + ) B ]I
T [2 (CyaCss + C44C55),Ezﬁ3 - C33C55)BZZ —(CpCs5 + C44C66)]|22
Be = [_lga2 + 2((:55 + Cls)lgz - C33)Ces - C44055]|14 +{ [2023044 + (0123 —Cyt chzcss)ﬁzz —C33Cy
+ (C122 —Cpt 2012(:66)532 + [2(C23 ~C13Ce6 1 Cag = C1pCs5 = CpeCss — C12C13)B3
+ Z(ClZClS +C33C66 — C44Cs5 = C13C3 —Cp3Cs5 — Czscss]ﬁz
+ 2(C22C55 +C13Cop = C15Cs = CsCo = C1oCo3 — Czscee)ﬁa + C223]|22
WU Ceo) BEE™ + (€ 6 ) = 20+ Co) B I [0 B — (Exio +CusCes) B,
+2( o+ CoCr) BB (o + €) B 4 2c +00) B -2 + ) BAIC - Bt
B, = (Cssly’ +Cyyl; — 42){[_54 + (L4 Coo) Iy +(Cpp +Ce)1 16

2 212 4 4
+[2C22C66 +Cp, _CZZ)CSS]Il |2 _szlz _Cesll}
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Appendix-Il

D, (a,) =My (e )My, (@ )M, () + My, (2 )M g (a2 )M, () = M5 (@ )My, (a0 )M 45 (,)
My, (g )My (2 )M 43 (1) + My (@ )M 5 (2 )M (@) = M, (2 )M 5 (e )M, ()
DZ(aq) = M23(aq)M24(aq)M41(aq)+ MlZ(aq)MZS(aq)M44(aq)+ M13(aq)M24(aq)M42(aq)
M, (2 )My (2 )M (@) = Mya ()M, (0 )M (@) = My (@ )M, (@ )M, ()
D3(aq) =M 223(aq)M41(aq)_ Mzz(aq)Mss(aq)Mu(aq)_ M12(aq)M23(aq)M43(aq)
My (@ )M, (0 )M 5 () + My (@ )M g5 (2 )M, (@) = M5 (g )My (@2 )M 4 (21,)
D(ar) =M (0;)M4,(A;)M,(;) =M, (4))M 35 (9)M 1, (0;) = M, ()M, (0;)M 45 (@)
M 5, (0 )M 5 (0;)M 4 (0) = M ?5(0; )M, (0;) + M (0,)M 5 (2 )M 5 (@)

Appendix-Ill

Aij =1 'E&j =1,
Ay =77 Ay =7y
_ SO N O _ <@
A3J' _51 %i _51'
Ay =0F A=

A; =hfjcd A, = b

A =bg)ck) A, =nbfc)

A =bg A, =nbi?,

Ay =—(l; +a)oY A =n(l,+a?)0?,
By = AiEy B = AyEy.

g =g Al Q=¢(h +hy),

E; =e ! n=c?/c

b =15 ] b =1,6," - "y

(m) _ =(m) =(m) (m) _=(m)_,(m) ¢(m) (m)
b3j =Cp |, +Cy |27/j —Cy )0, — B30,

S _ o [om
e =ci fef", m=1.2
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