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Numerical study on a post-processing method for
Reissner-Mindlin plate finite elements

Jukka Aalto and Eero-Matti Salonen

Summary. The paper presents an element by element post-processing method for improving
bending and twisting moments and shear forces, which can be used in connection with some

simple Reissner-Mindlin ﬁlate elements. The method is restricted to strahght sided triangular and
quadrilateral elements, whose degrees of freedom are the deflections and rotations of the corner
nodes. Experimental convergence studies for demonstrating the efficiency of the technique are
given.
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The plate elements

We consider in this paper triangular and quadrilateral elements (Figure 1) with three and
four nodes, respectively. In the following we use the symbol n (n =3 or n=4) for the
number of corner nodes of the element. In order to perform the derivations concisely,
we consider a typical element side ij or a typical node j, which is connected to element
sides ij and jk . After an equation corresponding to element side ij or a node j has
been obtained, it can be applied for all the element sides or nodes using cyclic
permutation 1,2,3 or 1,2,3,4 of the indices i, j, etc..
The length of the element side ij is

hy =06 = %)% +(; — ¥i)? (1)
and the cosine and sine of the direction angles of the element side are

B X=X o YV
Cij —COSC(ij —f, Sij =SIn C{ij ——
1] ]

(2)

The degrees of freedom of these original plate elements are the nodal deflections w,
and rotations’ 0;and 6, j=1,--,n (see Figure 2).

! The term “rotation’ is used to denote the longer terms ‘rotation of the normal’ in the following.
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Figure 2: Nodal deflections and rotations and tangential shears of element sides in (a) triangular
and (b) quadrilateral Reissner-Mindlin elements.

Nodal curvatures and shears

Assumptions

The purpose of the proposed post-processing technique is to construct improved nodal
values for the curvatures and shears®, which can then be used to obtain improved linear
or bilinear approximations to these kinematic quantities within the element. With the

2 The terms *curvatures’ and "shears’ are used to denote the longer term “curvatures and twist’
and ‘transverse shear strains’ in the following.
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help of these the moments® and shear forces are obtained straightforwardly based
moment-curvature and shear force-shear relations. The starting points of improving the
approximations of the curvatures is to (i) represent the deflection and shear along the
element sides as a cubic polynomial and a constant, respectively, and (ii) to assume the
rotation transverse the side to be linear along the element sides. The idea of
approximating the curvatures and shears of this paper has already been applied in
connection with simple Reissner-Mindlin plate elements of reference [1]. Therefore
detailed derivation of results, which have already been presented in that reference, is not
repeated here.

Nodal curvatures in terms of the nodal degrees of freedom of the
element and shear parameters

The deflection wW(s) along the element side ij is assumed to be cubic and using
Hermitean shape functions of form

= Hw, + H, (0)); + Haw; + H,(00); + (H, + H)p 3)

Here w, and w; are the deflections at nodes i and j, respectively, @M, and @) ; are
the rotations along side ij atnodes i and j, respectively, and parameter y! (see Figure
2) is the tangential component of shear on side ij, which is assumed to be constant.
With the help of the expression 6, = w,; —y the rotation along the element side can
also be expressed in terms of the same parameters and it can further be differentiated to
get its derivative 6, with respect to the side coordinate s. Thus it is possible to get
such derivatives on sides ij and jk and further their values (6’5’5)J and (HS‘S)J at
node j. Using the linearity assumption of the transverse rotation &, along element
sides, it is possible to express its derivatives (Hr',ls) j and (enl"s) j at node j in terms of
the nodal rotations. Thereafter it is possible to express the Cartesian derivatives (6, ),
(0yy)j. (6yx)j and (6, ,); of the rotation components at node j in terms of the
obtained derivatives (HS'S) i (6?5’5)], (¢9r'ﬂs)J and (6’,{5)J Flnally the curvatures at node
j can be evaluated from x, =-6, ,, Ky ==0y and 2k, =—6y y — 0, . With the
help of the described sequence of operations the nodal curvatures Kyj » zch and 2Ky
can be expressed linearly in terms of the nodal deflections, nodal rotations and the
tangential shears of the element sides. The resulting relationships can be written as

k£ =Aa+Bb, (4)

3 The term ‘moments’ is used to denote the longer term ‘bending moments and twisting
moment’ in the following.
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where

T
k :[le Ky1 2nyl vt Kxn Kyn 2nyn] '

T
a :[Wl O eyl e Wy Oy eyn} ) )

’
12 1
o[ .

nx1

are column vectors of the nodal curvatures, nodal deflections and rotations and
tangential shears of the element sides, respectively. The improved curvature
approximation (4) is thus defined by the known nodal parameters a of the applied plate
element and n (n =3 triangle, n =4 quadrilateral) additional unknown parameters b,
which are called here shear parameters. These parameters are not necessarily available
and it will be shown in the following, how they can be determined. The elements of
matrices A and B are listed in appendix A. Detailed derivation of these results has
been presented in appendix A of reference [1].

Nodal shears in terms of the shear parameters
It is possible to express the nodal Cartesian shear components y,, and y,; at node j
linearly in terms of the tangential shears »” and ). The derivation of this result is

S
based on the assumption, that the tangential shears are constants along the element
sides. The result corresponding to each node can be written as
g =Cb, (6)

where

¢ =[7a 7n " Pa 7m] - (7)

2nx1
The elements of the corresponding matrix C are given in appendix A. Detailed

derivation of this result has been presented in appendix B of reference [1]. This
derivation is based on the shear approximation first presented in references [2] and [3].

Nodal moments and shear forces

The plate moment curvature relation is of form

M =D, x, (8)
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where D, is the moment curvature matrix and « the vector of the curvatures x,, «,
and twice the twist x,, . In the special case of an isotropic plate, which we use in the
numerical examples, we present it in the form

1 v 0
D.=Dy|v 1 0 , 9)
0 0 @-v)/2

where D, is the bending stiffness and v Poisson’s ratio. For a homogeneous plate and a
thin face sandwich plate the bending stiffnesses are

Eh3 Efdzt

D,=—— and D, =
® 1201 v2) b=

: (10)

respectively. E is the modulus of elasticity and h the thickness of the homogeneous
plate and E, modulus of elasticity, d distance and t thickness of the faces of the
sandwich plate. For a homogeneous plate both in equations (9) and (10a) v is the
Poisson’s ratio of the plate and for a sandwich plate in equation (9) v is the Poisson’s
ratio of the faces.

Applying relations (8) at each node, the nodal moments can be expressed in terms of
the nodal curvatures£ by

M=DEk, (11)
where
D. O 0
-
M:[Mxl |\/Iyl Mxyl o My Ivlyn Mxyn}’ D =0 D, 01712
3nx1 3nx3n 0 0 D

K
The plate shear force shear relation is of form
Q=D,y, (13)

where D, is the shear force shear matrix and y the vector of the shears y, and ,. In
the special case of an isotropic plate we present it in the form

10
DyzD{o J, (14)

where D, is shear stiffness. For a homogeneous plate and a thin face sandwich plate the
shear stiffnesses are
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D, =kGh and D, =G.d, (15)

respectively. Here k =5/6 is the shear correction factor and G the shear modulus of
the homogeneous plate and G, the shear modulus of the core of the sandwich plate.

Applying relations (13) at each node, the nodal shear forces can be expressed in
terms of the nodal shearsg by

€=94, (16)

where

2nx1

D 0
Q :[Qxl le -+ Qun Qyn:'T’ -(D;/ :|: ’ D :| (17)
e

Determining the shear parameters

Least squares equations

In the following the shear parameters b are determined by demanding first the plate
equilibrium equations

Qu=Myx+Myyy, Qy =My +M, (18)

to hold in least squares sense at the nodal points of the element. The least squares
condition is

s=(¢-@)" (@-E)=min, (19)

where @ is the vector of nodal shear forces of the element and & is the corresponding
vector calculated using equations (18), whose elements corresponding to node j are

Qi =My )j+Myy )i Quy =My ) +(My ;- (20)
With the help of equations (16) the least squares condition (19) gets the form
s=(9,Cb-&)" (9,Cb-&)=min. (21)
Based on this condition the set of equations for the shear parameters b becomes

T _cT 7
C'9,9,Cb=C'9,@. (22)
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Expressing the nodal shear forces @ in terms of the nodal moments M

Let us determine the derivatives of the bending moment M, at node j, if its nodal
values at nodes i, j and k are known. Its derivatives along sides ij and jk at node j
can be written as

(Mysii) j =Cij My ) +55;(My )

(23)
(Mx,sjk)j :Cjk(wa)j +Sjk(Mx,y)j-
By inverting these relations we get for the corresponding Cartesian derivatives
1
My ) :?[Sjk(M xsif) j = Sij (My i) 1
. (24)
My y); =?[_Cjk(M xsii)j +Cij My i) i1,
j
where
d; =Cj;Sjk —SijCjk- (25)

Because the distribution of the bending moment M, along the element sides is assumed
to be linear, its derivatives on these sides ij and jk are constants and of form

_ij_Mxi _Mxk_ij
xsij = My =—"""
hij th

M (26)

These results apply also at node j and thus using equations (24) we can write for the
Cartesian derivatives of the bending moment M, at node j the result

S ik 1 Sk . Sj Sij
M, )i =—E M, +— (M, ——L M,
( X,X)j djhij Xi dj hij hjk) Xj d-h-k xk (27)
Cik 1 Gij
M, ) =+— M, —— (& My +—2 M.,
( xy)J d h Xi dj h” hjk) Xj d h xk

Similar results are obtained for the Cartesian derivatives of the bending moment M,
and the twisting moment M, at node j. Equations (20) now give for the shear forces
Q, and Qy at node j

191



_ S C Sik  Sii
ij __ﬁMxi+d JI: Mxyi"'di(th"'hi)ij
i iy i M N
1 Sk G ij ij
I )Mxyj —Mxk +—Mxyk'
= Sjk Cik 1 S Sj
Qyj ===~ My + = =My + (5 + )My,
1 Sk G ij ij
"0y T M T Mg Mk
/| jk ik ik

These results corresponding to each node can be expressed in matrix form as
@ =EM.
The elements of the corresponding matrix E are given in appendix A.

Solving the shear parameters
Combining equations (4), (11), (22) and (29) gives the equation

Gb =h,
where
AT T
G=C ﬁ)yfz)yC—C .‘DyEEI)KB
and

h=C'9,ED Aa

(28)

(29)

(30)

(31)

(32)

Equation (30) is the final set of equations for solving the shear parameters b.

contains n (3 or 4) simultaneous equations.

Calculating the nodal moments and shear forces

After the shear parameters b of the element are known, the element nodal curvatures £
and shears ¢g can be calculated using equations (4) and (6). With the help of these the
element nodal moments JW and shear forces @ can be calculated using equations (11)

and (16).
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Example problem

In order to study numerically the behavior of the proposed post-processing technique a
simply supported square plate of Figure 3 is used as an example problem. In support
case “hard” all the edges of the plate have “hard” simple supports and in support case
“mixed” two opposite edges have “hard” and “soft” simple supports, respectively.

The example plate is loaded by sinusoidal load

q(x, ) = G sin(z ) sin(z 2). (33)
a a

Analytical solutions of a square Reissner-Mindlin plate under this load in both support
cases considered are available and are used for comparison in the numerical examples
given.

(@) Support case “hard”: (b) Support case “mixed”:
y Ty
L thad” C Cthad” |
| I I I
| | I I
I I I I
: “hard” “hard": :“soft” “soft” :
I I I I
| I I I
| | I I
|____fhard” __ 1] x | |

Figure 3: Simply supported square plate: (a) support case “hard” and (b) support case “mixed”

Typical cases of a homogenous plate and a sandwich plate are considered by using two
values £=0,01 and ¢ =10 for the dimensionless ratio

(34)

of the bending and shear stiffness D, and D,. In order to find out the effect of
distortion of the finite element grid to the results in addition to uniform grids (Figures 4
(@) and 5 (a)) also slightly distorted (Figures 4 (b) and 5 (b)) grids of both triangular end
quadrilateral elements were used. The distortion of the grid was obtained by moving the
coordinates of the internal nodes randomly within a tolerance of 0,2h.
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(@) (b)

| a | | a |

Figure 4: Typical grids (n, = 6) of triangular elements: (a) uniform (b) distorted

(a)

o} o} o} o} o} o} o
h——— b

L

Figure 5: Typical grid (n, = 6) of quadrilateral elements: (a) uniform (b) distorted

The behavior of the post-processing technique is studied both in ideal conditions, where
the nodal parameters a° are taken form the analytical solution of the problem, and in
practical conditions, where the nodal parameters a° are results of finite element analysis
using simple Reissner-Mindlin plate elements. The elements used in this context are
C° —continuous linear triangle with one point reduced integration and C° — continuous
bilinear quadrilateral with selective reduced integration with 2x2 and 1x1 Gauss
quadratures for the bending and shear parts of the stiffness matrix, respectively.

Special attention here is focused to the element nodal values of the moments and
shear forces. In addition to the post-processed element nodal values of these quantities
also the “consistent” nodal values obtained using the C°— continuous plate elements
used are calculated. Because the shear force and moment approximations of the
C° — continuous triangle are constants within the element, these values as such are taken
as “consistent” element nodal values at each element node. Typically in connection with
the selectively integrated C° — continuous quadrilateral the representative values of the
moments and shear forces are at the four and one integration points, respectively. The
corresponding “consistent” nodal values are thus obtained here by extrapolating these
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values from the integration points to the element nodes using bilinear and constant
interpolation, respectively.

In order to get a global measure of the accuracy of the obtained nodal moments and
shear forces at the element nodes, relative error measures

z (‘/M‘;;)Pr - MGeX&Ct )T (M;;Jpr - ‘/M’eiact)
UM - - Z'/’/Le Tme

100%,

exact exact

(35)

Z (&ajapr - &eiact )T (&aeppr - &eiact)

77Q - z&e T&e 100%’

exact exact

are used here. In these expressions the summation is performed over the elements of the
grid.

Results of numerical study of the example problem are described briefly in the
following. A typical homogeneous plate and a typical sandwich plate with stiffness
rations £ =10 and &=0,01, respectively, are considered. Analysis with both “hard”
and “mixed” support conditions and regular and irregular grids, was performed. A
careful comparison of post processed nodal shear forces and moments with the
corresponding consistent ones is also made.

Numerical results with triangular elements

Numerical test results with triangular elements are here arranged as follows: Plots of
dimensionless shear forces Q, /(g,a) and bending moments M, /(g,a*) are shown in
Figures 6 to 9. Experimental convergence plots of the error measures 7, and n,, of the
nodal shear forces and nodal moments, as a function of elements per side n,, are shown
in Figures B.1 to B.4 of appendix B. Results with distorted grids are only shown here,
because the corresponding results with uniform grids were very similar.

In the “hard” support case, when the nodal parameters are taken form the analytical
solution, the post-processed shear force and bending moment distributions seem to be
good (Figures 6 and 7) and mostly better than the consistent ones. Also the convergence
plots (Figure B.1) indicate, that both the nodal shear forces and moments converge. The
distribution of the bending moment has clearly improved, but the shear forces seem to
remain element by element constants. In sandwich plate case (¢ =10), the consistent
and post-processed shear forces seem to coincide, but in homogeneous plate case
(£=0,01), the post-processed shear forces are clearly better. Also, if the nodal
parameters are calculated using finite element analysis with C° — continuous triangles
and one point integration, the results remain very similar (Figure B.2).

In the “mixed” support case, when the nodal parameters are taken either from the
analytical solution or from finite element results, the post processed shear forces behave
much like in the “hard” support case (Figures 8a and 9a). There is, however, a dramatic
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change in the behavior of the post-processed moments. Severe oscillations appear in the
bending moment distributions (Figures 8b and 9b) and nodal moments do not converge
at all (Figures B.3 and B.4).

Numerical results with quadrilateral elements

Numerical test results with quadrilateral elements are arranged as follows: Plots of
dimensionless shear forces Q, /(g,a) and bending moments M, /(g,a*) are shown in
Figures 10 to 13. Experimental convergence plots of the error measures 7, and 7, are
shown in Figures B.5 to B.8 of appendix B. Results with distorted grids are only shown
here.

In the “hard” support case, when the nodal parameters are either taken from the

analytical solution or calculated using finite element analysis with C°— continuous
quadrilaterals and selective integration, both the post-processed shear force and bending
moment distributions are clearly better than the consistent ones (Figures 10 and 11).
Also the convergence plots (Figures B.5 and B.6) indicate, that both the nodal shear
forces and moments converge.
In the “mixed” support case the post-processed shear force and bending moment
distributions are, by inspection, clearly better than the consistent ones (Figures 12 and
13). Convergence plots (Figures B.7b and B8.b) reveal, however, that results for the
nodal moments in connection homogeneous plate case (&=0,01) are not, better than
the consistent ones. Convergence plots (Figures B.7 and B.8) indicate, that both the
nodal shear forces and moments converge. This is a remarkable difference compared to
the triangular element.

A note on the shear approximation

The shear parameters y:*, »>* .- and »* or elements of vector b, are not independent,

S

but related by a constraint equation
hlZ}/le + h237322 +_._hn175nl :0, (36)

which is based on compatibility of the shear deformation. This is shown in appendix C.
Thus in connection with triangular and quadrilateral elements the shear approximation
is presented using two and three independent parameters, respectively.

In a triangular element this is equivalent to the fact that the post-processed
approximations of the Cartesian shear components y, and y, are constants within an
element. This is shown in appendix D. If the shear force shear matrix D, is constant
within an element, also the post processed shear forces Q, and Q, will be element by
element constants. This was actually observed in the numerical results with triangular
elements.

196



(a) Exact Q,/(q,a)

0.15
0.1
0.05

-0.05
-0.1

-0.15

Consistent Q,/(q,2)
0.15
0.1

0.05

-0.05

-0.1

(b) Exact Mx/(qoaz)

‘ i

0.03
0.025
0.02
0.015
0.01
0.005
0

Consistent M x/(qoaz)

0.03
0.025
0.02
0.015
0.01
0.005

0

Post-processed Q /(q,a)

0.15

0.05

-0.05
-0.1

Post-processed Mx/(qoa2 )

0.03

0.02

0.01

Figure 6: Triangular elements, “hard” supports, nodal parameters from the analytical solution,

=10
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Figure 7: Triangular elements, “hard” supports, nodal parameters from the analytical solution,
¢=0,01
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Figure 8: Triangular elements, “mixed” supports, nodal parameters from the analytical solution,
=10
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Figure 9: Triangular elements, “mixed” supports, nodal parameters from the analytical solution,
¢=0,01
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Figurel10: Quadrilateral elements, “hard” supports, nodal parameters from the analytical
solution, £ =10
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(a) Exact Q,1q,a)
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Consistent Qx/(qoa) Post-processed Qx/(qoa)

E |

Exact M, /(qﬂa )

i

Consistent Mx/(qoaz) Post-processed Mx/(qoaz)
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Figure 11: Quadrilateral elements, “hard” supports, nodal parameters from the analytical
solution, £ =0,01
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Consistent Qx/(qoa) Post-processed Qx/(qoa)

Consistent M_/(q, az) Post-processed M_/(q, az)
x 10 x 0
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Figure 12: Quadrilateral elements, “mixed” supports, nodal parameters from the analytical
solution, £ =10
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Figure 13: Quadrilateral elements, “mixed” supports, nodal parameters from the analytical

solution, £ =0,01
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Conclusions

The given numerical results show, that the presented post-processing method works. In
connection with triangular elements and “hard” supports both the post processed shear
forces and bending moments converged, but in connection with “mixed” supports the
post processed bending moments did not converge. These results indicate, that with
triangular elements the method cannot handle the typical boundary layer of a Reissner-
Mindlin plate solution properly. Therefore the presented post-processing method is not
recommended to be used with three node triangular plate elements.

In connection with quadrilateral elements the post-processed shear forces and
bending moments converged both in the “hard” and “mixed” support case. The post-
processed shear forces and bending moments seemed to be smoother and converged
mainly better than the consistent ones. Therefore the presented post-processing method
can be used as one alternative in improving the shear force and bending moment results
obtained using four node quadrilateral Reissner-Mindlin plate elements.
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Appendix A: Elements of matricesA, B, C and E

The elements of matrix A can be obtained using equations

_ 6C;; S ji ~ ) 35 S jk Cij
Agj23i2 =~ e » Pgjogiin =~ y h T cE-si). Psjoai = W
6 Gij Sk SIjCjk
AS] -23j-2 = 2 2 /)
dj hlj hij
1 Sk Sij
Agj_23j1 = __[L(A'Ci% +5i?)+i(4012k +512k )l
3s Sik Cij  Cik
Agj_23j = J )
dj LTI
65 Cix :2 35iSjkCik
Agj_23k-2 = = Agjaaka =———(2C5 —sk). Agjos =——
J d-h- J d h J J J djhjk
6s c 35 Cii Cii C;
995k jKij ik 2 .2
s C Pgiagig =K a o K (952 2y
A3j 1,3i-2 djhﬁ j-1,3i-1 djh-- j-1,3i djhij ij ij
6 SiiCjk CijSjk 3CikCij Sij  Sik
Agjazje=—— (- ), Agjaszja=t——(—+-—") (A1)
J J dJ h2 hjzk ] ) dj h” hik
Psj1aj = [ < (asf +cf) + - (ash +cB)l,
dJ i Nji
6G; S ji 3CijSjkCik Cij >
Agj13k—2 =~ T A3j—1,3k—1:+W’ Agj13k =+m(25jk —Cik),
ik it

Pjsi2 = +d7(cijcjk —SijSjk ) Agjai1 = "‘m[cjk (2¢ij —sij) =338k Gjj 1.

jij 1

Agjai = 7, h ——[sj (25F —¢F) — 3c;;C i ]
6(3123jk —C2Cik) , 1 1
=g RO
A@J,SJ 2 dj h122 h.2
1 Ci 42 Gij 4 3 Cik
Aej,sj—1—+d—_[?( Cij + )+h (4ck +s5) - s,lsjk(h 4,
| jk i jk
1 4 Sjj 452 2 1 Si Sik
Psisi = d. ( S -)+h_-( Sik +Cji) ~ CijCjk(K+h—_)],
J J jk i jk
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Agjak-2 == (CjCik —SijSjk): Agjak-1= +W[Cij (2¢5k — S5k ) —3SiSjkCjk ],
djhjk itk
1 2 2

A3 3k :_m[sij (28 —Cik) —3C;;Cjk Sjk]
inj

and cyclic permutation. The elements of matrix B can be obtained using equations

B _ Gcijsjk _ GSijCjk
3j-2i =~ Bsj2j=-— )
djh djhi
65;iCix 6C;; S i
By, 1y =4k g Sk (A2)
djhy; djhijc
_ 6(sSjk —CijCik) 658k —CijCk)
3ji =~ Sac '
d;hy djhx

and cyclic permutation. The nonzero element of matrix C are obtained using equations

Cojai :dLj’ Cojaj =—ﬁ1 Coii :_d%—’ Caji :d_”j (A.3)

and cyclic permutation. The nonzero elements of matrix E are obtained using equations

S'k C'k
E -2 E,_ L
2j-13i-2 djhij 2j-13i djhij
1 Sik = Sjj 1 Cik G
Erjazje =7 (G—+—) Eyjugj=—7(—+—)
PRIy by T T gy by
E _ _ . !E — y ’
2j-1,3k-2 djhjk 2j-1,3k djhjk
c (A.4)
E,iqq =—J" E K
2j,31-1 djhij 2,31 djhij
1 Ci C 1 Sik S..
E2J3j—1 __(L l)’ E2]31_ (L %’
d; ' hy  hy d, ' hy  hy
Esjaka=7"— Epjak=-
J dihy " djhye

and cyclic permutation. In all these equations d; = C;;sj — SjCjk -
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Appendix B: Experimental convergence plots of the error measures 7, and 77, of
the nodal shear forces and moments. Comparison of consistent and post-processed
results.

+ 1), consistent o 7, post—processed x 7, consistent o0 7, post—processed

DO |
7 [%] E\\ 7 [%] \\\
10t \ | ‘ \

10

=}

2 4 8 16 n. 32 2 4

ee}
[EEN
(ep]
>

el

Figure B.1: Triangular elements, “hard” supports, nodal parameters from the analytical solution,
distorted grid, (a) £ =10 and (b) £ =0,01

+ 1, consistent o 7, post—processed x 7, consistent o 7, post-—processed

@ (®)00; T
~
\ \\

n [%] \ 7 [%] \\
10 \ 10/ \

32 2 4 8 16 n

=

2 4 8 16 n 32

el

Figure B.2: Triangular elements, “hard” supports, nodal parameters from the finite element
solution, distorted grid, (a) £ =10 and (b) £ =0,01
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+ 17, consistent o 7, post—processed x 7, consistent 0 7, post—processed

@ T | (b)

100 \\

el 32 2 4 8 | 16 nel 32

10+

e 10’

2 4 8 16 n

Figure B.3: Triangular elements, “mixed” supports, nodal parameters from the analytical
solution, distorted grid, (a) £ =10 and (b) £ =0,01

+ 1, consistent o 7, post—processed x 7, consistent o 7, post-—processed

(@ T ‘ (b)L00 B\E
n [%] n [%] \
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i

32 2 4 g8 16 n, 32

2 4 8 16 n

el

Figure B.4: Triangular elements, “mixed” supports, nodal parameters from the finite element
solution, distorted grid, (a) £ =10 and (b) ¢ =0,01
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+ 17, consistent o 7, post—processed x 7, consistent 0 7, post-—processed

@ \\ | (b)loo[\
1 [4] \x 7 (%] %

10t

3)2 2 4 8 16 n

™

2 4 8 16 n 32

el el

Figure B.5: Quadrilateral elements, “hard” supports, nodal parameters from the analytical
solution, distorted grid, (a) € =10 and £ =0,01

+ 17, consistent o 7, post—processed x 7, consistent o 7, post— processed

1 [%] \\ 1 [%] \
S N
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Figure B.6: Quadrilateral elements, “hard” supports, nodal parameters from the finite element
solution, distorted grid, (a) € =10and (b) £ =0,01
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+ 17, consistent o 7, post—processed x 7, consistent 0 7, post-—processed
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Figure B.7: Quadrilateral elements, “mixed” supports, nodal parameters from the analytical
solution, distorted grid, (a) £ =10 and (b) £ =0,01

+ 1, consistent o 7, post—processed x 7, consistent o 7, post—processed
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Figure B.8: Quadrilateral elements, “mixed” supports, nodal parameters from the finite element
solution, distorted grid, (a) £ =10 and (b) £ =0,01
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Appendix C: Constraint equation between the shear parameters b*

The shear parameters

b°=[y2 - ] n=30r4 (C.1)

nx1
are not independent, but constrained by one compatibility equation. This equation is
obtained as follows. Because the tangential shears of the element sides are assumed to

be constants, the differences of the nodal deflections caused by shear corresponding to
element side ij can be written as

w; —w; =y h,. (C.2)
Writing equations (C.2) for the sides of a triangular element gives

W; _Wls = 7512hlZ’
W'; _W; = 7523h231 (C.3)

Wy —w; = 7o thy,.
Summing these equations gives
7512h12+7523h23+7s31h31 =0. (C.4)

This equation is the shear compatibility equation of a triangular element. The
corresponding equation for a quadrilateral element is obtained similarly and it is

Vslzhlz+7’523h23+7s34h34+7:1h41 =0. (C.5)

Appendix D: Why in a triangular element the three parameter shear approximation
results to constant Cartesian shear components y, and y, within an element.

Multiplying the relations

ij _
Vs =Ci¥x TSV

K _
Vs =Culx tSilyp

(D.1)

which express the tangential shears ! and y) of the element sides connected to node
J in terms of the Cartesian shears y,; and y,, of node j, respectively, by side lengths
h, and h; and taking further into account the relations Xx; =x;—x =¢;h; and

Vi =Y;— Y =s;h; gives
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XiVxi T VYiilyi = 7suhij’

" (D.2)
Xi?Vxi T Y67y =7s hjk'
Solving the Cartesian shears from these equations gives
_1 i Kp
Vxi _ﬂ(ykjys i — YiiZs jk)l
(D.3)

1 i i
Vi :ﬂ(_xkjj/sjhij + inysjkhjk)!
where A= (X;Y, —Y;%;)/2 is the area of the element. Similar expressions for the

Cartesian shears of other nodes k and i1 are obtained using cyclic permutation.
Subtracting the expressions of Cartesian shears of nodes i and j gives

. (7i2hlZ +7523h23 + 7§1h31)'

7xi_7xj :ﬂ

(D.4)
X
Vi~V = _i(ﬁzhlz +7323h23 +7531h31)-
Based on the shear compatibility equation (C.4) of a triangular element, equations (D.4)

now give y; =7,, 7, =7,- Thuswe conclude, that y,, =7,, =7, and y,, =y, =7,
and the Cartesian shear components y, and y, are constants within each element.
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