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ABSTRACT

The paper presents a systematic and physically reasoned way of deriving the equations of
some simple triangular and quadrilateral plate elements. The derivation is performed for
Mindlin elements and the corresponding Kirchhoff elements are obtained as a special case.
The starting point of the derivation is cubic approximation of the deflection and constant
approximation of the tangential shear on the element sides. The connection of the derived
elements with some existing ones is discussed. A numerical example to demonstrate the
behavior of different versions of the elements is given.

MOTIVATION WITH BEAM ELEMENTS

As an introduction to plate elements some aspects of beam elements are discussed shortly
in the following. C' —continuous, cubic finite element approximation

v=Hv+H,v, +Hyv,+Hp,,, (D

ox1
is typically used to for the deflection v(x) of an engineering beam element. Here v, and
v, (i=1,2) are the nodal deflections and the nodal derivatives of the deflection and H,
(i=1---,4) are cubic Hermitean shape functions. Because in a Bernoulli-Euler beam
v, =0, where @ is the rotation of the beam, we can write v, , =6 (i=1,2) and the

dxi

deflection approximation can be expressed as
v=Hv,+H,0+Hyv,+H,0,. )

It is well known, that this element is nodally exact. This means that using it static finite
element analysis of a uniform Bernoulli-Euler beam under any loading can produce exact
nodal deflections and rotations.
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The deflection approximation (1) can also be used to formulate a Timoshenko beam
element as follows. In a Timoshenko beam v, =@+ y, where 6 is the rotation and y is the

shear'. Assuming the latter as constant within the element, we can write v, =6, +y

dxi

(i =1,2). Consequently the deflection approximation of this Timoshenko beam element can
be expressed as

v=Hyv +H,6+H,yv,+H,0,+(H,+H,)y. (3)

An additional unknown, the shear y of the beam, is needed in this beam element. Because
this parameter is separate within each element, it can be eliminated at the element level
using static condensation. Thus final nodal parameters w,,0 (i =1,2) of this element are

the same as in the Bernoulli-Euler element. Also this element can be shown to be nodally
exact.

An alternative elegant way of formulating a Timoshenko beam element is to use separate
C° — continuous linear approximations

=Ny, +N,yv,, =N, +N,0,, 4)

where N, are linear shape functions, for both the deflection v(x) and the rotation 6(x).
This Timoshenko beam element is not nodally exact but only approximate.

The ‘nodally approximate’ representation (4) is easily generalized to a plate and an
approximation for the deflection and rotations inside the element can be obtained.
Generalization of the ‘nodally exact’ representation (3) to a plate is more difficult. Here this
difficulty is avoided by not trying to present the deflection inside the element but making
assumptions to the deflection and the rotations on the element boundaries. For computing
the internal virtual work it suffices, that we have approximations for the curvatures k and
the shearsy inside the element. For computing the loading terms a suitable approximation

for the virtual deflection is still needed. In the numerical example of this paper linear and
bilinear expressions are used for triangular and quadrilateral elements, respectively.

' The terms ‘rotation’ and ’shear’ are used to denote the longer terms ‘rotation of the
normal’ and ‘transverse shear strain’ in the following.
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(a) (b)

Fig. 1: (a) A three node triangular and (b) a four node quadrilateral element.

SOME NOTATION

We consider in this paper triangular and quadrilateral elements (Fig. 1) with three and four
corner nodes, respectively. In the following we use the symbol n (n =3 orn =4) for the

number of corner nodes of the element. In order to perform the derivations in compact
form, we consider a typical element side ij or a typical node j, which is connected to

element sides ij and jk . After an equation corresponding to a typical element side ij or a
typical node ;j has been obtained, it can be applied for all the element sides or nodes using
cyclic permutation 1,2,3 or 1,2,3,4 of the indices i, j, etc..

The length of a typical element side i is

hy =y =)+ (=) 5)
The cosine and sine of the direction angles of the element side i/ are

X: —X: Vi—y;
J 1 . J i

= L= = = _ (6)

y g hij g g hij

The nodal degrees of freedom of these elements are the nodal deflections w; and rotations

0, and 6, j=1,--,n. The tangential shears of the element sides y’ have also special role

in the following. The positive directions of these quantities are shown in Fig. 2.
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(a) (b)

Fig. 2: Nodal deflections and rotations and tangential shears of element sides (a) triangle
(b) quadrilateral

ELEMENT KINEMATICS
Assumptions

The starting point of the derivation of the plate elements of this paper is to (i) approximate
the deflection and shear along the element sides as a cubic polynomial and a constant,
respectively. Because such approximation is ideal in connection with both Bernoulli-Euler
and Timoshenko beams, it is natural to use it along the sides of a plate element. Such plate
elements suit well to practical structural analysis, because they can be easily and
consistently combined with cubic beam elements.

In addition to the former there are three additional basic assumptions: (i1) the degrees of
freedom of the element are the nodal deflections and rotations of the corner nodes and
additional parameters for expressing the shear approximation, (iii) the normal component of
the rotation is assumed to be distributed linearly along the element sides and (iv) the
curvatures are assumed to be linear and bilinear within the triangular and quadrilateral
element, respectively. The derivation of plate elements, which follows, has recently been
proposed by E.-M. Salonen in a slightly different context [1].

The curvatures at the nodes in terms of the nodal degrees of freedom and the shear
parameters

The deflection w(s) along the element side ij is assumed to be cubic and of form (see (3))

W= Hw, + H,(6]), + Hyw, + H,(0)), +(H, + H,)y!, (7
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where w, and w, are the deflections at nodes i and j, respectively, (6/), and (), are
the tangential components of the rotation of side ij at nodes i and j, respectively, and
parameter »” is the tangential component of shear of side ij. With the help of the
expression 8, = w,, —y, the tangential component of the rotation along an element side can

also be expressed in terms of the same parameters and it can further be differentiated to get
its tangential derivative 6 ;. Thus it is possible to get such tangential derivatives on sides

ij and jk and further their values (6"5{‘?) ; and (6’Sjk

,8

); at node ;. Using the linearity
assumption of the normal component of the rotation 6§, along element sides, it is possible

to express its derivatives (49,’{ 5) j and (9,{k

s)j atnode j in terms of the nodal rotations.

Thereafter it is possible to express the Cartesian derivatives (6, ,);, (6 ,);, (6, ,); and
(6,,,); of the rotation components at node ; in terms of the obtained derivatives (6’;7; $)js

(6’& )j> (0,’17; s); and (6’,{§ ) ;- Finally the curvatures” at node j can be evaluated using the

expressions k, =—6,,, k,=-0,, and 2x, =-6,, -6, . With the help of the

described sequence of operations the nodal curvatures «,;, k,;
as linear expressions of the nodal deflections, nodal rotations and the tangential shears of
the element sides. Detailed derivation of the results is presented in appendix A. The

resulting expression can be written as

and 2k, can be expressed

k¢ = A% + B°b°, (8)
where
Kyl W
Ky 0,1
2ny1 eyl
k® =< : 1, a® =4 : 9)
3nx1 3nx1
K)C}’l Wn
Kyn Orn
2Ky O,

? The term curvatures’ is used to denote the longer term ‘curvatures and twist’ in the
following
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are the column vectors of the nodal curvatures, and nodal deflections and rotations,

respectively. There are two possibilities of choosing the parameters b® for expressing the
shear approximation within the element. In the first version the parameters are the

(constant) tangential shears of the element sides 7/? . The number of these parameters is n

(n=3 triangle, n=4 quadrilateral). This case is called here »—parameter shear

approximation. In the second more constrained case the shears are assumed to be constants

y< and }/; , within the element. This case is called here 2 —parameter shear approximation.

The parameters for the shear approximation are

75 y
b=t b, b°=3"" (10)

nx1 2x1 €
1 7y

n

Vs

for the n — and 2 — parameter shear approximations, respectively. The elements of matrices
A° and B° are given in appendix A.

The shears at the nodes in terms of the shear parameters

It is possible to express nodal shearsy, and y, at node j as linear expressions of the

tangential shears y’ and y/* of the element sides ij and jk (see Appendix B). This is the
desired result for the »n—parameter shear approximation. In the 2 —parameter shear
approximation the nodal shears are simply y,; = y; and y, =y, . These results both for the

n— and 2 — parameter shear approximations can be written as

g =Cb’, (11)
where

yxl

yyl
g =1 (12)
2nx1

7xn

Y om

the corresponding matrices C¢ are given in appendix B.
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Approximation of the curvatures
The distribution of the curvatures within the element is now assumed to be linear for a

triangular element and bilinear for a quadrilateral element. Thus we can write
(13)

K(x,y) =N, (x, )K",

where
NX
K=9 K, > (14)
2K,
N =[Ny, N, | n=3orn=4, (15)
N, = NI, (16)
i=1,---,n are the corresponding linear or bilinear shape

I_is a 3x3 unit matrix and N,,
functions. Using equations (13) and (8), the curvatures approximation K(x, y) can finally be

expressed in terms of the nodal parameters a“ and the shear parameters b® by
(17)

K(x,y) =N, (x,y)A%° + N _(x, y)Bb°.

Approximation of the shears
The distribution of the shears within the element is also assumed to be linear for a

triangular element and bilinear for a quadrilateral element. Thus we can write
(18)

¥(x,») =N, (x,»)d",
where
(19)

__[7
7]
0)

N, :[Nﬂ,mNyn] n=3orn=4,
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N, =NI,, 2D

I, isa 2x2 unit matrix and N, i=1,---,n are the corresponding linear or bilinear shape

e v
functions. Using equations (18) and (11), the shear approximation y(x,y)can finally be
expressed in terms of the element nodal parameters by

7(x,7) =N, (x,)CD°. (22)

ELEMENT EQUATIONS OF THE PLATE ELEMENT
General case

Internal virtual work of an elastic plate element is

Wy, =—[ (5D, x+&'D,y)d4, (23)
.

where

D Dl Df U
D, =| Dy Dy Dy|.D, {Dl; Dﬂ (24)

are the moment curvature matrix and the shear force shear matrix, which in the isotropic
case are

£P 1 v 0 { o
Do=——r v 1 0 ,Dy:kG{O J, (25)
RA=vIo 0 a-vy2

where E, v, t and G are modulus of elasticity, Poisson’s ratio, thickness and shear
modulus of the plate, respectively. Using the approximations (17) and (22) for both the
virtual and actual curvatures and shears we get

SW,, =—-5a (K, a° +Kb) - b (K’,a° + K;,b") (26)

int a

where
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K¢, = ATk A",
K¢, =B Kk A", (27)
K;, =B k(B +C'kC",

and

ki = [ N{D,N.d4, ki =[NID,N,dd. (28)
A° A°

If D,. and D, are assumed to be constants within the element, these matrices can further

be written as

my D - omy, Dy m D, my, D,
k¢ = : : , kf, = : : (29)
3nx3 X
e mnlDK mnnDK 3man mnlDy mnnDy
where the coefficients m;; are
my= [ N;N;dA, i, j=1,,n (30)

Ae

and can be obtained using numerical integration. In connection with triangular and
quadratic elements the 3 point rule and the 2x2 Gauss quadratures are needed for
integration, respectively. Because of symmetry (m; =m ;) only 6 or 10 integrations per

element need to be performed in connection with triangular (n=3) and quadrilateral

elements (n=4), respectively. Also analytical expressions for the coefficients m, for a
triangular element can easily be written. Using equations (27) the matrices K’ , K, and

aa®

K;, can be computed quite efficiently.

Static condensation
If the shear parameters b® are distinct within each element, it is possible to eliminate them

using static condensation on the element level. The finite element equations corresponding

to virtual parameters ob° are
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K¢a‘ +K:b* =R¢, 31)

where R; is the corresponding element load vector. Because now the shear parameters b*
belong only to the element under consideration, they can be solved resulting to

b’ =-K:'K¢a° +K,'R¢ . (32)

ab

Substituting these and the corresponding virtual parameters Sb° = —K¢,'K¢,5a° into the
expression (26) of the internal virtual work of the element gives

oW, =-5a”"Ka®, (33)
where
K=K, -K, K} 'K, . (34)

This is now the element stiffness matrix of the condensed problem and the element degrees

of freedom are the nodal parametersa®.
EXAMPLE PROBLEM

In order to demonstrate the behavior of the different element types, which can be developed
as special cases of the present formulation, a clamped circular plate of Fig. 3 under uniform
load is used as a simple example problem in the following.

y

Dirscre-

\ tized area

q,, v=0,3

Fig. 3: Clamped circular plate of radius a under uniform load g,
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Both Kirchhoff and Mindlin plates are considered. In the Kirchhoff case the bending
stiffness of the plate is D and in the Mindlin case the bending and shear stiffnesses are D,

and D,, respectively. A dimensionless ratio & = D, /(Dyaz) is used to control the relative

sizes of the bending and shear stiffness.

Because analytical solution of this problem both in the Kirchhoff and Mindlin cases is
available, relative energy norm 7, of the error of the finite element analysis [2] can be

computed. Experimental convergence plots of the relative error in energy 7, [%] in terms

of the relative mesh size 4/a are used in the following to compare the behavior of the
different formulations under consideration. Typical grids of triangular and quadrilateral
elements used in the convergence study are shown in Fig. 4.

(a) (b)

J— O —_— O

Fig. 4: Typical grids (2/a =1/4) of (a) triangular and (b) quadrilateral elements

DIFFERENT ELEMENT TYPES AS SPECIAL CASES OF THE FORMULATION

Kirchhoff plate elements

Kirchhoff plate elements of the presented formulation can be easily obtained by assuming

the shears to vanish. Substituting b® =0 into the expression (26) of the internal virtual
work of the element gives

SW,, =-5a” K’ a°. (35)

int

Thus the stiffness matrix of the element is simply
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K¢ =K¢,. (36)

The element degrees of freedom of the element are the nodal parametersa®, i.e. the nodal
deflections and rotations of the corner nodes.

The developed triangular element proves out to be the well-known discrete Kirchhoff
triangular (DKT) element (see for example reference [3]). This is be seen as follows: In the
DKT-element (i) the deflection is assumed to be cubic along the element sides, (ii) the
degrees of freedom are the nodal deflections and rotations of the corner nodes, (iii) the
normal rotations are assumed to be linear along the element sides and (iv) the
approximation of the rotations, which is consistent with the nodal parameters, is quadratic.
The first three assumptions hold also for this element. The approximation of the curvatures
of the DKT-element is obtained simply by differentiating the rotations. Because the
geometry of the triangular element is linear, this differentiation results to linear expressions
of the curvatures. This assumption was also made in the presented formulation.

0
7 170 Present triangle
] and DKT
10
Present qugdfilateral
1 N
7
10°}
i
&

10™ hla

Fig. 5: Experimental convergence plot of the error in energy of the Kirchhoff plate
elements

Comparison of the present quadrilateral element with the discrete Kirchhoff quadrilateral
(DKQ) element [4] proceeds as follows: The first three assumptions hold for both elements.
The fourth assumption of the DKQ-element states that the rotations are biquadratic.
Because the geometry of the quadrilateral element is bilinear (not linear), differentiation of
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the biquadratic rotations does not result to bilinear curvatures. Thus the present element is
not equivalent to the DKQ-element.

The derived equations (27a) and (29a) and (30) for computing the element stiffness matrix
(36) are automatically in an efficient form. Similar form of the stiffness matrix of a
triangular DKT element has been proposed in reference [5].

Fig. 5 shows experimental convergence study of the present Kirchhoff triangular and
quadrilateral elements. The corresponding results of the DKT and DKQ elements are also
shown for comparison. The experimental rate of convergence, which is the slope of the
curve, is approximately 1 for all the element types.

Mindlin plate elements
Continuous 7 — parameter shear approximation

In this case the tangential shears on the element boundaries are common and system
degrees of freedom b of the problem. The system equations of the problem are

K_a+K/ b=R,,

(37)
K,a+K,b=R,,

where K ,, K, K, are the system matrices corresponding to the element matrices (27)

and R, and R, are the system load vectors. The final unknowns of this formulation are

both the nodal deflections and rotations a and the tangential shears of the element
boundaries b. It is important to specify unique positive directions to the system degrees of
freedom b. One choice is to keep the direction from lower to higher system node number
as positive. This choice must be properly handled in the assembly process.

The main idea behind this Mindlin element was first proposed by E.-M. Salonen in
References [6] and [7] in connection with a special triangular plate bending element. The
same idea has further been applied in a technique, by which existing Kirchhoff plate
elements can be extended to handle Mindlin plates [8].

Fig. 6 presents experimental convergence results obtained using the present quadrilateral
Mindlin elements with continuous 4 — parameter shear approximation. The three values of
the dimensionless stiffness ratio & cover the whole range of such values possible in

practical applications. The values £ =10 and & =10 correspond to a sandwich plate and
a very thin plate, respectively. Figs. 7 presents similar results obtained using the present
triangular Mindlin elements with continuous 3 —parameter shear approximation. It is
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e [%0]
10"}
=10
z =107,
c=10""
10°} .
10" hla

Fig. 6: Experimental convergence plot of the error in energy of the Mindlin plate elements:
quadrilaterals, continuous 4 — parameter shear approximation

n:[%]
10'}
=107
4107
=10
[
¢ =
10 hla

Fig. 7: Experimental convergence plot of the error in energy of the Mindlin plate elements:
triangles, continuous 3 — parameter shear approximation
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important to note that both elements behave well both in connection with shear flexible
sandwich plates and in thin plates.

Discontinuous n —parameter (# = 3 or 4 ) shear approximation

In this case the tangential shears of neighboring elements are not constrained to be equal

along opposite element sides. Thus the parameters b, which describe the shear
approximation, are distinct form element to element and can be eliminated by static
condensation. The final unknowns are thus the nodal deflections and rotations a. The
draw-back of this formulation is loss of continuity of the deflection on the element
boundaries. The deflection is, however, point-wise continuous in addition to the end nodes
also at the centers of the element sides’. A technique of generalizing the DKT and DKQ
plate elements to Mindlin plates by using such discontinuous 7 —parameter shear
approximations has bee presented in Reference [9] and [10]. In these papers the equations,
which are used to eliminate the shear parameters in the element level, have been formulated
differently.

2 — parameter shear approximation

Also in this case the tangential shears are discontinuous on the element boundaries, and the
two shear parameters can be eliminated by static condensation. The final unknowns are thus
the nodal deflections and rotations a . Techniques of generalizing the DKT plate element to
Mindlin plates by using such 2 —parameter shear approximation has bee proposed in
Reference [11] and [12]. Also in these papers the local elimination of the shear parameters
has been formulated differently.

Numerical comparison

Figs. 8 and 9 present comparison of the three variations of the shear approximation in
connection with quadrilateral and triangular elements, respectively. The continuous
n —parameter shear approximation works well. The discontinuous #n —parameter shear
approximation seems to give almost identical results in the simple example problem
considered. In connection with quadrilateral elements, the two parameter model does not
converge, but in connection with triangular elements, it gives acceptable results.

3 The discontinuity is caused by the coefficient N, + N, of y; inequation (7). It is easy to
see using equation (A2) of appendix A, that this coefficient is zero, when & =0, 1/2 and 1.
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2-parameter shear
e [%] approximation

;
10 . .
Discontinuous

4-parameter shear

approximation  Continuous
4-parameter shear
approximation

10” hla

Fig 8: Experimental convergence plot of the error in energy of the Mindlin quadrilateral
plate elements: Comparison of the three variations of the shear approximation

1 [%] 2-parameter shear
approximation

10'}  Discontinuous
3-parameter shear
approximation

Continuous
3-parameter shear
approximation

10" hia

Fig 9: Experimental convergence plot of the error in energy of the Mindlin triangular plate
elements: Comparison of the three variations of the shear approximation
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CONCLUSIONS

A physically reasoned way of deriving special triangular and quadrilateral plate elements
was presented. The starting point of the derivation is cubic approximation of the deflection
and constant approximation of the tangential shear along the element sides. The curvatures
inside the elements are linear and bilinear for triangles and quadrilaterals, respectively. The
degrees of freedom are the deflections and rotations at the corner nodes and additional
shear parameters in the Mindlin case. In four of the six Mindlin elements presented, the
shear parameters are eliminated at the element level.

All the presented element types were implemented in this work. In order to get an idea, how
they behave, a clamped circular plate under uniform load was used as a simple numerical
example. Experimental convergence studies of the error in energy were performed. Main
results of these studies show, that the all but one (quadrilateral Mindlin element with 2-
parameter shear approximation) of the element types seem to converge. The accuracy of the
Kirchoff elements and the (converging) Mindlin elements is quite comparable. Because the
Mindlin elements with distinct shear parameters are more effective and easier to implement
than those with continuous shear, it can be concluded, that the Mindlin triangle with 2-
parameter shear approximation and the Mindlin quadrilateral with discontinuous 4-
parameter shear approximation seem to be most effective of the Mindlin elements studied
in this paper.
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Appendix A: The nodal curvatures in terms of the nodal deflections, nodal rotations and
the parameters for expressing the shears

Consider first a vector v, which can be the rotation vector 0, the shear vector y or the
gradient of a scalar function. The Cartesian components and the tangential and normal
components of an element side of this vector are v, v and v, v,, respectively. The

n?o

relations between these components in connection with a typical element side ij (see Fig.
1) can be written as

i
{Vs =c,v, +5,v,, (AD)

/- —
V, =8V, GV,

We assume the deflection w along the element side i/ to be cubic polynomial (7) and the
shear component »” to be a constant. The cubic Hermitean shape functions in this
expression are

Hy =137 4287, Hy =(£-287 + &)y

v (A2)

Hy =38 28, Hy = (6" + &y

where & is a natural co-ordinate such that £ =0 and & =1 at nodes i and j, respectively.
Using the expression 6 =w, —y, of the tangential rotation 6, of the plate, where

w,, =dw/ds, the approximation of the tangential rotation of side ij gets the form
0] = Hiw, + H;(0)), + Hjw, + H(0)), + (Hy + H; =1)y!, (A3)

where H, =dH,/ds (k=1,---,4) . Differentiating this with respect to the tangential co-
ordinate s gives

67 = Hw, + H)(0"), + Hiw, + H{(0"), + (H] + H])y! (A4)

where H] =d*H i/ ds”* . The values of this derivative at the element nodes i and j can now
be obtained and they are
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@7 ). =07 _(0) :_iw_ _i(gif), +£W- _i(glj) _ _6 i
5,8 /i S, hl? i hl'j s Ji h; J hij s /j hl'j s
i AS
i i 6 2 i 6 4 6 (A3)
(Hs],s)j = esj,s(l) = +_2Wi +_(gsj)i __2wj +_(es])j +_}/S]
hi i hj hy hy

Expressing further the tangential rotations (6?;] )i 5 (6?5’7 ); of the nodes i and j in terms of

the nodal rotations 6,;, 6,;, 6,;, 8, using the first equation (A1), equations (AS5) reduce

yi> Yxjo Yy
to
o 6 i i 6 Cij i 6
iy - Y Y .Y Y B/
( s,8 71 h2 i h 0x1 h eyi + hz Wj h.. eyg he. eyj h. Vs s
ij i 12 ij i i i (A6)
i 6 2Cl-j 2sl-j 6 4c,~j 4sl-j 6
(HS,S)_]'=+_2Wi+_gxi+h_0yi__2Wf+ 49)_(]-+—49y]-+h—7/s.
iij i 12 hy; i i i

These equations express the nodal derivatives of the tangential rotations in terms of the
nodal deflections, rotations and tangential shears of the n — parameter shear approximation.
In the 2 —parameter shear approximation we still have to express the shear of the element

side }/éj in terms of the element shears ; and 7§ , using the first equation (A1). The result

is slightly different and of form

9 6 4c;. 4s.. 6 2c;; 2s.. 6c;; 6s;;
(7); =T oW _h__?exi _h_ljeyi =W _%ij - h'l_j 0, _h_u v h-fj 7/;-
i ij 12 hij ij ij ij ij (A7)
. 6 2c:: 25 6 4c.. 4s.. 6s;;
iij i 12 h i i i i

Consider next normal component of the rotation €, and assume, that it is distributed

linearly along the element sides. Thus with the help of the second equation (A1) the
derivatives of 6, along side ij at both ends i and j of the side get the form

07 ), = (07 ).=i[—(9"f).+(<9"f).]=—sie.+ﬁ9 L lig _Sig (A8)
n,s /i n,s’j h.. n /i n’j h.. Xi h.. Vi h.. XJ h -

ij ij ij ij ij

Next we start to consider a typical side ij of the element and with the help of first equation
(A1) get for the tangential derivatives of the rotation components d, and 6, on this side
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66’;7 _ 01] oY glj oY 0 9!] oY
P (c +5; y) i (c +5; y)+S y(cy +.857 y)

if ij ij ij
= ¢;C; 0y« +5; cljexy+c slj@yx+s 505
.
o6, 0

i i a 1 I} a L L
os :a_(syej —Cye){s _Cya (Sljej_clje}{)-i_s _(S HJ—CUQJ{)

(A.9)

i io_ —
= ;8 0p « + 5,805, — ¢ cljﬁyx S;i c,lé’yy

Writing these equations at node j corresponding to both side ij and side jk we further get

;
(075); = cicij (O ) + 53¢ (Or ) j + s (0, ) j + 5580, ) s

;
(O5); = sy (O ) j +5555 (0 ) = € (0, 1) j =53¢0y, ,)

, (A.10)
(ij) =l Oxx) j + 8k Oy +€pes (0, ) j +5 s e (0y,4)
(079)) = s jp Oc)j + 858500y =€ (0,0); =85 (0,,) .
This linear set of equations can be solved for the nodal derivatives of the rotations &, and

6, at node resulting to

(ex,x)] 1/d; [+CU ]k(el{s)j+sljsjk(9}ij,s)j 1] ]k(a )] 1] ]k(els‘)J

(0,,); =1/d;[—c;c i (1) ; = syciu (OL); + e (O ; +cys (O 11,

Oy =10 lorsps i (O10) 1 = €y e Oly); =5y 003 + 53¢ (035) ) o
(Oy,); =11 dl=se (O, + e (O 0) ; +ys e (010 ; = e (010 1.

where

dj=cySj —S;Cj- (A12)
Substituting these into the expressions

Ky =—(0,)) K ==(0,,);, 2K, =—(0,,), ~(0,.), (A13)

of the nodal curvatures at node ;j we first get
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[ CyS i (O0) ;=555 OF ) + 550 (00%) ; + 555 4 (65 11,

1 j ik ik
j (A14)

1 y
2K, = Z[(cijcjk — 538 35 )65 9) + (¢ + s g )0 5)
J

ik ik
—(cy¢ i =58 NOLS) ;= (cyis i + 8¢5 )N E;5) ;1.

Our final task is to substitute the expressions (A6) or (A7) of the derivatives of the
tangential rotations and the expressions (A8) of the derivatives of the normal rotations into
equations (A14). As the result of this operation, the nodal curvatures have been expressed
in terms of the nodal deflections and rotations and the shear parameters.

The result is expressed in matrix form in equation (8), where the column vectors of the
nodal curvatures and the column vector of the nodal deflections and rotations are given in
equations (9) and the column vector of the shear parameters in equations (10). The
elements of matrix A can be obtained using equations

y __6c S ik

3j-232 57 o
7y

A3j 93i1 =~ 7 h )
7y

y ~ 35518 ke Cif

3j-23i = —d o
Sy

6 clijk Sijcjk

A3 2370 =+z( 2 2 )>
J ij ij
1 Sjk 2 2 i a2 2
A 93 :_d_[_h (4cjj +s5) + ——(4ci + 5],
J Jk
Ay 05 = P (Ci oS
J=23) ’
d, h; hy
6s:.C:
_ i~ jk
A3 93k =+ R
J'tik
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Ay _O ik
3j-1,3-2 2 7 >
CiCii S;: S,
JET P Jk
A3 =+ (— )
J=L3J d h h
J ij ik
1 Sk 2 20, % ., 2 2
A3, = +?[7(4Sij +Cy)+r(4sjk +ci)ls
J Jk
y __6cl-jsjk
T
J"jk
B 3¢S k€ jk
Ay jqp g =+———",
3-1,3k-1 A
J"jk
¢
_ j 2 2
A3 3k =t (285 — )
J'k

6

Ayj3i 0 =+—(Cci =58 1),
Jy

A S R he S SO

3j3i-1 = T e (¢ — i) =358 i1,
L

2 2
A3 =———[s 5 (25 — i) = 3cic sy 1,
djhij
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6(S1szk _CIZCjk) 1 1

Ayjzi0 =+ (5 ——)
J»3J 2 2
dj his hjk
1 Cjk Cj  Cik
A3j,3j—1 :+d_[ (4C +S )+h (4ck+sjk) 3SUS]k(h +h ],
J Jk ij Jk
L Sie 2 o0 S o0 2 Sij | Sk
J Jk ij '
6
A3 = _—2(Cijcjk =SS i)
J"jk

1 2 2
A3j,3k—1 =+ dh [CU (ZCjk _Sjk)_3sijsjkcjk],
JUik

2 2
A3z =— [s;; (285 — i) = 3¢;;¢ xS jie ]

djihji

and cyclic permutation. The nonzero elements of matrix B¢ are obtained using equations

6c .S 6s .C
— Jk _ jk

Byja; = ah; > Bijaj = Tdiny

6S C ik 6c S ik
B; J-Li = d hj B; JLj = d hj (A16)
B — 6(SUS]k Ci€ k) o O(sys e —cycyr)

3/~ d.h > P34 =7 dh
J ik

for the n —parameter shear approximation and using equations

2 2
6 CiSik  SiCik 05,8k Cjj Cik
By py=——(——+ ), Byj oy =-— (75 +=),
I d. h; h. I d. h h;
J ij Jk J ij Jk
6¢;;C iy Sij | Sjk 6 sijz-cjk cysjzk
B3j_1’1 =+ g P +—h ), B3j_1’1 = +d—(—h +—h ), (A17)
J ij Jk J i Jk
p = SUySw i) G, Gy g SUuSu = i) Sy, Sik
3T d Gt ) Bz = d G
J i Jk J ij Jk

for the 2 —parameter shear approximation, respectively, and cyclic permutation.
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Appendix B: The nodal shears in terms of the shear parameters

We consider both the n—parameter shear approximation and the 2 —parameter shear
approximation. Based on equations (A.1) the tangential shears of sides ij and jk in terms

of the nodal shears of node j are

e =CijVxj TSiiY yjo B1)

Jk _
Vs =Cily TS jklyy

Inversely the nodal shears of node ;j in terms of the tangential shears of element sides ij
and jk are

1 i i
Vxj =d_(sjk7;] _Siﬂ/sj ),
J

| (B2)
) "

Vyi zz(_cﬂd’;j +Cij7/sj )-
J

Using equations (B2) and cyclic permutation, the result of the »n—parameter shear
approximation is obtained. For the 2 — parameter shear approximation case we get directly

e
Ve =7
SO A (B3)

_ e
Yy =7y

The obtained results can be written in matrix form (11). The nonzero element of matrix C*
in the n —parameter shear approximation are obtained using equations

S - S C: C::
_ ]k _ y _ ]k Ty

Gy, = Cyjj == Gy == Gy =7 (B4)
J J J J

and cyclic permutation. Matrix C° in the 2 — parameter shear approximation is simply

o[t o107
C = . (B5)
2nx1 o1 --- 0 1
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