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ABSTRACT

The implementation of the model for unilateral no-Tension materials described in part
one in a standard isoparametric nonlinear finite elements code is described and
discussed. A formulation based on the tensorial components of the Cauchy-Green
deformation tensor has been used. Explicit expressions for the components of the
material and geometric tangent stiffness matrices and for the equivalent internal nodal
forces are furnished. Special attention has been focused on the material tangent stiffness
mhatrix, in order to obtain satisfactory convergence properties. Some examples complete
the paper.

INTRODUCTION

In this paper the finite element implementation of the No Tension Material (NTM)
model proposed in [1] is described. The numerical model can be used to describe the
behaviour of materials like masonry, unreinforced concrete, mortar, sand, soft rock, that
have very low tensile resistance, generally neglected in engineering applications. The
classical multiplicative decomposition of the deformation gradient has been used to
schematise the deformation process. The constitutive relations have been developed
according to the maximum dissipation principle. On this way a continuous tensor field
is defined accounting for anelastic effects [2].

The set of constitutive relations and the compatibility condition have been enforced
using a Newton-Raphson integration scheme. Particular attention have been paid to
determine of the right expression of the algorithm tangent moduli to ensure quadratic
rate of convergence to the global FE model.

Either a Total Lagrangian (TL) and an Updated Lagrangian (UL) implementations of
the model are discussed in the paper [3,4]. The TL formulation is based on stress and
velocity measures defined in the reference fixed configuration, while the UL
formulation is based on the same objects defined in the current configuration. For both

13



formulations explicit expressions for the equivalent nodal forces and for the geometric
and material stiffness matrices are reported.

The UL formulation has been implemented in a FE code and some applications have
shown the usefulness of the model comparing the results with those given by standard
codes. Some of the results appear to confirm the original motivation of the paper, i.e.
the necessity of performing a full large deformation analysis for No-Tension structures
in order to properly account for its nonlinear response.

THE MATERIAL MODEL

Kinematics

In this paper the No Tension Materials model described in [1] is considered. Here only
the basic relations that define the model are reported.

In order to account for anelastic effects the classical multiplicative decomposition of the
deformation gradient is used, so that the deformation process is split in its elastic and
anelastic parts introducing an intermediate stress free configuration B, between the
initial (By) and final (B;) configurations (see Figure 1 of [1]).

Consequently the gradient of deformation is multiplicatively split in

F=F.F, I=1JJ, (1)

Different measures of deformation and velocity of deformation are defined in each
configuration. The more relevant deformation tensors are reported in the following
relations

C = FHT F(’T FG Fa = FaT C€ Fa (2)

C,=F'F, 3)

1=V, v=FF'=F F' +F,F,F,'F,'=1,+1,=F,1,F,' +F,1,F’ 4)
1=F'IF, =F,'FF'F,=F.'F,+F F,' =1_+1, (5)

d =sym(l) d =sym(C,1)=F/dF, (6)

In (6), d is the symmetric part of the covariant form of the velocity of deformation
defined in B,, obtained pre-multiplying 1 (a mixed variant tensor) by the convective
metric C. (that is different from the metric relative to the reference frame defined in the
intermediate configuration) [5]. Note that 1, =F F ' gives the evolution of the
intermediate configuration V.

It is well known that we can use different stress measures referred to the different
configurations to describe the stress state

o Cauchy stres tensor (7)

7 =Jo Kirchhoff stress tensor (8)

P = F " 1Piola Kirchhoff - nominal stress tensor )
S = F'2F " I Piola Kirchhoff stress tensor (10)
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S, =F,'1F, " "elastic"stress tensor (11)

As objective stress rates the material derivative of the second Piola Kirchhoff stress
tensor (defined in the reference fixed configuration), and the Lie derivative of the stress
tensors defined in the intermediate and in the final configuration are used

'S, = {F %[F;l (S, ogpa)F;T]Fj}ogo;' =S,-1,8,-s,17 (12)
Lvr:{F %[Fl (ro(p)FT]FT}o(pl =t-lt-t1" =F, L’S,F} (13)

Constitutive Model

The constitutive model for No Tension Materials is obtained considering that in the
material tension stresses are not allowed and assuming that no dissipation occurs in the
anelastic process, so that it is defined by the following conditions:

1. the stress state is admissible if the maximum (true) Cauchy stress is not positive

O-rl max S 0 (14)

Since J > 0 always (14) is equivalent to

Ty max <0 (15)

2. null anelastic dissipations
D=71-1,=1-d,=0 (16)

the previous formula implies that the anelastic deformations grows in the direction of
the maximum eigenvalue of the stress tensor o (that has the same principal direction as
1). Differently from the small deformation model, since the admissibility condition (15)
is referred to the deformed configuration, the constitutive law is expressed in the current
configuration in incremental form, as

L=d, =0 /()  f)=1,. (17)
g(t)<0 pfx)=0

Note that the condition 1, = Y o.f (r) =d, follows from request (16) and implies that

the spin tensor must be zero. Using the identity D=17-d, =S, -&a and Equation (11),
the constitutive relations (17) can be formulated in the intermediate configuration as:

A - of(S,) »
1,=C,1, = <=d 18
a e a ﬁ aSe a ( )
since sym(d,)= S —Gf(;(TSe)) =BF" —ag(SSE)Fe_I =F, TéaFe_l (19)

e
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FINITE ELEMENT IMPLEMENTATION

Interpolation Operators

The model is implemented using a FE isoparametric formulation. Cartesian frameworks
only are used and we restrict ourselves to 2D problems. The shape functions (g;) are
defined in an parent element domain V. (see Figure 1, [4]), so that the following
interpolating relations are used for the position vectors X and x in the reference and
current configuration respectively:

J:FJ() —)‘]ux :%
o€,
o

F=JJ —F, =—x
oX

Figure 1. Configuration Mapping

VIR

0 () e,

‘)

sed-[ G|l x0-[x ]-nefa ]

(20)

21

In the above, g; is the i-th shape function and A; and a; are the reference and current
nodal position vectors in the i-th direction. The indices 1, 2 refer to the component of

the nodal variable in the Cartesian reference system.
The Jacobian J, =V . Xis evaluated as follows:

- 98, 98

- (Bﬁf Al)T _ A{Ei with Eg ~ 8651 552

0 — — . .
—T Ang agn agn

B: A, ~  Ar
oz, oz,

(22)

The gradient of deformation and gradient of velocity tensors are then interpolated as:
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0 0
s o | Ba-l8l% 08,
a ) —_ 1 2 " N 0 aR
L I I B e S I I X)
(,;T )f 2, %, 08, - =
32 aXl aXz B:B§J0
. IlFTB" a
1=V, (v)=V, (W, X =V, (N[g)aF" = A (24)
T FB 4
£2

In the follow we will reckon the equivalent nodal forces and the stiffness matrix using
the wvirtual power equation, in which scalar product of tensors are present.
Computationally it is useful to perform this operations in vector form using Voigt
notation. In this notation the components of the material deformation and of the velocity
of deformation tensors (see Equation (24)) are interpolated as

1 Ell d,
E:E(FTF_I)_)E: E,, =B0T2_i dzsym(l)—>g= dy :BgTzé (25)
2F, 2d,,
where
_Elléjl a;l) El2§j2 a}” 231123_;2 a;.l) +Z312 Z?jl aﬁ” ] _(_BFH1 )11 0 (]_SFI )12_
g | BiBid) BaBoa) Bubpa+BaBaa’ | (B, 0 (B o
0 B Bj a;z) BiuBjp aﬁ.z) B Bj» a;z) +BiBji a;z) o 0 (]_31771 )12 BF" "

Enl Ejl a;z) E;nZ Z?jz aﬁz) Enl Z‘?jz a;z) +Z'3n2 Ejl a;z) | 0 (EF_] )nZ (I_SF_l )nl |

Here and henceforth an underline will denote the Voigt vector form of the relevant
tensor. Note that from the Virtual Power Principle, it is

S-0E=S8-B!sa=B,S-0a (27)
where S is the Second Piola Kirchhoff stress tensor in Voigt notation. Therefore B S
is the consistent discretization of the internal forces. Similarly for the identity

r-d=7-B da=B, 7 -5a (28)
it follows that the consistent discretisation of the internal forces in the spatial

configuration is B,z (z in Voigt notation).

Internal nodal forces and tangent stiffness
Two schemes are presented for determining the equivalent nodal forces and the stiffness

matrices: a Total Lagrangian (TL) and an Updated Lagrangian (UL) formulation. In the
former material objects are used, while in the latter spatial quantities are used. These
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approaches are equivalent and substantially differ only on the numerical point of view.
For determining the nodal forces let us start from the virtual power expression. Using
(23)-(25) and indicating by ¢ virtual quantities one has

TL UL
5Pim:J.P.éFT dVozmaﬁjd% éPimz.[O'-élde.[aijé?ijdV
Vo Vo 4 14
. 5 175 o

= I;"O[-?/é‘aikBk/ dv, = = .V[UUFki Blk&‘j, dv = (29)
= J.Plj&l,‘ Ekj + szé'ile Ekj dVo = = .[O-li]?k;lElk&ll + O-ZIE(?EII(&ZI v =

Vo v
= [(BP,-ca, + BP, -ca, )av, = =[BF"c,08,+BF " 0,53,dV =

Vo v
=f".5a, +f2" - 5a, =f"-5a,+f," -5a,

having introduced the vectors P, = (P“,Plz), P, = (le,Pzz), and similarly for oy,0,.
Substituting the definitions

T —T
P:FS-{B;}: OB 2, r=Jo
P.l [lsBa, (30)
dVy =|J,|dV. dv = J|J,|av.
the following expressions for the internal nodal forces are recovered in the two cases
£" = [BSB'|J,[aV.a, =Ka, £ = [BF'z,|3,[dV,
V. Ve
. K 0 (31)
ill’lt — - g:I<geog
0 K
or using Voigt notation
S Tn
S=|S, T=|Tp
S T (32)
£" = [B, S| |aV " = [B,gJ,|av,

Ve 7
In the following the tangent stiffness matrix is computed either for total and updated
Lagrangian formulations. Being fjiint the nodal force at the j-th node in the i-th

direction, the material derivative of (31) in UL approach can be computed as

S =B (F T+ f“i)Ai|J0|dV§ (33)
Ve

]l:
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Using the relations

F' ——F'FF' =—FI (34)
Lr=t-lr—-d" >¢=Lr+lc+d’ (35)

equation (33) yields

lnt—IBfA ~F Iz +F 'lIc+F 71" +F~ Lr) |J |dV
- j (BF'c17),[3,|av, + [BF'Lc) |3, |av, = ji + (36)

§ Vf

so that the total nodal force increment is the sum of a geometric and a material part.
Using interpolation (24), the geometric increment gives the geometric tangent stiffness
as follows

geo

f5 = [BF'cF"B'|J |dV.a, > =K*"a
V
BF'F B’ 0 (37)
K& = _ _ I lav
J{ BF—IZ_F—TBT | 0| 3

Using definition (26) for B, the material increment in (36) can be written in Voigt
notation as

mat

sub(38)

Ve

The variation of the stress tensors appearing in (32) are linear functionals of the dual
deformation measure, so that it can be substituted by the following relation

Lz=[c]-d (39)

The exact expression of the material tensor will be obtained in the next paragraph.
Substituting the previous relation in sub(38) and using interpolation (25) one has after
some algebra

—IB [cIBL|I Jav.a=K"a

40
K" = jB [eIBL|I,Jav. 40

The total tangent stiffness matrix is the sum of the material and the geometric tangent
stiffness, so that

K = K" + K (41)

For the total Lagrangian formulation, the tangent stiffness can be computed starting
from the material derivative of the nodal force in (31)
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i" = [BSB'|J,|av,a,+ [BSB |3 [aV.a =1 +1" (42)
v, v
using the definition of K** in (31), the geometric increment of the nodal forces gives

. geo

f

- K*a 43)

while, using definition (26) of B, the material rate can be expressed in Voigt notation
as

£ = IBOS|JO|dV§ (44)
V.

s

in virtue of the following relations

E=F'dF (45)
S=F'LrF”" (46)

Analogously to (39) in the reference configuration in Voigt notation it is
S=[C,] E (47)

The elastoplastic moduli €, is the Pull-Back of the spatial fourth order tensor €.
Substituting (47) in (44) and using the interpolation (25) for E one has

imm = J.Bo[co]Bg |Jo|dV§ a=K"a

wat (48)
K" = [B,[C, B I, |V
Ve

The total tangent stiffness is equal to the sum of its geometric and material parts
defined in (43) and (48) respectively.

It can be proved that the expressions of the material and geometric tangent stiffness
matrices for TL and UL formulations coincide. For details see [3, 4].

The difference in the tangent stiffness matrices for the two formulations are that in K
appears either B, or B, and that in K** in the UL formulation appears the matrix

mat

product F' © F", that is equal to the second Piola Kirchhoff tensor S. Therefore, apart
from the implementation at the local constitutive level, the only relevant difference is in
the calculation of the interpolation matrices By and Bg. From Equation (26) it is seen
that B has a simpler structure than Bj. In the numerical applications the UL
formulation has been used.

MATERIAL TANGENT STIFFNESS OPERATOR
The material stiffness matrix K" (in the UL formulation) depends on the tangent

spatial anelastic constitutive moduli [€] that relates the Lie derivative of the Kirchhoff
stress tensor and the total velocity of deformation tensor
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Lr=[c]d (49)

The matrix [¢] can be computed in the Gauss points using the analytical form of the

tangent stiffness tensor, that can be found starting from the constitutive relations defined
in the intermediate configuration in Eqgs (17) and the relation (see [1])

d:de +dﬂ :C ;l .LVT+BVTT]T1&X (50)
The process is anelastic if either 7, =0 and 7, =0. Recalling the definition of the

limit function f itis

78.)=0-V, (7):8.=v, (7):C :d,=v, (7):C :(d-d,)= 51)
_v, (f)c :d-pv, (7):C :v, (7)=0
Solving Eq (51) with respect to £, one has
p= VASB(f):C ~d (52)

vi\7)c v )

The previous relation allows to relate the material derivative of S, to the total velocity

(

v ke
e w1

of deformation

§,=C :d,=C :(3—&,):0 a-(c v, ()
o ol
vilr):c v )

From this result and Equation (12) the anelastic Lie derivative of S, takes the form

[( ”<T>'>T‘<' ey B, o, e ),
\$ NGEEAG v(f)CV(f)

The expression of the spatial tangent stiffness, that relates the Lie derivative of the
Kirchhoff stress tensor and the gradient of deformation tensor, is obtained pushing

forward L’S,, so it is found

c =¢e*(6()=

c . :V.(N)eWV.(f):c,) V.(N)r+rv.(f)®(V.(f):c.) (55

‘ v.(f):c,:V.(f) v.(f):c,:V.(f)

In (55) the last term vanishes thanks to (16).
The previous equation represents the expression of the spatial material tangent stiffness.
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In Eqn. (55) appear the stress and the elastic deformation tensor C, (implicit in the

elastic tensor) at the end of the step. These are numerically evaluated enforcing
compatibility at the end of the step, integrating the constitutive model considering a
sequence of finite steps tj, ta, ..., ty,... and approximating the time derivatives with
finite increments. The material derivative of the Cauchy deformation tensor is written
as:
Cn,n+1 At = Cn+l__Cn ac [0’1] (56)
Cn+a = Cn + acn,nH At

The computational procedure is described in detail in [6]. The problem has been solved
by a consistent Newton’s linearisation whose algorithmic consistent tangent operator is

He|ve 0 0 (57)
VII”I \Y st
with
€ = %[I - (fn+1 fnylrl )_1 ] fn+1 = FnJran_l (58)
r=-5,. ~delc . )| 1., =delcy,)

The first row of (57) is the gradient of the compatibility conditions, the second is the
gradient of the admissibility condition, while the last row has been added for iteratively
evaluating the third invariant of the elastic Cauchy-Green tensor, that appears in the
expression of the elastic tensor. As a matter of fact, as can be seen from (58), only the
anelastic part of the Cauchy-Green tensor is explicitly known, since it is related to the
anelastic velocity of deformation (details can be found in [6]).

In the calculation it has been used a=1, so that the intermediate reference configuration
coincides with the congruent one at the end of the step. However it has been proved by
Simo [7] that the algorithm is objective for any choice of « € [0, 1].

APPLICATIONS

The proposed model has been applied to the circular arch prototype represented in
Figure 2. The arch, that is clamped at the bases, is loaded by an horizontal concentrated
load, as shown in the figure. Its external and internal radii are 50 cm and 40 cm,
respectively. The constitutive constants for the material A,z (see the hyperelastic
potential reported in [1]) has been set in such a way that in the linear range they
correspond to a Young modulus E = 10000 MPa and a Poisson ratio v = 0.1, typical of
soft stone masonry. Particularly it has been set A =1136 MPa and x =4545 MPa. A

unitary depth has been considered.
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Figure 2. Circular Arch: geometry and load condition

This case is a significant test, since in masonry arches the formation of fractures results
in hinges that cause large movements of the blocks. In Figure 3 the horizontal
displacement of the point where the load is applied is plotted vs. the load itself. The
result obtained with the present model (solid line) has been compared with the result of
a large deformation totally elastic model (light line) and with the displacements
obtained analyzing the arch with the concrete model implemented in ADINA using as
limit stress in tension a nearly zero value (10”7 MPa) and an extremely large value for
the limit compression stress in order to match the constitutive hypothesis of the present
model. The ADINA model assumes small deformation and large rotations (dotted line).
It is apparent that the present model accounts better for the non linearity of the response.
In other words the non linear response of the model is only partially due to material non
linearity, and even large rotations are not sufficient to correctly represent the
deformation of the arch. This is due to the fact that, even if elastic strains in masonry
materials are generally small, overall deformations due to fracture opening, can be
locally quite large, as it occurs in the hinges that form in the arch. This result, in the
opinion of the authors, motivates the efforts spent in extending the NTM model to finite
deformations as well as the development of a fully geometrical non linear framework.

08— \ — 08

0.6

100 Nicm)
o
o
\
\

Load Factor
T

04 — — 04

(Total Load
=

Elastic Finite Def.

Present Model
02— == = == ADINA 0.2

-0.08 -0.04 0
Horizzontal Displacement
(mm)

-0.16 -0.12

Figure 3. Circular arch: horizontal displacement of the loaded point vs. load
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PRIN. STRESS 1 PRIN. STRESS 2

1.54E-01

-6.79E-01
-1.41E-01 -6.29E-01
-1.29E-01 -5.80E-01
-1.16E-01 -5.31E-01
-1.03E-01 -4.81E-01
-9.02E-02 -4 32E-01
-7.74E-02 -3.83E-01
-6.47E-02 -3.34E-01
-5.19E-02 -2.84E-01
-391E-02 -2.35E-01
-2.63E-02 -1.86E-01
-1.36E-02 -1.36E-01
-7.93E-04 -8.71E-02

Min = -1.54E-01 Min = -6.79E-01
Max = -7 .93E-04

Max = -8.71E-02
Time =1.90E+00

Time =1.90E+00

Figure 4. Circular arch: principal stresses

S7E4
6S1ED4
FZAED4
FoEED4
BESED4
Min = 00050
Max = SETEDL
Time - 1 @SE+00

Figure 5. Circular arch: maximum anelastic deformations

B anclastic deformed elements

F/Flim=0.50 F/Flim=0.70

F/Flim=0.85 F/Flim=0.95

Figure 6. Circular arch: evolution of anelastic deformations

The distribution of principal stresses relative to the final state presents in Figure 4 shows
the typical path of the pressure lines and zero stress areas where fractures develop, that
is where the anelastic deformations are located. This is shown in Figure 5 where
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anelastic deformations are plotted in terms of the maximum eigenvalue of the tensor
1

E =—(C_ -1I).
Le. )

a

The inelastic deformations tend to concentrate in four zones, where inelastic hinges will
develop leading to the collapse mechanism of the structure. The evolution of such
anelastic hinges is described in Figure 6, for different values of the load.

A further application concerns the study of four panels with different aspect ratio (b/h =
0.67, 1, 1.33, 2) loaded by an uniform vertical pressure of 0.25 MPa and an horizontal
pressure incremented until the limit of convergence, both applied at the top of the panels
where it has been supposed that there is an elastic reinforcement. Anelastic
deformations develop in zones of zero stress localized, for all the samples, in the centre
and in the lower left corner (see Figure 7). As in the previous case, the anelastic and the
total deformations are of the same order of magnitude and they are localised in the same
areas of the samples. The top horizontal load vs. the top horizontal displacement is
plotted for all the panels in Figure 8. It is apparent that the more slender panel has a
more pronounced nonlinear behaviour.

Ea max Ea max
A.3CH
L2Ea Lar.m
ooc+m i
1O o
2o o
1o J——
Ao fi——
oo E——
EOCo T
T.OCo oo
oo AT
e imco
Lo EOEH
Sl Mn  AICH
Nin —-1.201 Nx  EOCH
M= SIEC-O1 Tire 1.9C+m
Timc— LEX+m
hh=1{.66 bh=1
Ea max Ea max
A.4CH S
:m:-.m LoELm
zm:us 1.0
o 20
LOCE AmEn
EOCAE AmE
EOCE Lo
T.OCE o
oocE O
eoriE o
e L
itus] 1.

bh=133 bh=2 T = 142400
Figure 7. Shear panels: Maximum anelastic deformations

For the slender panel has been carried out also a displacement driven test performed
imposing a vertical displacement at the top of the panel elastically equivalent to the
pressure imposed in the previous analysis, subsequently the rotation of the top line has
been prevented and an horizontal displacement has been imposed until the limit
convergence is reached, when anelastic deformations have developed all throughout the
sample. The evolution of the anelastic deformations for 3 values of the imposed
displacement are reported in Figure 9. They present their maximum value at the centre
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of the specimen, and, differently from the previous case, a non-straight fracture band
appears.

400 ‘ ‘ | ‘ 1400

L h=1500 —
300 000 300

200 — — 200

horizzontal load

100 — — 100

o \ \ \ \ 0
0 0.5 1 1.5 2 25
horizzontal top displacement

Figure 8. Shear panels: Horizontal load vs. horizontal displacement

'a max a max

THEKG RE-T
AGIES SO0
R I¥- ]
P itz
P TG
LB RATEM
[T 10T

OEHEH RE-- -]
THEH A

[ 1 B
n e wn  LIEaT
RO 156G
Trm 45T Tm  ALE—x

1 FTTITT] o
GHEHH,

i

818,,=0.33 8/8,,=0.66 818,,=1.00

Figure 9. Shear panels: Evolution of maximum anelastic deformations.

CONCLUSIONS

In this paper the FE implementation of a constitutive model for unilateral (no tension)
materials in finite deformation is reported. The numerical model has been implemented
in a FE code following either a Total Lagrangian (TL) or an Updated Lagrangian (UL)
formulation. For both the formulations the expressions of the internal nodal forces, of
the stiffness matrix and of the interpolating relations are reported. It can be proved that
TL and UL approaches coincide.

Some applications have shown that the model indeed extends to large deformations the
results obtained using the NTM model in small deformations. The numerical
formulation appears to be robust, although it employs the exact expression of the
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tangent stiffness operator in the material stiffness matrix, and not the consistent
algorithmic expression, that is more difficult to evaluate.
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