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Methods for detecting and identifying limit and bifurcation points, continuing the 
equilibrium paths beyond limit points, handling bifurcation points and branch-switching 
are considered. Several methods have been programmed and numerical tests calculated in 
order to assess the various methods for handling both limit points and simple and 
multiple bifurcation points. 
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INTRODUCfiON 

A general theory of structural stability was presented by Koiter for continuum problems 

already in 1945 [1]. Stability theory directly for discrete structural systems was 

developed in the sixties and seventies and those developments have been summarized in 

the book by Thompson and Hunt [2]. In nonlinear numerical structural analysis 

incremental iterative methods have been popular and successful. In the finite element 

method the solution of a structural problem can be presented as an equilibrium path in 

the (n+ I)-dimensional space with n nodal point displacement degrees-of-freedom and a 

load parameter A. (assuming proportional loading). At limit points the path tangent is 

perpendicular to the A.-axis and Newton's iteration method parametrized by A. 

consequently breaks down. In addition the tangent stiffness matrix is singular at the limit 

point. At bifurcation points the tangent stiffness matrix is also singular and one or more 

secondary branches intersect the primary equilibrium path. 

Methods for passing limit points have been presented widely in the mechanics 

literature [3-5]. Different path following methods have been studied e.g. in Ref. [6]. In 

the numerical mathematics literature the continuation methods have been studied since 
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the sixties and theoretical background for the methods has been developed [7 -9]. 

At limit points the singularity of the stiffness matrix is not a serious problem. In 

practice, the probability to hit the limit point exactly is nil. Robust methods for handling 

limit points are presented e.g. in Refs. [11,29]. At bifurcation points the eigenvectors 

corresponding to the zero eigenvalue of the tangent stiffness matrix are solved and for 

branch-switching procedures based on utilizing the eigenvectors can be used 

[8,12,20,31]. Other methods, also capable of handling multiple bifurcation points have 

been presented [ 15-17]. At bifurcation points the singularity of the stiffness matrix is a 

more serious problem than in the case of limit points. In [11] the system of equations is 

regularized by a penalty method. Numerical analysts have developed special equation 

solving methods for handling the singularity at bifurcation points [ 12-14]. 

The different fundamental characteristics of structural stability can be studied by 

simple models, e.g. models consisting of bars and springs. Another useful class of 

analysis models comprise structural models for trusses, beams, frames and arches which 

have direct counterparts in building practice. 

In the present work some of the above referenced studies are reviewed. A 

computer program has been made for continuing the solution path beyond limit points 

and also for handling bifurcation points and branch-switching. Both simple and multiple 

bifurcation points are considered. Several numerical test examples have been calculated 

in order to assess the different methods. Only elastic material behavior is considered in 

the present study. 

EQUIT-ffiRIUM EQUATIONS 

In the total Lagrangian formulation the equation of virtual work for a deformable body is 

written with respect to its initial reference configuration in the form [18] 

f S: oEdV - f b · oudV - f t · oudS = 0 , (1) 
v v s, 

where V is the volume of the body in its reference configuration, S is the second Fiola

Kirchhoff stress tensor, E is the Green-Lagrangian strain tensor, b is the body force 

vector and the surface traction tis known on the partS, of the boundary s=av. ou is the 
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vittu::J.l displacement vector with ~u=O on the part Su of the boundary S=SuUSt. 

The displacements of the body are interpolated by the shape functions Ni(x) and 

the nodal point degrees-of-freedom q; [19]: 

(2) 

Inr.erting (2) into the Green-Lagrangian strain formula [18] yields for virtual variables 

~E = BSq, (3) 

where E contains the strain components in vector form. By using Eqs. (2) and (3) the 

principle of virtual work gives the finite element equilibrium equations 

(4) 

where S is a vector containing the components of the second Piela-Kirchhoff stress 

tensor, and it is indicated in (4) that N is a matrix containing the shape functions for the 

whole FEM-discretization. Equation (4) can be written in the form 

g=r-p=O, (5) 

in which 

r= JBTSdV and p= JNrbdV+ JNrtdS (6) 
v v s, 

are the internal force vector and the load vector, respectively. In practice, both r and p 

are assembled from the element contributions [ 19]. In the following it is assumed that all 

loads depend on a load factor/.. in which case the equilibrium equations are 

g(q,/..) = r(q)- /..p = 0, (7) 

where p is a reference load vector. If there are n degrees of freedom in the finite element 

model, then q is an-vector and g(·1 ) is a nonlinear mapping from R0 XR-7R0
• 

SOLUTION OF THE EQUILIBRIUM EQUATIONS 

The nonlinear equilibrium equations (7) are usually solved incremental.ly by Newton's 

iteration method by using the load factor /.. as a parameter: 

(8) 
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where K1=gq is the tangent stiffness matrix, k and i denote the load step and iteration 

cycle numbers, respectively. In the updated Lagrangian formulation (UL) the reference 

configuration is updated to the equilibrium position of the body at the beginning of the 

increment If the reference configuration is updated to the position attained at the latest 

iteration cycle then, in this study, the formulation is called Eulerian. 

Continuation method in the presence of limit and bifurcation points 

In figure 1 several solution branches are shown. Point A, where two branches intersect is 

a simple bifurcation point while point D is a multiple bifurcation point. Point B, at which 

dA/dq=O, is a limit point. Newton's iteration method parametrized by A. could skip over 

the bifurcation points but it would break down at the limit point B. Therefore, special 

procedures are needed for continuing the solution branch beyond limit points and for 

branch-switching at bifurcation points. The solution curve can be continued past limit 

points by augmenting the equilibrium equation (7) by a normalizing or constraint 

equation: 

g(q,A.) = 0, 

c(q(s),A.(s),s) = 0, 
(9) 

where the solution arc is parametrized by se R. A smooth solution arc or branch of (9a) 

is a one-parameter family of solutions(q(s),A.(s)) where q(s)e R• and A.(s) e R. Several 

choices for the constraint equation have been proposed in the literature, e.g. [20]. For 

example the parameter s can be made to approximate the arclength of the solution curve 

and [8]: 

c(q,A.,s) = eq~. (q- qo) + (2- e)A.~(A.- Ao)- (s- So)= 0 (10) 

where e is a weighting parameter (0<8<2), s-so is the step length with respect to s, 

differentiation with respect to s is denoted by a prime and (q0,A.o)=(q(s0),A.(s0)). The 

extended or constrained system of equilibrium equations (9) can be written in the form 

{ 
g(q,A.)} 

G(y,s)= c(q,A.,s) =0, (11) 

where y=(q,A.). By the implicit function theorem the solution can be continued from a 
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known solution point (qo,Ao) if the Fn!chet derivative or the Jacobian of G with respect 

to y is nonsingular. 

A.c 

A 

q 

At regular points or limit points [17] 

G = [ ~q(q,A.) g).(q,A.)] 
r cq ( q, A., s) c..( q, A., s) 

(1 2) 

is nonsingular if the vector Cq is not 

perpendicular to the tangent of the solution 

curve [ 17], i.e. the normal vector to the surface 

c(y,s)=O must not be perpendicular to the 

tangent vector of G(y)=O. When Newton's 

method is applied to the extended system (11) 

L.....----:--::--=--:----:---:---:---:--_. it is obtained that 
Figure 1. Equilibrium paths, limit point B and 

bifurcation points A and C gqdq +g). dA. = - g, 

c~dq + c).dA. = - c, 
(13) 

where gq=KT is the tangent stiffness matrix and ~=-p. In order to avoid the problems 

due to unsymmetry of the system (13) it can be solved in two parts [4,5,23] 

with 

dqP = K; 1p 

dq 8 = K;1g 

dq = dqg + dA.dqp. 

From (13b) and (15) dA. can be solved: 

dA. = 
c+cq·dq

8 

C1- +cq · dqP 

In the normal plane constraint method which is a special case of (1 0), Fig.2a, 

t.ql . dqi + t.f>..ldA.i = 0, 

an updated normal plane constraint is 

t.qi . dq i+l + t.A.idA.i+l = 0 ' 

(14) 

(15) 

(16) 

(17) 

(18) 
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Corresponding to ( 18) 

. ~qi ·dqi+l 
d/...'+1 = g 

!)) . .} + ~qi. dq~+l . 

Alternatively, Fried [30] has proposed a method in which (see Fig. 2b) 

dJ..} = - dqp . dq~ . . 
1+dqp·dq~ 

(19) 

(20) 

An advantage of Fried's method is that the starting point of iteration does not have to be 

an equilibrium point [21]. 

;l. /t 
;l.l ----------

).~ --------- ; ____ _ 
a 

;l. 
a 

l q2 
qn+l n+l q 

Figure 2. Nonna/ plane constraint method and Fried's method. 

Bifurcation points and branch-switching 

At limit and bifurcation points the Jacobian 

g~ = gq(qo.A-o) 

q 

(21) 

is singular [8]. The null space of g~ is spanned by linearly independent eigenvectors cp;, 

i=1, ... ,m, where m is the multiplicity of the singular point. The null space is written as 

ker(g~) = span(cp 1, ... ,cpml. !cpJ = 1, i = 1, ... ,m. (22) 

The range of gq is defmed by 

range(g~) = {x e R"j'Jf(x = O,i = 1, ... ,m}, (23) 

where the left eigenvectors 'Jf; are chosen to satisfy 
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T s: . . 1 'Vi<Jli = u;i; l,J = , ... ,m. 

The solution of (7) is studied near (qo,A.o) as a function of parameters: 

g(q(s),A(s)) = 0 

with (q(s0),A.(s0))=(q0,A.o). Differentiating (25) with respect to s yields 

(24) 

(25) 

(26) 

(27) 

where g~q is the second Fn!chet derivative of g at (qo,Ao) and q~ = (dq I ds)ls=so. For 

the solution of (26) to exist it is required that A.~g~ e range(g~), i.e. A~'V; g~ = 0, 

which is possible if 

g~ e range(g~) or g~ E range(g~) but A.~ = 0. (28) 

In the first case ( qo,A.o) is a bifurcation point and in the second case the critical point is a 

limit point. In the fust case there is a unique solution v: 

g~v + g~ = 0 (29) 

with 

'l'Jv = o, j = 1, ... ,m . (30) 

The general solution of (26) can be written in the form 

m 

q~=~ov+I,~i<pi; ~o=A~. (31) 
j=l 

The existence of a solution for q~ in (27) requires that the right hand side belongs to the 

f 0 • 
range o gq , 1.e. 

(32) 

By inserting the solution (31) into (32) necessary conditions for the existence of a 

solution q~ are obtained [8] : 

m m m 

L,L,ail'<~i~k +2I, bii~i~O + C;~~ = 0, i = 1, ... ,m, (33) 
k=l j=l j=l 

where 
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aiil< = a iki = 'I' T g~q <p i<pk, 

bij = 'I'T (g~q v + g~)., lcp i' (34) 

ci = 'I'T (g~q vv + 2g~)., v + g~). 

The homogenous polynomial equations are augmented with a normalization equation 

s~ + s~+ ... +s~ = 1. 

In the case m=1 (33) reduces to 

as~ + 2bsl so + cs~ = o, 
where 

(35) 

(36) 

(37) 

Depencling on the values of the coefficients, different type of behavior is obtained 

(22,11]. Defme first d=b2 -ac. Accordingly, in the case of a bifurcation point: 

a :F. 0, d > 0 gives transcritical bifurcation, 

a = 0, b :F. 0 gives pitchfork bifurcation, 

d < 0 gives isola formation. 

For a limit point: 

a :F. 0 corresponds a quadratic limit point, 

a = 0 corresponds to a cubic limit point. 

The coefficients a, b and c can be calculated analytically elementwise for some simple 

finite elements like for the truss element. In general case they can be obtained by 

numerical differentiation [8]. For positive d two sets of roots of the algebraic bifurcation 

equation (ABE) (36) can be solved and two tangents, one to the primary and one to the 

secondary path, can be constructed. A solution point (q,/..) on any branch is stable if gq is 

positive defmite [26]. In the case of pitchfork bifurcation (a=O) the tangent vector of the 

primary path has the same direction as cp 1=cp, and the predictor step to the secondary 

path can be constructed as [23] 

(38) 
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The scaling parameter ~ can be written in the form 

~ = ±'qcrl, 
t 

(39) 

where the sign determines which branch of the secondary equilibrium path will be 

followed. If the displacements are small at the critical point, then t is typically selected 

from the interval (0.5,5). In the case of large pre-buckling displacements a valid value for 

t is typically between (5, 100). If tis chosen too small, the arc-length method converges 

back to the primary path and in the opposite case, with too large t, the solution 

procedure diverges. When a point on the secondary path has been found, the path 

following can be continued. During the first steps there may be convergence difficulties 

because Kr is nearly singular. Reitinger and Ramm [24] have presented a modification of 

the previous procedure in which a perturbation is applied at the bifurcation point: 

(40) 

A new tangent stiffness Kr( q ) is formed at the perturbed state and path following is 

then started from the critical point. 

a) b) 

L 
Figure 3. Branch-switching methods a) of Ref 23, and b) of Ref 24. 

Especially in the case of multiple bifurcation points the use of ABE becomes 

increasingly difficult. In Refs. [ 16, 17] a direct method for finding the arc directions at a 

bifurcation point Yo=(qo,Ao) is given. If the arcs y(s) passing through am-fold bifurcation 

point are smooth functions of s, then their tangent vectors at y=y(s0) are in 

ker(G~)=span(<f>0, <1> 1, ... ,<1>mL where G~ is the n+1 by n+1 Jacobi matrix of G and 
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<f>iT <f>j = Oij; i, j = Q, .. . , m , cl>o iS an approximation for the tangent VeCtor Of the primary 

path. An affine space is given by 

m 

n = (Yo+ I,aj<I>j/aj E R} 0 

j=O 

(41) 

The direction vectors for arcs intersecting at Yo are given by 

- mi- Yo . - 1 ti-8 1,1- , ... ,q, 
imi - Yoi 

(42) 

where mi, i=1, ... ,q, are the locations of the minima of lg!] on 2JA where AcTI is a small 

region containing yo. The region A can be chosen to be a (m+ 1)-ball of radius £ (Bm+ 1) 

centered at y0• Figure 4 depicts the residual minimization technique in the two 

dimensional case. 

Huitfeldt [17] has developed a method in 

which a perturbation problem is ftrst 

formed: 

g(y) + 'td = 0' (43) 

where 't is a parameter and d is a vector. 

The problem (43) has a two-dimensional 

solution surface. The intersection of the 

surface and the sphere of radius £ around 

Figure 4. The minima of the residual vector g on (y0,0) is a closed one-dimensional curve 

as,..J and the projections of the secondary paths which passes one point on each branch of 

on the tangent plane at the bifurcation point . 
the unperturbed equation g(y)=O, and 't 

changes sign at the points of intersection. The curve can be followed by a continuation 

method for the problem 

[
g(y) + 'td] 

G(y,'t)= c(y,'t) = 0 (44) 

and points where 't=O are searched. In the case of the spherical constraint 

(45) 
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Locating and identifying critical points 

Consider simple critical points. The eigenvalues of the tangent stiffness matrix are 

calculated from 

(KT - rol)q> = 0 . (46) 

At a singular point one eigenvalue is zero and corresponding to that eigenvalue detKT=O 

and from (46) KT<p=O. An extended system can now be formed for calculating the limit 

point at which q>Tp~ [29,11]: 

(47) 

The last equation in (47) is a normalizing constraint, for example 

(48) 

where e; is the i:th basis vector in Rn. The equation system (47) can be solved by a 

bordering algorithm without the necessity of actually solving the system of 2n+ 1 

equations [13]. The solution of (47) converges quadratically towards the critical point 

and eigenvector. In this study a bisection method, e.g. [23] with the smallest pivot of KT 

as a test function, has been used for detecting critical points on the equilibrium path. It is 

simpler than (47) but its convergence rate is linear. 

At a critical point according to (28), (for simple critical points. Multiple limit point 

bifurcation is considered in [9]), 

I T . T 
A0q> g~.. = 0 or & 0q> p = 0 , 

where & = A.'~s and p = -g~... At a limit point A.'= 0 and at a bifurcation point 

q>Tp=O. 

The current stiffness parameter 

S = &k.1qt·P 
p &1.1qk. p 

(49) 

(50) 

(51) 

introduced in [10] goes to zero when a limit point is approached. Therefore Sp can be 

used in detecting limit points. However, it cannot be used in finding bifurcation points. 

At a limit point the path tangent and the eigenvector q> have the same direction. Near the 

critical point the path tangent can be approximated by 
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t _ qcr - qn-1 
- ~qcr - qn-11' 

(52) 

where Qn-l is the last calculated point before the critical point A test function for the 

critical point can also be defmed by 

a = arccos(t · q>) (53) 

where l<l>i = 1 and a can obtain values between 0" and 180 ". If a is small, the critical 

point is identified as a limit point However, the detennination of the tangent vector t 

near the critical point may be sensitive to the chosen step length in some complex cases. 

Computation of the test functions is not costly. Therefore, for maximum reliability, one 

should use all available information when identifying the critical points. 

SOME ONE-DIMENSIONAL FINITE ELEMENTS 

Truss element 
A total Lagrangian truss element is obtained by linear interpolation of the displacement 

components in a local (x,y,z)-coordinate system, where x is the bar axis and L is the 

element length: 

u=N1u1+Nzuz, v=Nlvl+Nzvz, w=N1w1+Nzwz, where N1=1-x/L, Nz=x/L. (54) 

The only component of the Green-Lagrangian strain tensor is 

(55) 

where c=E"" in the local coordinate system and ( )'=d( )/dx. For an elastic bar cr=Ee. 

Inserting the displacement interpolation functions into the virtual strain formula yields 

&: = B8q, (56) 

where 

B = (0 + u' )N' v' N' w' N'] and 8q = [O<t~ oq~ oq: r, (57) 

i.e. 8q is a 6x1 vector containing the virtual nodal point displacements and N=[N1, N2]. 

The element contribution of the internal virtual work is 

(58) 
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where o=Sxx is the only component of the second Piola-Kirchhoff stress tensor. The 

internal force vector of an element e is defined as 

r. = I BTadV. (59) 
v. 

Incrementing the right hand side of (59) yields the tangent stiffness matrix: 

I BT dcrdV +I dBT<JdV = K~dq = (K~I + K; )dq' (60) 
vc vc 

K~1 = IBTEBdV , K; =I diag[N'T aN' NT aN' NT aN'}iV. (61) 
vc ve 

In the algebraic bifurcation equation (36) the derivatives of gq are needed. Denote [ 11]: 

(62) 

An analytical derivation for the derivatives of gq is possible in the case of the truss 

element. Consider only the 2D-case in which 

and 

1 1 
a= E(u'+-u' 2+-v' 2

) 
2 2 

(63) 

g,<p = {f. B'EBdV + 1. diag(N'' crN' N'' crN' }lv r. (64) 

:::)h.= (gqcp)qdq =I (dBTEB+BTEdB+diag[NT daN' NT daN'PdV.cp, (65) 
v, 

in which 

dB= (du' N' dv' N'] and da =Ell£= EBdq. (66) 

From the above formulas it is now rather straightforward to compute the coefficients in 

the algebraic bifurcation equation in the case of 2D-truss. 

Timoshenko beam elements 

Consider a beam in a local (x,y)-coordinate system [27]. Assuming that the normals of 

the beam axis remain straight during deformation, the displacement components of an 

arbitrary point P of the cross section are 
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(I(x, y) = u(x) - ysinq>(x), 

~(x , y) = v(x) - y(l - cosq>(x)), 
(67) 

where q> is the rotation of the cross section. The Green-Lagrangian strain components 

corresponding to (67) are 

E = u'+~ u' 2 +~v' 2 -yq>' [(1 + u' )cosq> + v' sinq>] + ~y2 cp' 2 , 
y = - (1 + u' )sinq> + v' cosq>, 

where e=E"" and y=2Exy. Inserting the finite element interpolation formulas 

u = I, N;u;, v = I, N;v;o q> = I, N;q>; 

into the virtual strain formulas yields 

contains the virtual displacements connected to node i. 

The first part of the element tangent stiffness matrix is 

K~1 = JBTDBdV, D = diag[E G], 
v, 

(68) 

(69) 

(70) 

(71) 

when an elastic material is considered. The geometric stiffness matrix is obtained from 

(72) 

where S=[Sxx. Sxy]T is the vector containing the Fiola-Kirchhoff stress components. The 

strain-displacement matrices in (70a) containing trigonometric functions of rotation q> are 

highly nonlinear. By adapting an updated Lagrangian formulation the strain formulas can 

be simplified to incremental quantities 

1 1 
/),£ = L1u' +- L1u' 2 + - L1v' 2- yi1q>', 

2 2 (73) 

L1y = L1q> + L1v' , 

where L1E and L1y are functions of the incremental displacements L1u and L1v between the 

configurations C1 and C2, where C1 is an equilibrium configuration. The geometry is 

updated after every step when equilibrium is obtained. A very simple element capable of 
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modelling large displacement beam, frame and arch problems is obtained if linear 

interpolation is taken for u, v and q>. 

NUMERICAL APPLICATIONS 

Deep hinged arch 

A hinged deep circular arch is depicted in Fig.5. The arch is modelled by 30 two-noded 

Timoshenko type frame/arch elements and the geometrical non-linearity is handled by the 

updated Lagrangian formulation. Fried's method is used for path following. It also works 

better than the normal plane method when the eigenmode injection technique is used for 

branch-switching. The calculated equilibrium paths are shown in Fig.5. 

20 

15 

0 

-5 

\R 
-10 

80 80 

-15 
0 10 20 30 40 50 60 70 80 90 

deflection of the apex 

Figure 5. Deep hinged arch, equilibrium paths. 

The techniques of references [23] and [24] performed well in branch-switching. The only 

difficulty observed, was in continuing after the limit point, if the first solution point was 

very near the limit point. Table 1. shows the values obtained at the different critical 

points of the example arch for the test functions (50), (51) and (53). 
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Per Sp <j)Tp angle a. 

1<pm~ 

13.1 (prim. path) 0.14 1.20 33° 

15.5 (prim. path) 3.104 33.0 0.20 

-7.1 (sec. path) 2.00 7.10.2 30 

Table 1 . Test function values at critical points for the deep arch. 

From Table 1 it can be seen that at the first critical point all the test functions have 

difficulties in identifying it as the bifurcation point, but if et.=33° is not considered as a 

'small' angle, then the test function a. performs properly (the test function a. needs 

further consideration: it must be tied to the step length and path curvature; for instance in 

axially compressed shells there can be rapid changes in the path curvature). The second 

critical point was identified as a limit point by all the test functions. However, at the third 

limit point Sp and the orthogonality test (50) did not act reliably. It should be noticed that 

all the three test functions are theoretically correct, but their behavior is sensitive for 

parameters (e.g. step length) of the used continuation method. 

Symmetric two bar truss 

The simple test structure, a two bar truss, depicted in Fig.6 is from [12]. The equilibrium 

paths are shown in Fig.6, too. 

0.25 

0.2 

0.15 

0.\ 

0.05 

2 p 0 

-o.o5 

-Q. \ 

-Q.\5 

.0.2 

.0.25 

Figure 6 . Equilibrium paths of a two bar truss. 
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At the first bifurcation point the vertical displacement is v= 2 - .J2 "' 0.5858, which is 

obtained also by the numerical method. The bifurcations are of the symmetric pitchfork 

type and the coefficient a of the algebraic bifurcation equation is zero. 

Asymmetric two bar truss 

0.5 

-u 

~.5 '---7,;---;;-!;-~:---;;7--:---:'::-7:---:'-:---:':--
. I ~. 6 ~.6 ~. 4 ~. 2 0.2 0.4 0.6 0.6 

v 

Figure 7. Asymmetric bifurcation problem. 

Consider a plane structure 

consisting two bars, Fig.7. 

It is modified from a test 

example of Ref. [28]. The 

rigidity of the inclined bar is 

EA= 1 and for the horizontal 

bar EA=10. With this 

example the branch-

switching procedure based 

on ABE and the technique 

of Ref. [24] are tested. The 

structure exhibits trans-

critical bifurcation as shown 

in Figure 7. In Table 2 the 

predictor-step values OpA., 

Bpu and Bpv for switching 

into the secondary path are 

given. 

ABE Reitinger-Ramm 

left branch right branch left branch right branch 

80 0.10 -0.10 0.10 -0.10 

Bpu -6.30*104 6.30*104 -1.27* 10'2 1.14*10'2 

Bpv -5.64*10'3 5.64*10'3 -8.57* 10'2 3.80*10'2 

Table 2. Predictor-step values 1n branch-swllchmg. 
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In the method of [24] the parameter value 1:=5 was assumed and the step length in the 

arc-length method was 0.10. Both methods were successful in branch-switching. The 

method based on ABE gave a more accurate approximation to the secondary path. 

Supported mast 

A guyed mast structure shown in Fig.8 is used to test branch-switching at a double 

bifurcation point. Originally the mast example was constructed to model a double cusp 

catastrophe [25]. In the original study the mast was assumed infinitely rigid. In the 

present numerical test the structure was modelled by five 3D truss elements with 

rigidities EA= lOO for the vertical bar and EA=-fi I 4 for the supporting inclined bars. 

The geometrical nonlinearity was taken into account by adopting the total Lagrangian 

formulation. 

0.4 

0.3 

p 
0.2 

0.1 

0 
·1 

.0.5 
0.5 

0.5 .0.5 v 
u 

1 ·1 

Figure 8. Supported mast and equilibrium paths: priTTUJry path and secondary paths emanating from the 

double bifurcation point. 

In this example the residual minimization technique proposed by Kearfott [ 16] was 

used in locating the secondary paths by minimizing lgf, and it was combined with the 

technique of Ref. [23] in moving to the secondary path. 

Shallow dome truss 

A star-shaped dome truss is considered in this example. The dimensions are shown in 

Fig.9. The dome is loaded by several equal point forces placed symmetrically with 
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respect to the dome plan. The behavior of this seemingly simple example is, however, 

very complex. On the primary equilibrium path there are five bifurcation points and two 

limit points. Three of the bifurcation points are double critical points. By considering also 

the secondary branches, 51 bifurcation points can be found [26]. The finite element 

model consists of 24 3D truss elements with EA=lOOO. The equilibrium equations are 

formed by using the Eulerian description, and for path following Fried's method is still 

used. The primary path is followed beyond the first limit point and the secondary 

branches from the primary path are constructed. For the load parameter P the following 

critical values were obtained: 0.32, 0.50, 0.94 and 1.03, which are the same as reported 

by Healey [26]. The first critical point is a simple bifurcation point. After branch

switching a double bifurcation point was met on the secondary branch, at the load 

parameter value P=0.251. The second critical point P=0.50 on the primary path is a 

double bifurcation point, at which three secondary paths branch. Fig.lO shows a detail of 

the equilibrium paths in the vicinity of the critical point P=0.50. 
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lql 

Figure 9. Shallow dome truss, equilibrium paths. 

Healey [26] has obtained the equilibrium paths for the dome by constructing 

several reduced problems of the dome truss by group-theoretical considerations and by 

utilizing symmetry. Three different constrained structures can now be created so that the 

critical point P=0.50 becomes a simple bifurcation point for each substitute structure. 
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The numerical methods had 

difficulties in switching to 

the lower secondary branch 

at P=0.50 but by applying 

constraints in the spirit of 

Healeys method it 

succeeded. Due to 

symmetry the three 

secondary paths look the 

same in the (P, lq~ )-plane. 

Branch-switching at P=0.94 

Figure 10. Detail of equilibrium paths near double bifurcation point could be performed without 

at P=050. difficulty. 

CONCLUSIONS 

The solution of non-linear equilibrium equations, the detennination of equilibrium paths, 

the detection of limit and bifurcation points and branch-switching are considered. Several 

methods and techniques have been programmed into a computer program and test 

calculations have been performed on representative truss and arch example structures. 

For simple bifurcation points, especially for the most common type of symmetrical 

bifurcation, reliable branch-switching techniques exist. Tentatively, also some recently 

introduced techniques, capable of handling also multiple bifurcation points, have been 

considered. In the next stage more emphasis will be directed towards dealing with 

multiple bifurcation, and also the imperfection sensitivity will be studied by introducing 

an extra parameter into the equilibrium equations. 
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