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A simple computer program for the structural analysis of eccentrically loaded columns in fire conditions 

is presented. In the program a pin-ended column is studied. The spatial discretization in the axial 

direction is carried out by uniform difference mesh. One dimensional material models developed for 

Eurocodes and in Technical University of Brunswick are used. Forces and moments in the cross-section 

are integrated using finite element discretization and Gaussian quadrature formula. The validity of the 

approach is established by comparison with available test results and analytically derived data of proven 

accuracy. 

INTRODUCTION 

Calculation of the fire resistance of column is carried out in various steps. It involves 

calculation of the fire temperatures to which the column is exposed, the temperatures 

in the column cross-sections and deformations and strength of the column during the 

fire exposure. 

In the thermal analysis temperature distribution in the cross-section is determined. At 

free surfaces of the column heat is transferred by convection and radiation. These 

phenomena are complex and difficult to model, but approximate formula can be used. 

Convective heat transfer is calculated by using Newton's law and radiation heat flux 

from surface is calculated using by Stefan-Boltzmann equation. Heat conduction is 

described by the heat balance equilibrium equation and with the well-known Fourier

law. Applied to composite structures some simplifications /1/ are necessary; 

water vaporizes once it has reached its boiling point, 

consumption of energy for vaporizing the water and other similar peculiarities 

are taken into account in a simplified way by suitable design values for the 

specific heat-capacity of concrete with up to 200 °C. 
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Program used in the present paper for temperature calculations is LIPA-program 

developed by SUBNIC OY (2/. In LIPA-program fmite element method in connection 

with conditionally stable time integration scheme is used to calculate the temperature 

distribution in the cross-section. 

STRUCTURAL ANALYSIS 

In VTT Fire Technology Laboratory a simple computer program (about 1000 

FORTRAN 77 lines) called SWEAT is developed. This program predicts the fire 

resistance of eccentrically loaded rectangular reinforced concrete infilled steel hollow 

sections. The program can be used also for reinforced concrete or bare steel columns. 

Fig. 1. Finite difference mesh used in load-deflection 
analysis in SWEAT-program. 

For the structural analysis of columns finite difference method is used /3/ in the 

program. The program is used for simple case of pin-ended column. The spatial 

discretization in the axial direction is carried out by uniform difference mesh (fig. I), 

with mesh size Ax . In an arbitrary finite difference node the deflection is v 1 . 
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Equilibrium equations 

Equilibrium equation for pin-ended column is as follows 

where 

Ni =N0 

Mi=N0 (e+v; - vi) 
(1) 

is external normal force, 
deflection at node i at approximation iteration step j 
deflection at the end of the column at approximation iteration 
step j 
eccentricity of the external load, 
moment and normal force at approximation iteration step j 

Here origin of the co-ordinate system is assumed to follow the deformed column at 

midspan. Because the problem is geometrically nonlinear, normal force is increased 

incrementally, and to find out if an equilibrium state is possible for an axial load and 

a given eccentricity an iteration process of successive approximations is used inside the 

force increment step. Reasonable starting values for deflections are the deflections of 

the previous equilibrium state. 

The problem is also materially nonlinear and therefore one has to calculate iteratively 

the magnitude of curvature K1 and strain ei at central axis of the column cross

section. This is done by using modified Newton-Raphson method in a following 

manner: 
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where 

(
Nf-Ni'k] 
M

j .. "i,k 
i -1'11 

am·k am·k 
ae ---aie 
aMJ_·k aMJ_·k 
ae ---aie 

(2) 

are nonnal force and moment in fmite difference 
node i at k:th Newton-Raphson iteration step during 
j: th approximation iteration step. 

Inserting equations of stress resultants and strain 

(3) 

where is total strain 

e force induced strain at central axis of the cross-section 

e th is thennal strain 

JC force induced curvature strain 

to the matrix equation (2) one gets a matrix equations (4, 5) from which strain and 

curvature corresponding certain moment and nonnal force N1, Mf can be solved ite

ratively. 

(4 ) 

6 



Discretization of the column 

d,k+l = d'k+lSd·k+l 
K1 ,k+l = K1 'k+lS K1 'k+l 

The curvature K at certain point may be approximately calculated as follows : 

(5 ) 

(6 ) 

As in the middle of a pin-ended column v1 =v _1 and v0 =0 are valid, it follows 

that 

(7) 

so it is possible to calculate the deflection v1 in the next node if the curvature is 

calculated using equations (4) and (5). In general it follows from equation (6) that 

(8 ) 

Using this equation it is possible to calculate deflection at each point from the results 

of earlier calculated deflections. Thus deflection at the ends of the column is deter

mined. This deflection is the midspan deflection if the origin of coordinates is changed. 

Axial displacement is calculated using the well known von Karman formula for strain: 

(9) 

From this equation axial displacement of each point can be solved with a forward 
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difference scheme using deflections calculated from (7) and (8): 

(10) 

Integration of normal force and moment 

Temperature field of the column cross-section calculated at different time steps by using 

LIP A-program is read to the SWEAT -program as input data. One quarter or one half of 

the column cross-section is divided to elements with the same element mesh as in the 

thermal analysis. Moment and normal force are calculated at each element k by using 

Gaussian quadrature formula /4/ as follows: 

where 

and 

N = Lk ~kLi LJ HiHjo (8ii' (J, TJ) 
(11} 

M = Lk ~kLi LJ HiHJY(TJi) o (8iJ' (J,T]i) 

Hi, HJ 

eij 

C _ zJ - zc 
r-a-

yi-Yc 
T]i=-b-

are weight coefficients of quadrature formula, 

is temperature in Gaussian integration point i,j 

are natural local co-ordinates (see fig.3 ) of the 

Gaussian integration points. 

In the formulas above it is assumed that shape functions of the temperature field are 

linear Serendip-type: 

(12) 

where Qk are temperatures in the element nodes. 
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Fig. 2. Element mesh of the cross - section and natural lo 
cal co- ordinates of the elements. 

1 
N1 ='4 (1 - (J) (1-Tl.t) 

N2=i (1+(j) (1 - Tl.t) 

1 
N3 = 4 (1+(J ) (1+11i) 

1 
N4 = 4 (1 - (j) (1 +11 i ) 

MODELS FOR MECHANICAL PROPERTIES 

Eurocode models 

(13) 

In Eurocode No. 2, Design of Concrete Structures /5/ and in Eurocode No.4, Design of 

Composite Structures /6/ a simple one dimensional nonlinear elastic model for strength 

and deformation properties of uniaxially loaded concrete in compression at elevated 

temperatures is presented (Fig.3). Values for model parameters, relation between 

compressive strengths and strain, are given in Eurocode No. 2 as a function of the 
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concrete temperature for both siliceous and calcareous concretes. 

Strength and deformation properties of steel at elevated temperatures according to the 

Eurocodes are characterized by a set of stress-strain relations as shown in the Fig. 4. In 

the Eurocode model yield plateau at different temperatures is reached at 2 % strain. 

Brunswick model 

A nonlinear elastic one dimensional material model developed at Technical University 

of Brunswick (TUBS) n, 8/ may be used for stress-strain calculations of both siliceous 

concrete and different steel qualities. Stress-strain curves for structural steel and steel 

siliceous concrete are shown in Figures 5 and 6. Coefficients of the model for siliceous 

concrete and several structural and reinforcing steel qualities are given in /8/. 

Thermal expansion 
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Fig. 3. The stress-strain relations of siliceous concrete 
according to Eurocode model /5/. 
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Fig. 4. The stress-strain relations of structural steel 
according to Eurocode model /6/. 

Thermal expansion of both concrete and steel is calculated by using equation (14): 

(14) 

Coefficients ek given either in Eurocode or in Brunswick model are used. 

EXAMPLES 

Euler buckling at ambient temperature 

In the SWEAT-program load is increased stepwise. Calculated axial force-displacement 

is dependent on the load increment which can be seen in Fig. 7, where midspan deflec

tion of an elastic column at ambient temperature has been calculated by using two 

different load increments. 

11 



1.0 

G 
0 
e 0.8 
g 
"3 
g 0.6 
bJl 

~ 
~ 0.4 

en 
. . 

·······r·········r··········r·········r··········r········· 
: : : l : 

O.O+"'-...--+--.-+--.-+-.---+-.---+-.-+-.--t-.----t-..-+-...,.---J 
0 2 3 4 5 6 

Epsilon (prom.) 
7 8 9 10 

Fig. 5. The stress-strain relations of siliceous concrete 
according to Brunswick model /7, 8/. 
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Fig. 6. The stress-strain relations of structural steel 
according to Brunswick model /7, 8/. 
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Fig. 7. Force-displacement curve of a pin-ended column, 
P. = Euler buckling load. 

Axially loaded steel columns at elevated temperatures 

In a paper by Vandamme and Janns /9/ a series of full scale tests made at the Univer

sity of Ghent as well as tests made by Olesen at Aalborg University on centrally loaded 

steel columns at elevated temperatures are described. 

Figure 8 shows the stress results of 29 tests against the theoretical results obtained by 

SWEAT-program with using lengthwise 22 finite difference nodes and the Eurocode 

steel model. In figure 9 cumulative distribution of the relations of test result and calcu

lated result is shown. 

Also all the 60 test results (Vandamme & Janss /9/, Olesen /9/ and Knublauch et a!. 

/10/) have been calculated by using an elementary limit state method of Eurocode N:o 

3, Design of Steel Structures /11/, with factor 1,2 and also by using the method 

presented in Finnish design code B7 /13/ (nearly the same as ECCS-method). Both 
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methods adopt the European buckling curve c. Cumulative distribution of the relation 

of test results and calculated results (with material safety factor 1) are also shown in 

Fig. 9. As it can be seen a simple method of Eurocode N:o 3 gives almost the same 

cumulative distribution (25-30 % unsafe) as a more general finite difference method 

SWEAT with Eurocode steel model. When material safety factor is 0,9, as Eurocode 

N:o 2 assumes, 46 % of the test results are on the unsafe side when the simple method 

of Eurocode No.2 is used. When calculating with standard B7 (ECCS) method, 97 % 

of the results are on safe side. 

Composite columns 

In the following, results of the SWEAT-program have been compared to the results 

calculated with LIPA-program, which adopts the European buckling curve c in the 

analysis of composite columns. In the analysis LIPA needs functions for compression 

strength of concrete and yield strength of both structural steel and reinforcement. 
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Fig. 8. Stress results of tests against theoretical re
sults calculated with finite difference method. 
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Fig. 9. Cumulative distribution of relations between test 
stress and calculated stress. 

Temperature dependence of tangent modulus (for zero stress) derived from the Bruns

wick model has been used for both concrete and steel. Thermal properties have been 

those used in the Finnish Fire Technical Design Manual for Composite Columns /12/. 

Calculated results have also been compared to the results of STABA-program /1/ 

developed in Technical University of Bnmswick. STABA-program is based on finite 

element method. In ST ABA-program thermomechanical properties of steel and concrete 

are based on the Brunswick model. 

Following composite column has been studied, 

square hollow section 

steel grade 

standard ftre resistance: 

reinforcement: 

300 x 300 x 12,5 mm, 

Fe 52 

A30 

8 ~ 20 mm grade A500H 

15 



Normal force-horozontal dell. A 30 

sooo .L~1oo?mm·--·l····-· --· · -· ! - -· ---- · - -·-l· · ·- -·--·-- ·!-··· ---- ---j-- - · - - - ·-··-f-- - ----- - ·-
r L=3ciJo mm l l l l l l 

~ 4000 --··--· -·-·l·-· ---·-···t···-···-·-·1···--·-··-·t····-··--··1·--------·-j·····----·· ·t··---· ·· ---
z 
~3000 
.g 
ro 
§ 2000 
0 z 

: : : : : : : 
-------- ---t-----------+------- -- --;---------- -+- ------ --- -;-----------1------------r--------· ·-

: 1 : : : : : 

..... I.L~5QQ~mm .... l- ---.. -.. ) ---- --..... l ........... j .. .. ..... ...[ .......... . 
l L=6ood mm l l l L=~ooo m~ 

1 ooo -··- .. ·-·-j-··-- .. ····t·-...... -- -1- .. ·---.. ··f .......... .L... : L~9o~a·~-~ .. 

0+----+----r----r----r----r--~r---~--~ 
0 50 1 00 150 200 250 300 350 400 

Horizontal deflection v (mm) 

Fig. 10 . Normal force - deflection curves of a square hollow 
section 300x300xl2,5 calculated with SWEAT. 

Following values of material parameters have been used: 

compression cylinder strength of concrete: 

yield strength of structural steel: 

yield strength of reinforcement: 

34 N/mm2 

355 N/mm2 

500 N/mm2 

In Fig. 10 nonnal force N-deflection v curves calculated with SWEAT-program for 

columns of different length are drawn. Temperature field calculated by LIP A-program 

corresponding time t=30 min has been used as input data for SWEAT -program. In fig. 

11 axial load capacities of the column for a fire grading A 30 derived from fig. 10 are 

shown as a function of the buckling length. Capacities calculated by LIP A and ST ABA 

programs using Brunswick model are also shown in Fig. 11. 
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Fig. 11. Buckling capacities of concrete filled square 
steel hollow section 300x300x12,5 calculated with 
LIPA, STABA and fini.te difference program SWEAT. 
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