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Present study details the transfer matrix vibration analysis of 
concrete deck slabs elastically supported by steel members of 
composite bridges. Transfer matrix method provides a concept 
for the approximate solution of a problem submitted and is ac 
tual for the solution of various types of composite bridges. 

Generalized vibration analysis on the basis of the transfer ma 
trix method is put forth. Transfer matrices dealing with dyna 
mic analysis of the deck slabs of composite bridges are deri 
ved. Formulated are the requirements for development of the 
problem-oriented algorithms of the discrete streamline type, 
on the basis of transfer matrix method, adopting the vector 
processing facilities of modern computers. Direct time integra 
tion methods combined with the flow-chart of the transfer mat
rix method are applied. Numerical experiments dealing with the 
problems specified are presented and evaluated for the actual 
solutions of the natural mode vibration of the deck slabs of 
composite bridge structures. Conclusions for real applications 
are submitted and discussed. 

INTRODUCTION 

Most of the research work within the field of bridge engi
neering aims at the development of more economical and functio 
nal structures with an acceptable serviceability and safety. As 
a part of theoretical studies advanced computational models ha
ve been developed in order to obtain reliable informations on 
the behaviour of bridge structures in the limit state situa
tions of exploitation.- However, the solution of most large-sca
le linear and especially nonlinear transient structural pro
blems is still not economically feasible when applying such mo
dels. This raised the question as to whether the use of vector 
processing computer systems might result in managing of advan
ced analyses of structural systems of composite bridge structu
res. 

During the period of development of the finite element techni -
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ques the transfer matrix method of discrete structural analysis 
also advanced significantly. In contrast to the finite element 
method, the transfer matrix method is a solution procedure wor
king with a discrete mesh simulated by movable finite elements . 
The analysed discrete simulation is modelled during the motion 
of elements over the structure. The transfer matrix method has 
the streamline character suitable for the vector processing 
algorithms . From such point of view the transfer matrix method 
is a more efficient procedure in comparison with the finite e
lement method. There exists a significant difference in the 
number of unknowns that must be determined in order to complete 
the analysis. Since these two numerical methods have different 
strengths and deficiencies, the advantages may be gained by 
combining both concepts for effective utilization of present 
computer techniques . 

This paper presents the derivation of transfer matrices suitab
le for the solution of static and dynamic behaviour of the deck 
slabs of composite bridge structures. Such plate members are e
lastically supported by steel elements of composite bridges 
whereas the elastic characteristics depend on the stiffness pa
rameters of supports which are variable along the span of brid
ge structure studied. Especially moving dynamic loads can ini
tiate resonance vibrations of the deck slabs resulting in the 
limit state behaviour of such members. The discrete solution 
approach of such problems is submitted. 

THEORETICAL ANALYSIS 

The determination of the transfer matrix for rectangular plate 
member as shown in Fig. 1 will be performed first of all. The 
differential equation of the general dynamic behaviour of a 
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Fig. 1. Analysed rectangular slab member 



deck slab member located in the Cartesian coordinate system x 
-y-z is given by (see, for example, reference (1)) 

AB4 (v) + 2_!!_F2 (v) + _!!_D4 (v) + 2~B3 (v) -
X2 X4 X X X 

= Q- m C2 (v) - c C(v) (1) 

A, H and N 
quat ions 

are the plate stiffness parameters defined by e-

A EJx , N = EJY , H = GJT , (2) 

with corresponding plate rigidities in flexural and torsional 
modes of vibration of the plate member studied. Furthermore, D, 
B,F and C are the additional differential operators expressed as 

c = a;at . ( 3) 

m is the element mass, vx is vertical displacement, c is the pa
rameter of internal damping and Q is the external dynamic load 
assumed. Displacements and loads are the functions of time t. The 
longitudinal and transverse dimensions of the plate studied are 
1~ and lR, respectively. Simple supports are assumed on the 
longitudinal edges and arbitrary (elastic) boundary conditions 
can be simulated on the shorter edges of the rectangular slab 
member studied. 

For determining of the transfer matrix of the problem, 
expansion of the form 

vx=L Rnsin(l..y) (4) 
1 

a series 

is assumed for the vertical displacement vx. Here, Rn is a func
tion of coordinate z and the parameter A is given by 

A. = nn I 1 R , ( s ) 

Arbitrary transverse edge boundary conditions 
the function Rn. By introducing a new variable 
(1) can be transformed into expression 

are specified by 
~=ln z, equation 

AS4 (Rn) - 4AS3 (Rn) + (5A-2HI..LN) S 2 (Rn) + 

with operator S=d/d~ and by neglecting the right hand side of Eq. 
( 1) . 

When assuming a solution of the form Rn = e·~, the four roots of 
the characteristic equation of the problem studied are given by 
expression 
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si =±J(0.5(a+2wX2 +1) .± (0.25(1+a+2Xw) 2 ) 2 

-..; ((};:L1)2-a) + 1, (7) 

where 

a=N/A , w=H/A (8) 

Recalling the variable transformation ~=ln z, the series s olution 
for the displacements reduces to the expression 

vx = L (C1 Z
51 +C2 z 52 +C3 z 51 +C4 z 5

') sin(l..y) . (9) 
1 

This type of solution, however, will yield terms of high magnitu
de even for moderate values of the roots s 1 , s 2 , s 3 and s 4 • To 
produce a more accurate solution, a new term z is introduced such 
that 

Z=z/z0 , (10) 

where z 0 is the distance to the outside edge of the plate studied 
in longitud~nal direction lK. Redefining the constants of equa
tion (9) 

the final form of the solution may be derived as follows 

vx = L (A1 Z 51 + AzZ 52 + A
3
Z 51 + A 4 Z

5
') sin(l..y) . (12) 

1 

Taking account of substitutions 

then the individual state components for the determination of the 
corresponding transfer matrix between the edges of studied plate 
element can be written as 

L (A1 +A2 +A3 +A4 ) Y = vk, (14) 
1 

L (A1 s 1 +A2 s2 +A3 s 3 +A4 s 4 ) Y = cj>k, (15) 
1 

LAY(A1 S 1 t 1 +A2 s 2 t 2 +A3 s 3 t 3 +A4 s 4 t 4 )/z
2 = Mk, (16) 

1 

6 



LAY(A1 (s1 t 1 -2PA.2 t 1 -a (s1 -A. 2 )) + 
1 

where vk, ~k' Mk and Qk are flexural displacements, corresponding 
slopes, flexural moments and lateral forces, respectively. 

Analogous technique can be used and similar expressions may be 
derived for the analysis of the torsional behaviour of the plate 
member studied (see, for example, reference (1)) . 

Analogous analyses dealing with the determination of the nodal 
matrices of the slab members have been made in above publication 
(1) and are available there. 

Both types of matrices are adopted in the algorithm of the trans
fer matrix method, taking into account the vector- oriented faci
lities of the approach submitted and are used for the numerical 
calculations presented below. 

MIXED DISCRETIZATION IN TIME 

Implementation of the combined Newmark - Wilson technique for di
rect time integration of corresponding equations of motion, into 
the algorithm of the transfer matrix method (see reference (1)), 
is given by the following set of operations: 

A. Initial stage of solution 

1. Calculation of displacements r(t), velocities r(t) and accele
rations r(t) for the assumed loads and configurations of the pla
te member studied, using the transfer matrix approach. 

2. The choice of the time step Ot and of the parameters y, p and 
ocr=e ot. 

3. Calculation of integrator operators 

4. Formulation of the effective stiffness as 
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and its incorporation into corresponding transfer matrix of the 
problem studied. 
Actual realization: The mass parameters in the nodal matrices a-
re multiplied by the integration operator a 0 • The parameters of 
damping c(t), present in corresponding moduli of elasticity when 
using the hysteresis theory of internal and external damping in 
accordance with reference (1), are to be multiplied by the parame
ter a 1 • 

B. For each time step 

5. Calculation of effective loads 

6. With rigidities k(t) and loads op(t), using the transfer matrix 
method, there are to be calculated the increments of displacements 
Or(t). 

7. Calculation of accelerations r (t+Ocr ) 

.f(t+~a)=a0~r(t)-a2i(t)-a):(t)+i:'(t) . (21) 

8. Calculation of accelerations r(t+Ot) 

i:'( t+~ t) =.f( t) + [.f( t+~o> -r < t) l /e (22) 

9. Calculation of velocities r (t+Ot ) 

r(t+~t)=r<t>+<l-y>r<t>~t+~r(t+~t>~t. (23) 

10. Calculation of dynamic deformations 

r(t+~t)=r(t)+i(t)~t+(O.s-p)r(t)~t2 +Pr<t+~t)~t2 • (24 ) 

C. Repeating of the calculations for the following time steps 

Present approach allows the solution of the time response of the 
deck slabs subjected to various kinds of dynamic loads occurring. 
Analysed can be the influence of moving loads with impulsive, pe
riodic or aperiodic forcing components and the corresponding time 
response of analysed deck slabs. The solutions of linear and non
linear problems of dynamic limit state response of plate and shell 
structures using present approaches are available, for example, in 
references (1), (2), (3) and (4). 
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NUMERICAL EXPERIMENTS WITH DISCUSSION 

Studied is a rectangular reinforced concrete slab with dimensions 
2980 x 590 x 10 mm, as shown in Fig. 2. In longitudinal direction, 
in distance 15 mm from the lower edge of the slab are positioned 
longitudinal reinforcing steel rods having diameter 8 mm and loca
ted 120 mm apart in the transverse direction. Young's moduli of e
lasticity were measured and given by the values 26.5 and 40.0 GPa 
for concrete and 210 GPa for steel reinforcing rods used. 

The panel was assumed to be elastically supported on the shorter 
edges by line rubber supports in transverse direction. The elastic 
characteristics of the rubber supports used were found to have 
the constant values 4000 N/m. 

590mm 

] 100 mm 

astic supports 

Fig. 2. Geometry of the studied slab member 

Present problem was investigated numerically and experimentally in 
accordance with the development and erections of several new types 
of cable-stayed bridges on the basis of composite structures in 
Czechoslovakia. 

Due to fabric imperfections the distinct variability of the moduli 
of elasticity of concrete has been found in the interval 26.5 un
til 40.0 GPa. Therefore, two above mentioned values have been used 
for the numerical analyses performed. 

Assumed elastic supports simulate the boundary conditions of the 
slab when located on the load-bearing steel elements used in com
posite bridge structures. 
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Fig . 3. Mode No. 1 f or elasticity modulus 26.5 Gpa 
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Fig. 4 . Mode No . 1 for elasticity modulus 40.0 GPa 
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3. -RO MODE OF VIB RA TION FOR FR: 20 .57 Hz. 
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Fig . 7 . Mode No . 3 f or elasticity modulus 26 . 5 GPa 
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Fig. 8. Mode No. 3 for elasticity modulus 40.0 GPa 
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Fig. 13. Mode No. 6 f or elasticity modulus 26.5 GPa 
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Fig. 14. Mode No. 6 for elasticity modulus 40.0 GPa 
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Mode No. 7 
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Fig . 17 . Mode No. 8 for elasticity modulus 26.5 GPa 
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Fig. 18. Mode No. 8 for elasticity modulus 40.0 GPa 
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Theoretical concepts mentioned above have been used for numerical 
calculations of natural vibrations of studied panel. Calculated 
was the spectrum of natural frequencies with corresponding modes 
of vibration for both values of the moduli of elasticity assumed 
above. Present analysis submit the imagination about dangerous re
sonance regions of vibration of the panel in flexural and torsio
nal modes of oscillation as well as about the influence of the va
riability of the material parameters on the resulting behaviour 
in limit state situations when the panel is submitted to dynamic 
loads. 

The results obtained are illustrated in the set of figures 3 until 
18. For the values of the elasticity moduli assumed, the spectrum 
of natural frequencies and modes of vibration in flexural and tor
sional oscillations is presented. For both studied values of the 
moduli of elasticity the first three found modes and corresponding 
frequencies are valid for the rigid body motions of the panel stu
died. There follows then the flexural modes of vibration (No. 4 
and 5) with additional torsional mode (No . 6). Seventh mode cor
responds to the flexural behaviour of higher o rder similarly as 
the eighth mode corresponding to higher torsional mode of the si 
mulation studied . 

The differences between the values of natural frequencies and sha
pes of individual modes allow to study the influence of the varia
bility of material parameters on the dynamic response and behavio
our of the slab panels located on elastic supports occurring in 
bridge engineering . 

CONCLUSIONS 

If any predictions about possible future trends in the discrete a
nalysis of bridge structures are to be made, they must be based on 
the assumption that research and development in the branch will be 
responsive to the needs of engineering community. 

Because the efficiency of the available solution procedures is 
highly case-dependent, an optimally efficient computer program 
must contain a number of options and consequently requires an in
creasing degree of user sophistication. The quality of structural 
analysis can be greatly improved if more efficient solution proce
dures are derived and introduced into a computer code, together 
with a way to select automatically from the available options the 
procedures that are suited for each particular case. 

Present paper, hopefully, can contribute to these strivings and 
introduce some new approaches for the solution of engineering pro
blem studied. 
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