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SUt.Ut!ARY : In t he first part, the main tools of the numerical :ilet;wds 

used in the analysis o f e lastoplastic multilayered solids a r e pre-

sented • First the loca l equations of the incre8ental elas t ou l astic 

problem a re given . The variational theorem using incremental displa-

cements is presented as 1-1ell as the dual var i at i ona l col.lp l ementary 

energy. A mixed e lastoplastic REISSNER formula tion of t he probl em is 

developed • Two explicit schemes are given , using a grad i e nt metl1od 

with an auxiliary operator ( MERCIER method ) . The convergence of 

the a l gori thm with s ui table energy non1s ( boundec1 enerrTY s ~1o.ces ) 

is shown • In the second part , a modified mixed variational method 

using the PIAN ideas is employed • An explicit inc r eme n t al ' s cheme 

based on MERCIER method is given • The example of a beam i s chosen ; 

different results ( stresses , def lections ) calculated with t ile 

initial stress method and the presented hybrid method are compared . 

Convergence of the hybrid scheme can be faster than the initial 

stress method , depending on the value of the auxiliary parameter 

chosen in the numerical procedure • 

PART 1 MI XED Z.IODEL 

INTRODUCTION 

We study in this part , the c ase of L solids 
( l ) 

Jl_ ;,lith adherent 

interfaces ( 1 4 l ' L ) • We suppose that the L materials have each 

a n e l as t oplast ic standard behavior ; the behavior l aws are g ive n in 

an incremental form • We want to study the question of the 
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calculation of the stresses between two layers , or the question of 

calculating the stress vector • 

In this case , mixed methods are used especially under two forms : 

PIAN and REISSNER principles • The first one is indicated when we 

want to know an approximate solution satisfying the equilibrium 

equations ; the second one is used especially when we want to eva-

luate t!1e level of energy • The common base of both is the idea of 

minimizing the complementary energy on a special convex , where 

continuity conditions are not required : so, we need to use Lagran-

gian multipliers to relax these continuity conditions • 

~e proceed now in four steps : first , we give the local equations 

of the problem , then , their incremental form , the variational 

principles , and finally , the results that we can get • 

GOVERNING EQUATIONS 

Local equations of the problem 
n( l) 

Consider L solids ....1 1.. 1 ~ l £ L , having different material 

properties and adherent interfaces Fig.1 ) • This implies the 

continuity 

vectors AT 
( l+ 1 ) 

of the increments of the stress and displacement 

J)_ is 

AT 
i 

noted 

and l\; = 
( 1) 

r . We 

th (l) 
6 u • The 1 interface between JL and 

i 
suppose that the different solids have 

an elastoplastic standard behavior I 1 , 2 I ; the external forces 
(d) (d) 

1:. T = 6 T are applied slowly enough so that the hypothesis of 
i 

quasi static deformations is valid • This means , for any plastic 

potential f that Cl f I d t d f I d t = 6f I At • 

_In the layer 

for plastic I 

fj,(j 
ij 1 j 

68.. 
ij 
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( 1) 
_()_ , we can write , with ( e ) for 

0 body forces are neglected ) 

~e) 
6. + 

(p) 
t1E 

ij ij 

elastic and 

I 

( p ) 

( 1 ) 

( 2 ) 



6[ 
ij 

~E. 
i j 

6'2 
ij 

2 

d ( 6 u ) 
--- i ox 

j 

-;j ( {lu ) 
+ --- j 

dx 
i 

s 6u + 6 /\ 
i j kl kl au 

ij 

ij 

/l f... :?-0 iff 6. f = 0 

) , ( 3 ) 

( 4 ) 

( 5 ) 

(G ) 
0 if f 0 and /::::,f < 0 or if f <( 0 and 6f <(. 0 

Plasticity occurs on l y in the first case , and the second case is 

governed by elastic laws • S is the inverse of the elasticity 
i j kl 

tensor D ; it has the following properties 
ijkl 

s 
ij kl 

s 
j i k l 

s 
klij 

( 7 ) 

We leave , as an exercise , to show that the behavior law can be 

inverted • The material becomes plastic when the stress t e nsor 

satisfies a criterion wh ich is convex in CJ and A . ( For sim-
l] ij 

simplic i ty , tensors will be written without indices when i nvo l ved 

in scalar f o r ms ) • 

f ( () A =f ( O,A ) 0 • ( 8 ) 
ij i j 

A ( oi- ) i s a set of generalized forces depending on h i dden 
ij 

internal parameters (}. characterizing t h e internal state of the 
i j 

behavio r ; f ( u , A ( ci- ) ) is the plastic potential f unction v1hich 

is smooth enough so that , in the stress set , the normal d f I dO 

can be defined • The material is at the () 
ij 

l evel , 
ij 

and the 
( d ) 

q uestion is 
_. ( d ) ~( d ) 
T + !J. T 

when 

t he 

+ Lla-' ) , how 
l J ij 

the s urface forces increase from f to 

stresses are UV , and the new stresses are 
ij 

can we eval uate the i ncrement ? From exercise 1 

( appe nd ix ) , we get 
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of 
L - D 62 ? -au pqrs rs 

il<l of pq 
= D tJS -- ( 9) 

ij ijkl kl ov -;jf 'df 
kl h + - D -oo abed ocr 

ab cd 
with 

of df 
{)A 

ij 
h ( 1 0) 

oA dA de< 
ij rs rs 

h is the hardening factor for the level of stress () . We know 
ij 

( e xe rcises 2 - 3 , appendix ) the fundamental inequalities for each 
__[)__ (l) 

when from the level of stress () u becomes 
* ij ij 

() + 6u ) or (u + 6u) 
ij ij ij ij 

* * 6.rJ 6a- ) ( 6c t:>.E_ 
ij ij ij ij 

* * 
> s 60 f;,.(J ) ( 6CJ - 6() ( 11 ) 

ijkl ij ij kl kl 

C;,.(fij 6c .. h 6E D 6E. • ( 1 2) 
1J > ij ijkl kl 

'df of 
h + - D 

o<J abed o<J 
ab cd 

* 
Here , 6. () and {:, 0-' are two arbitrary stress increments • 

ij ij 
These inequalities are used in the variational principles to get 

r (l) ( ~(l) 
minimum conditions • On the i nte r faces Fig . 2 ) , n being 

( 1) r( l) 
the outward normal to diL along , we get the continuity of 

the 

a nd 

On 

increment of 
( l) ( l) 

f::,CJ n 
ij j 

the stress vector 
(1+1) (1+1) 

6u n 
ij j 

the continuity of the increment of the 

lJ. 
( l) 

6u 
( l+ 1 ) 

u . 
i i 

r which is the part of C)Sl where the 
u 

prescribed ( Fig . 1 ) , 
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( 1 3) 

displacement vector 

( 1 4) 

displacements are 



6 L7 = o ( 1 5 ) 

On r o- \•lh ich is the par t of 'dil Hhere the surface forc·es a r e 

knmm ( fo' i <J. 1 ) 1 

( 1 (. ) 
ij j i 

Latin ind ices take the values 1 1 2 1 3 ) • The inequCJliti :cs ( 11) 

and ( 1 2 ) are q uit e essentia l beca us e they <1 r e t '12 :.1.:: i n too l ~; 

in formulating a g loba l or variat ional form of the prob l e~. 

Variationa l formulat ion I 3 I 

a ) Definit i on of the involved spaces ( V a n~ 2 
ad 

~ve d efine now 

6-:J': E 
ij 

( 1+ 1 ) ( 1) 
!J.-:]' = 6-; 1 1 I ••• I L - 1 6 -:: = o o n r u J , 1 7 ) 

with the norm 1 using (12) 

II 6 c ( ~)II 
2 

( L i ) 

Consider the functional defined on V 

2 

( 1 s ) 

with 

6/J . . ( 6 t ( ~) ) 6 ~ (~) 
lJ ij 

of 
6E: -7 

<(- D (v) > 

au ~XjrS rs 

df pq 
(~) - D 6t; . ( 20 ) 

ij kl ()()' (jf of \~l 

ij h +- D 
~() abed r;j(f 

ab eel 
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If ( 6.'t, ~()) is the solution of (1) to (16) , t hen , we have 

~ ( 6.c (ii)) Inf ~ ( 6E ( ~)) • 

6--:Jev 

The proof is given in exercise 4 of the appendix • We define 

( l) 
6.1: = 0 on _fl , 1 ~ l 4- L , 

ij, j 

(l) (l) ( 1+1 ) (1+1) (l) 
6, c n - (j C n 1 ~ l ~ L - 1 on r , 

ij j ij j 

{jc (d) 
r ov } n iJT on 

ij j i 

vli th the norm 
2 

= 1 // LYt ll z s jj,(; 6.c dil.. • 
ijkl ij kl 

ad 1L 

Consider 

&( 6c) 
L 
~ I J 6.L s l1?:: dil. 

2 1=1 _o!l) ij ijkl kl 

( 21 ) 

+ J _ 1 .(~ b.r:J>tJc dJ1. 
( l) h 0 () pq ij 
~ pq 

2 1 E .. ( r:.c) 6"(. d..CL . 
~ lJ lJ 

ao 
ij 

If ( 6. ii , f:J.(j-') is the solution of ( 1) to ( 16) , then , we have 

Jt% ( 6/J( 8.d)) Inf jig ( 61::.) 

tt e 'L 
ad 

The proof is given in exercise 5 • 

b ) Mixed formulation ( functional equations 

We choose 6 V € V , and 
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fj(::_ 
ji 

!'Jc 8 L 2 

ij 
( _Q ) ~ 

( 22 ) 



and we define 

a( (J{j, 6'r:) =1 6~. 
l.J n 

s 6(:' dll 
ijkl kl 

1 f 'c)f 
+ - <.- /'Jo > 

h oo pg 

()f 
- 6Id..Q, 
oo ij 

b(6c, [j-:J > = ltJ :;- E (6 -:; > d..O.. J l.J ij 
:IL 

~ 6. c II 2 =1 s 6 '( ~ c d J1. , 
~ ~ ijkl ij kl 

:IL 

~ 1 (d) 
L(6v) = 6T. b.v. d[l, 

r1 l. l. 
\<J 

Jl.. pg 

II 6-:) 11

2 =l D t ( 6 -:;) t ( 6 -:)) dfL • 
v ijkl ij kl 

1)__ 

c ) Properties of the functional 

We have the problem 

3 ( /J i? , 6o > € v x z , v 6'C e .L , v 6-:f e v , 
ij ij 

a ( t:,(J, 1.\c) - b( 6c, 6i:t') 0 , 

b(6Cl,{1-;) = L(6~) 

This problem is a saddle point of the functional 

X ( 6 -c, 6 ~ > = - J: 6 ~. ~ ( .61' ) 1 (d) dr d.O. + /:, T lJv 
R l.J ij 

r(J 
i i 

f "''t i j s ij kl ,;ckl dfl ' 
1 1 ';)f ' +- - <(- 6'() dD. 

2 2 h 'do pg 
JL :n_ pg 

ij 

The BREZZI BABUSKA theorem shows us that ( see exercise 6 ) 

( 23) 

( 24) 

~1ax % ( 6<f, t -:J ) £, Z ( 60, b. 1i ) £ Inf % ( 6 'r::, ~iT ) . ( 2 5) 

6~€ v 6c€?.. 

ASPECTS OF THE NUMERICAL SOLUTION 

We outline nov1 some aspects about the numerical analysis of the 
(d) 

know ( <J' , 1i ) under surface loads T ; we problem , which is : we 
~(d) 

give an increment 6 T ; 
ij ...,. 

calculate ( 60 , !;. u ) 
ij 
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Two different schemes are given here the proof of convergence can 

be found in exercises 7 and 8 

Note that we write 

[ 6Cf , 6 c J = J 6o:j 
JL 

s 
ijkl 

6(:; dSl., 
kl 

( 6'L, 6 ~ ( ~l l = J /1t .. ~E .. ( ~l dil., 
JL ~J ~J 

i c ( 1:, 't) , c ( J:, "1") } 

First scheme 

= Jll. c ( 6 V) D c ( 1::, "') d _[)_ • 
ij ijkl kl 

The first scheme consists of 

n+ 1 
( .6 (f , /::, E ( ~) ) = L ( £::, v ) . 

This algorithm converges for 0 ~ \ ~ 2 ( see exercise 7 ) • 

Second scheme 

( 26) 

In the second scheme give another gradient method 

MERCIER I 4 /) to find the saddle point 

( 27 ) 
n+1 

( 6CJ E ( b. \f') ) = L ( 11 ~) 

The scheme ( 27) conve r ge s (s e e e xe r cise 8 ) if 

3 n , i E ( t::. <J l - t ( 6 't l 1 
0 £. ~ ~ M , with 

This second method c an be considered as an explicit scheme • We 

proceed by increments • 

Other possibility 

A more recent method using convex analysis and differential 

equations on BANACH spaces can also be stated on ; an overlook on 
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t h is l as t one is given below • The p lasticity crite rion is convex 

and has the form 

f ( V 1 D ) =O . 

The be~avior law is taken into account by the inequality 

Co ( p ) ( 
0 - c ) 

ij ij ij 

v ( 'CI B ) f 

By integrating on Jl 

0 

- d. ( A - B 
ij ij ij 

( 't'l B £0 . 

L ( l ) 
U A we get 

1= 1 

0 

>O 

l o ( p ) 

(c .. ( o .. - t: .. l c/.. ( A -B )) d.J1. 1 n 1.] 1.] 1.] ij ij ij 

v ( ciB ) er<l 

where 

r< =[tel I Be L
2 (D.. l 

1qe define 
" 

and 

r t- ~~ ] = l 't s 
n ij ijkl 

1'/e have 

j \ ( d. ) I 'f ( A ) I 

d'f 
rJ, 

'd'f 
A 
ij oO- ij dA 

i j 

't' d...Q + J B 
kl ij 

_(L 

I 'f+'Y = A 
ij 

ij 

z 
ijkl 

d. 
ij 

B 
kl 

d 1l._ • 

( p ) 
Noting that /::,E;_ = 6 ~ ( ti) - s t,o 1 we get v c e I< I 

ij ij ijkl kl 

J ( i_ ( ti') - s ; l ( o - 'L l d...Q 
:JL ij ijkl kl ij ij 

- JJ)_ ~j ( A - B dll > 0 . 
ij ij 

\'le define 

* =tc 
( d) z : c t t n T On rQ 1 

ij ji ij j i 
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( 29 ) 

( 30 ) 

( 31 ) 



* v 

t 
ij 'j 

( l) ( l) 

L n 
ij j 

=i 
~ 

v = ( v 

( l) 
0 on _{1_ 

( l+ 1 ) ( l) 
- L n 

ij j 

( l+ 1 ) 
) v 

i i 

1 s l ~ L 

1 f:, l £ L- 1 
( l) 

on r J ' ( 32) 

( l) 
v 1 ~ l ~ L- 1 , 

i 

( \f) 
( l) 

E E:L, (Jl) 
' 

1 {,. l {,. L 
ij 

-; = 0 on r u ~ • ( 3 3) 

\'ie define 

i * } ' E ( t) ( t, B ) 'lei 
and 

I< ( t ) = r I<: n E ( t)~ 

I've can obtain E (t) by 

E ( t ) 
* 

= L( V ) J ~ 
'1 v € v ' b ( c ,"? 

where 

I 
ij 

c .. ' L . . € L 2 (.Jl ) } ' 
J 1 1] 

and 

b ( 'C ,-; l = 1 C:j E i~ ~l dA 

::1L 

L( v ) = T v d r . ....,. 1 (d) 

el 
We define t 

ij 
as the solution of 

-"1 ~e l 
:J w € v 

and 
1 o f_ ( \ie l) t ( ~ ) d SL = L ( V ) , 
~ ijkl ij kl 

el 

c 
ij 

_e l 
D (. ( w ) • 
ij kl kl 

l•le get , for ( c , 0 ) € E ( t) , 

or 

38 

f L S C (-;el ) d1L 

.lL ij ij kl kl 

0 el r () s t' (-;i' ) d.il. 
)SL ij ij kl kl 

-">el 
L(w ) 

ro- i i 

* * --'!> , v v e v 

( 34 ) 



He 

and 

} (c .. - 0..) 
lJ lJ 

J1_ 

s 
ij kl 

have also 
0 

j E. (ii> c - () 

::n.. lJ ij ij 

, by ( 31 ) v 'Cc K(t) 

0 el· 

0 el 
c:: (w > dil. = 

kl 

dft 0 , 

1 0 ( -S (() - 'C ) (C) - -c ) 
Il.. ij kl ij kl kl kl 

0 • 

0 

- d-. 
ij 

This inequation can also be 11ri tten as 

d [ • "el " 

J - (J - r () - c:: ~ 0 . 
d t 

( 35) 

( 36) 

A - B ) ) d 0..~0. ( 3 7) 
ij ij 

( 33) 

"* 
Inequality (38) has an unique solution if tJ is another solution 

of (38) , then we have 

or 

[ 

[ 

~* 
() 

" " cr, 

" 0 "* (cf! - () , u - £:. 0 , 

d 

d t 
"* 

The distance from Cl to o is a decreasing function of the time. 

For t 0 , the distance is 0 and remains equal to 0 for all 
"* 

t ) 0 and CJ = () • 11odern formulations using an explic it 

scheme for solving (38) could be established ( see the book of 

T. MIYOSHI I 5 I ) . 

PART 2 PIAN HYBRID MODEL 

INTRODUCTION 

The problem already presented in the first part will now be analized 

1·1ith the PIAN hybrid principle • This principle is indicated ',·7hen an 
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approximate s olution sat i sfying the equilibrium equations i s wa nted. 

Its basic i dea is to minimize the complementary energy on a spec ial 

convex , where continuity conditions are not required on the stress 

vecto r so , tha use of La 3 rangian multipliers is needed to re l ax 

t ~e s e continuity cond itions • 

, ; e r~ , we p roce e d in three steps : f irst , we develop the PIAN 

;1~uri 0 va riat i ona l formulat i on ; we g ive some numerical aspects of 

t ~e so luti o n 1 a nd we propose a beam application • 

Vi\;UA'l'IOi'lAL FOIU1ULATIOl\I 

.!c try n01·1 to f i nd a variational formulation I 3 I of the problem 

s tatec>. in the ~Ja rt v1 ith the equations (1) to (1 6 ) 

;)ef ini tion of the spaces U a nd l_ : 

.le d efine the space u of admi ss ible displacements 

(Ll V"= E ( 6-:; 
( 1) 

u ( (1 v ) ) € L• (..fl ) I 1 ~ 1 f L , 
i ij 

( 1+ 1 ) ( 1) 
t:, "V = 6v 1 = 1 , ••• I L - 1 I JJ.v= o 1ru ~ (3 9 l 

and the space of admissible stresses 

( 1) 

l = f 6 't = ( 6. c . . l : 
lJ 

sc. 
ji 

!::,[ 
ij 

€ L " ( _o__ ) 
ij 

( 1) 
6c € L•(.ll. l 

ij 1 j 

Mi xed formulat ion 

t:,--c 
ij , j 

( 1) 
o I SL !; 1 ~ L~ . (40) 

We consider the mi xed hybrid dual principle of PIAN I 6 I written 
L ( 1) 

over __{)_ = U Sl 
1=1 

~ (6c,t~ l 

L,~ 2 
fL 

40 

L 

z 
1=1 

!::,?: s 
ij 

(s 6--c n f::.v d r 

od 1 l ij j i 

t::.c: diL 
ijkl kl 



I 'df 2 J <- f:.(J > dfl. - L\T /::,v 
2 h _()_ ( 1 ) 'd!f' pq ( 1 ) i i 

pq 'OD. e r () 
dr ) , (41) 

and VTe define 

L ( J 6() s f,'( dSL 
1=1 _dll ij ijkl kl 

1 j of 
+ <- 60> ""h <ll Bo pq 

d.O.) , ( 42) 
ij 

11... pq ij 

....,.. 
L J b (~ (';,/:,v ) - 2 6'C n /Jv d r , 

1=1 ( 1) ij j i 
'dil 

(43) 

L( IJ ~) 
i1 J ( 1) 

(d) 
dr = {),T /J.v 

i i on.. 8r () 
( 44) 

Using (2) and (4) , the form a (f::,(J,[:,.'(;) can also be I·Tritten as 

a <6E < Mfl ,/J'r:l = f._ f !Jc <~ol t.c ctil . 
1=1 (1) ij ij 

_fl.. 

Properties of the functional 

We have now the problem 

3 < fjo , 11-:I l e Z x u , " 6c e 2 , " A~ e u , 
ij ij 

a <b.<t(r:.o) ,f1G l - b (b.ti ,~'C) o 

b ( ~(f, /1 V ) = L ( ~ V ) 

( 45) 

( 4 6) 

(47) 

This problem is a saddle point of the PIAN functiona l (41) the 

BREZZI BABUSKA theorem shows that 

I>1ax ':h ( tc, e:,"{f) {. % < 1::,0, tJ.""t l £ Inf Z (60, !::.~) • ( 48) 

t:;'Ce 2 b.~ e u 

ASPECTS OF THE NUi\IERICAL SOLUTION 

Iterative scheme 

In the following , we shall write 

(6.0,t::,'C)= '((\6~.6~ . dil, )J._ 1) 1) 

and we adopt the following scheme , which is a gradient method 
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primary suggested by MERCIER I 4 I 
n+1 n+ 1 

(bO ,tX. l - \b U;;li ,b."C l 
n 

( 6lf,6t l 
n 

- \a ( 6t ( L\O ) ,te l , ( 49 ) 

L ( /::,. ~ ) • ( 50 ) 

Proof of convergence 

~he exercise 9 shows that , as always exists such as 
n n n 

( 6 E ( tc l - 6 E ( 6 a- l , to - 6 o l ~ 0' ( 6 o - 6 <J l ( 51 l 

because the hardening parameter h is strictly > 0 , :3 M > 0 

such tha t 
n 

( 6 ~ ( /::,0 ) - 6.t ( 6 (f ) 
n 

L r-1 ( ~::,rs - 6o ( 52 ) 

Then 
n+ 1 n 

( /::,O - 60 ) ~ ( GCf -tJ) ) 
2 n 

+ ( \ 2 l'l - 2 \ o) ( 6.6" - 6G1 • ( 53 ) 

To prove the convergence of the 

( \ 
2 Iv! - 2 ~ (( ) ,(_ 0 , that is 

scheme ( 49,50 ) , \ has to satisfy 
2 0 

0.(\),!__ -. 
\ M 

Mod ification of the algorithm 

The scheme ( 49,50 ) is modified in order to simplify the equations to 

be computed : the term 
L 

( 6,0 ,/'Jl. ) z 
1=1 

is repl aced by 

L 
~ 
1=1 

( bo s 6. c c1JL • Jjl_( l ) ij i j kl kl 

This can be done without c hanging the conditions of convergence 

bec~use the two terms have both equ i valent norms • The system to be 

solved is novl 

1 
n+1 __jl+ 1 ~ 

:::~ ( t,o , tJ u ) 8 I x u , v 6 c. e 2. , v 6. v e u , 
ij ij 

n+1 
, 6<:: ] - \ b 

n+1 [ t; , 6c J [ t rs- ( 6 \i , 6 '( ) 

n 
- \a ( !'J'C ( !JO l ,t:C ) , ( 54 ) 

n+ 1 
( },Q -7 -')> 

b , }, v L (}J v ) • ( 55 ) 
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a ) El e mentary leve l the approx imation fields fo r the 

d i s pl a cements a nd the stresses are chosen as 

~= 
--v' 

p X ~ , or !JO = p 6~ , a nd 6L= p L\~ 
i 

( 56 ) 

""'-./ 

u = N ( X ) U , or 6 u = N [J. U , a nd !Jv = N 6 U (57) 
i nod 

Eac h par t o f the equations (54) and (55) can be evaluate d in terms 
( l) 

of ? , N , lJ. ~ , and 6u • For one hybrid dual element £/.... 

n+1 J n+1 [6o .~c]= r:;c s fJu d..Q 
.fl_( l) ij ij kl kl . 

fl~ ( p s p d _Q ) 6 ~ --v t l t 

t n_< l) 

t a king H - 1 P 
- :n_(l) 

S P dSl , we get 

n+1 
[6cr ,6c] = 

n 
H 6~ 

Similarly , we get 

using 

using 

n 
H 6 ~ 

~n+1 J 
b (L\u ,6'[) = !Jl. n 6u d r ; 

b 

oJL< 1) ij j i 

(57) and introducing L\ C n = R 60.. 
ij j \"' 

T - J t 
R 

()A( l) 

n+1 
( ~:~li 'll '() 

n 

J .---.; t t n+1 
= 6~ R N L\ U dr 

oil< 1 ) 

.-.vt 1 =6~ ( 
on.< 1) 

t 
R 

L df , we finally 

rvt n+1 
6~ T t:.u 

get 

a < 6E < 6~ l , f:J 'C l 

, we get 

dil.. ; 

(58) 

(59) 
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using ( 4 ) , we separate this contribution in two parts 

a ( ~ t ( 6 () n) , r::;c ) = 1 6 '"[ s 6(Jn d .fL 
SL(l) ij ijkl kl 

1 J of '0 r 
+- 6-c .:::-L1o> 

h ( l) ij 0 () pg d () 
_(l_ pg ij 

"" t n ...._,l 1 t 'd f ,)) 0 f 
6~ H ~~ + 6~ - P Z: - n 60 > -n dJl ; 

~ l) h 0 0 pg 0 ~ 0 

pg ~J 

introducing 

Gn -{; I_o!l) t 'Of 
P .C.. - n 

'Do 
pq 

n (1f 
60 > - n 

pq -ocr 
ij 

d..Q , 

we obtain 

n "-'t n n 
a (6t;( 60) ,6'C) = !Jf? H 6~ + G ) 

L(/J-:) 1 (d) ""t 
= ~T ~v dr =f;.U 6F . 

r.<ll r i i 
'0.1.'- e 0 

Using (56 to 62) in (54) and (55) results in 

n+1 n n n 
- ~T[lU H 6 ~ - \ ( H !::.(/:> + G ) ) r 

""'t t n+1 
L\U ( T /.:,~ =LIF 

or 
n+1 

H ~~ 

n+1 

d.I2.. 

( 60) 

( 6 1 ) 

( G2) 

( 63) 

( 64) 

b ) Calculation of the stress parameters !::.. ~ in each hybrid 

element , these unknowns can be evaluated independantly in terms of 

the nodal displacements of the element ; using (63) 

n+1 n+1 
H /::.~ = \T £\u 

we get consequently 

- 1 n+1 
= \ H T /::,U 
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+ ( 1 - ~~~~ 
n n 

G • (65) 



c ) Equivalent stiffness matri x K using ( 65) 

t 11+1 t - 1 n+1 t 
T !J~ 6.F = ~ T H T 6U + ( 1 -~ ) T 

t - 1 
as T H T is equivalent I 7 I to the 

stiffness matrix K of the element , we write 

n+1 
~ K 6u + ( 1 

d ) Computations for one iteration 
th 

t - 1 
- \ T H 

writing 

in ( 64) 

n 
£\~ - \T 

initial 

n 
G 

results in 

t - 1 n 
H G 

elastic 

L 
(A) = Z... A, 

after the n iteration inside the increment llF of the 
1=1 

external 

loads , we suppose to know the values of 

n L n 
( G ) z_ G by ( 60) , 

1=1 

n 
( /:,~ ) by ( 65) , 

n 
and ( /::;. U ) • 

th 
\ve begin the n+1 ) iteration by solving the system 

n+1 ~ - t n 
( ) ( 6 u ) (~F) ) < M2 > K = + T 

~ ~ 
t - 1 n 

+ ( T ) ( H ) ( G ) . (66) 

The matrices K ) , ( T ) , and ( H ) contain the initial values 

of the elastic stiffnesses for K ) , of the boundary terms for 

( T ) , and of the compliances for H ) ; only the terms of the 
n 

plastic contribution ( G ) have to be evaluated at each step of 

the computation , because they 

plasticity at each integration 

the whole mesh , it is easy to 

depend on the evolution of the 
n+1 

point • Once (~ U ) is known for 
n+1 

deduce !::. U for each element and 
n+1 

then to calculate the stress parameters £\ ~ , according to ( 65) ; 

we get the complete stress state by using 

n+1 n n+1 
() + p ~~ (67) 
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at each integration point ~ there , we evaluate the new values of 
n+1 

G in the element , and finally in the whole mesh • At this stage 

we are able to begin a new iteration provided that the norm (68) of 

the stress parameters is not small enough compared with a given 

tolerance • So , the iterations inside the increment b F are stopped 

if , M being the total number of integration points 

2 

X 100 o. " . ( 68) 
n 2 

£ Tolerance in 

EXAMPLE 

Geometry , load and mechanical characteristics 

We propose to compare the numerical results issued from different 

finite element methods on the example of a clamped beam , loaded by 

a concentrated force at the end • The geometry and the mechanical 

characteristics are given below the mesh used in all the 

calculations is made of 4 X 10 finite elements ( Fig. 3 ) 

YOUNG elastic modulus E = 21 0000 !'1Pa 

POLS SON's ratio : ).) = 0 2 5 

Uniaxial yield stress () = 240 MPa 
0 

Strain hardening parameter : h = 80000 MPa 

The TRESCA plasticity criterion is used in all cases , and the 

tolerance admitted for the norm of the stress parameters ~ is 1 9-
0 • 

The elements and algorithms used 

In the first case , four noded displaceme'nt finite elements are used 

in the mesh ; in the second case , eight noded displacement elements 

are utilized in both cases the initial stress method of 

ZIENKIEWICZ gives the algorithm of plasticity • In the third case , 

we choose hybrid four noded elements with linear interpolations 
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for the disp l acements and the stresses , and the algorithm 

deve loped a~ove for the p last icity in the hybrid method is take n 

into account • We have fo r exemple , for P in the equation (56) 

and 

() 
~ 1 

+ 
x;( 

u ~ 2 + yy 

() ~3 :{y 

p [! 
case 

classic 

four noded 
dis~)lacement 

element 

~ 4 X 

05 
y 

0 0 
1 0 
0 1 

X 
0 
0 ~ 

case 2 

classic 

eight noded 
dis p lacement 

element 

Re sults in the elastic phase F 
in it 

case 3 

hybrid 

four noded 
hybrid dual 

element 

F 410 N ; we give below the values of the deflection f and 
in it 

of the 
max 

tensile s tress at the GAUSS point indicated on the figure • 

case 

f 0 . 05581 em 
max 

u 1 61 • 1 !<!Pa 
XX 

four noded 
displacement 

e l ement 

case 2 

f 0 . 07849 em 
max 

()' 235 .2 MPa 
XX 

eight noded 
displacement 

e lement 

f 

case 3 

= 0 . 07809 em 
max 

XX 
221 . 3 J:.1Pa 

four noded 
hybrid dual 

element 

47 



Plastic results for F + D F 1 . 35 F 
in it 

No plasticity occurs in the case 1 where the mesh is made of 4 noded 

classic elements with linear interpolations for the d isp laceme nts 

of course , this element is too stiff for the analysis of be n d ing 

this numerical behavior is well known and need no f urther comment • 

In the two other cases , the results are quite similar with slight 

differences for the hybrid method , depending on the value fixed f or 

the parameter \ 

a ) Results obtained with ~ 0 .45 ( hybrid method ) 

case 

f 0 . 07535 em 
max 

() 21 6. 1 I1Pa 
XX 

iteration 

four noded 
displacement 

element 

b ) Evolution of 

\ = 0 . 1 

f 0 . 11006 em 
max 

(J = 271 ~1Pa 

XX 

11 iterations 

~= 0.4 

f = 0 . 10952 em 
max 

0 = 268 MPa 
XX 

5 iterations 
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the 

case 2 

f 0 . 10945 em 
max 

() 289 . 1 MPa 

7 

XX 

iterations 

eight noded 
displacement 

element 

results with ~ 

~= 0.2 

f 0 . 10983 em 
max 

() 269.2 MPa 
XX 

7 iterations 

\ = 0.45 

f 0.1095 em 
max 

() = 268.1 l'!Pa 
XX 

4 iterations 

case ., 
J 

f 0.1095 ern 
max 

u 268. 1 l·!Pa 

.c 
l. 

XX 

4 iterat ions 

four noded 
hybrid dual 

element 

\= 0.3 

0 . 1096 
max 

c :1 

C) 268.2 r'!Pa 
XX 

6 iterations 

\= 0.5 

f 0.10 95 em 
max 

0 267.9 f:!Pa 
XX 

5 iterations 



For ~ = 0 . 6 d ivergence appears after 2 iterations i f we 

aJpro~imate the value of ~ in the equation (51) by a mea n value 

Hilich •.-10ul d be the compliance 1 / B of the material , and if we 

c i10ose the raean value of ;.J in the equation (52) to be the 

e~uivalent elastic p l astic compliance , the sufficient condition of 

co~ve ruo nce of the scheme proposed for the hybrid dual method 
2 

l
. ,. 

•J r ea lized for 0 <._ ~ !_ --~ 0.55 . This 
tl 

,,;it ll L 1e nuuerical results obtained • 

COciCLUSIO~ I 

condition is coherent 

'i'he opti::1ization of the choice of the parameter ~ is a problem not 

c o:::) letely solved yet . Dut it seems that a mean value of the 

au~ili a ry Qaramete r ~ can be evaluated for given elastic modulus 

i ~ anC ( here ) constant hardening factor h • This hybrid method 

0 ive s, with a l1 y b ri d four noded element and linear interpolations , 

be tter convergence than an initial stress method , with a classic 

eight noded element and quadratic kinematic interpolations • 
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Figure 2 • Interface 
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Figure 3 Cantilever beam 
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~ P P E N D I X 

Exercise 

Show that , with the notation 

s t:J.v- + !J. !._ 
ij ijkl kl 

with 
of of oA 

h = - ij 
OA OA ~d.. 

ij rs rs 

is equivalent to 

D (f::,t_ 

i
Z"x'> = x 

Z X > = 0 

'Of 
'CY<l 

kl 

Clf 

X~ 0 1 

X <(_ 0 1 

<( ---- D fj E > 
Cl f '0 u pq pqkl kl 

ij ij kl . kl -oa of -of 
kl h + ---- D 

0 6" abed o<J 
ab cd 

Proof 

1 0 ) The behavior law indicates that 

'df 
~::,o 

(3f 
f::J. f -- +--/jA = 0 

00 ij OA pq 
ij pq 

But 

/:,A 
'JA 

f::.cf.. - pq 
pq oa- ij 

ij 

and introducing 

- 8 f. 
of 

b. d.. 
ij () A 

ij 

we get with the equation for h 

'df CJA 'df 'Cif 
~Q tJ f.. - pq = h Jjj., 

'00 ij orJ. 0 A OA 
ij ij ij pq 
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( 1 ) 

) . ( 2) 

( 3) 



Equa tion (1) can 

s t~o 
ijkl kl 

be 

6'C 
ij 

written in 
of 

- !Jf.. -oo-
ij 

Multiplying by the stiffness D 
ijkl 
af 

t:.o . . = D (fJ. c - (jf. 
1] ijkl kl oo 

kl 

the form 

we obtain 

Subs tituting this equation in ( 3) results in 

'jf <:H 
D (~::,c. 61. - h 

oo ijkl kl CJ() 
ij kl 

( 4) 

bf.. 0 

2° ) We get the increment~~ as a function of the strain increment 

of 
~ D .6E; > au- ijkl kl 

A I. (~C. l 
ij 

of ()f 
D -- + h 

00 pqrs 'd<f 
pq rs 

Now rewritting 6<l in (4) , we get the equation (2) 

3 0) 

/10 = 
ij 

D 
ijkl 

Conversely 

ij 

(!::,E. 
kl 

n!. 

of 
.c::..- o t:.E. / 

o<Jpq pqkl kl of 
---

cHf 
kl 

could be 

'Of of 
h + -- D 

o<J abed dCl 
ab cd 

written as a function 

increment .6. 0. We have from ( 3) 

of 
f:,(j 

'Of ()f C) A 
-- 1:4!. - - pq (JA h 
ao ij OA oA 0~ 

ij ij pq ij 

a nd 
of 

61 = !__ -- 6JS" > . 
h ocr ij 

ij 
Then ( 1 ) results in 

1 af df 
6c .. s t:,o + - !__ -·- !l (J > --

1] ijkl kl h o() pq (;\() 
pq ij 
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Exercise 2 

* 
We get two increments of stresses 6 o and bo , with the associate 

* ~J ij 
increments of strains 6. E and 6 E. , corresponding to the standard 

ij ij 
elastoplastic behavior law • Show if h > 0 , that the equations 

(1) and (2) are true 

( 6.0 
ij 

* (p) 
- /:;,(j ) ( 6 c 

ij ij 
0 , 

(p) * 
6£ . . > ~ ( 1 ) 

~J 

* * * * 
< 6o - 6CJ > < 6 c - 6E > ~ s < 6CJ - .~:Ju > < 6o - 6CJ >. < 2 > 

ij ij ij ij ijkl ij ij kl kl 

(p) (p)* 
6~ and !:.E.. are the plastic parts of the increments of 

ij ij * 
strain 6E:_ and ~E respectively • 

ij ij 

Proof 

1 °) l~e introduce S as 

r * * of 
o = < 60 - /::,o > < 6. A - IJ A > 

ij ij 00 
ij 

* (p) (p)* 
( t:,8 - f_,t_ ) 6.0 - 6.!J 

ij ij ij ij 

With 
of 

6CJ L '-;7, 
h '00 ij 

ij 
and 

0 f * 
L !::.~ > 

h oo ij 
ij 

we get 

h 

* 
< 60 - 6CJ 

ij ij 

of -a f * 
< <(- /Jo > - L - !Ja > 

0 0 pq oo pq 
pq pq 

b is a scalar product written for the vectors 
* 

6G > 
ij ij 
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of 

o<J' 
ij 

0 f 

oo­
ij 

and 



We can examine the 

quanti ties ~ 6 0, 

different possibilities for the signs of the 
(7f * 

and -- 8.(J ; in that way , we can show that 
00 s > 0 ij 

oo 
ik 

2° ) We calcula t e the term~ 
1 

6 
1 

with 

ij 

and 

* 
6E 

ij 

~·ole get 

lJ 

* * * 60 /:).[ 
ij ij ij ij 

- 2 6 & 
ij ij 

cH 
s 6o + Cl;... ( --
ijkl kl 0 0 

ij 

* * of 
s ~0 +~A ( 
ijkl kl 'Oo 

ij 

* * t.o s 6o +60 s 6.0 
ij ijkl kl ij ijkl kl 

of * of * 
+ 6 f. - 6o + /:JA - Lu oo ij ()() ij 

ij 

* 
- 2 s D.u /Jo 

ijkl ij kl 

* 

ij 
of * 

2/:,f..- .60 
aa ij 

ij 

* s (Au - t::.o ) 
ij ij ijkl kl kl 

+­
h 

6<f + of 6CS'* of l::,.c/ 
pq oo ij o() rs 

ij pq ij rs 

'Qf (Jf * 
- 2 -- L:,() f:;.(J 

'00 t£1o ij rs 
ij rs 

* * 
(D<l - 60 s (~0 - 1::.0) 

ij ij ijkl kl kl 

* (3f (?f 
+ - ( A<f - L>o ) * ( D.o -l:::J5' 

h ij ij ao oo pq pq 
ij pq 
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So , we get , for b 
1 

* * 
/j1 > 8 ijkl 

!::,.() - 60 (60 - ~0) 
ij ij kl kl 

Using the s a me method , we ge t a lso 

* * 6 s ( 6 0 - ,6. () ) ( ,6 () - e:, ()) 
2 ~ ijkl ij ij kl kl 

with 
* * * 6. 6<J .6-c +60 t>E. - 2 ,6() t> c 

2 ij ij ij ij ij ij 

Adding b and 6. , we get 
1 2 

* * * * 
6 + 6 = 2 (60 ~c. +6() 6E - .6() 6E_ - /::;0 DS ) 

2 ij ij ij ij ij ij ij ij 

* * 
2 (60 - b.vl (6c - 6E. ) 

ij ij ij ij 

* * 
~ 2 s ( 6<:f - 60) (60 - /:::>.0) 

ijkl ij ij kl kl 

Exercise 3 

Show that 

t:,fJ !:::.E. h D .6S 6c 
ij ij ~ ijkl ij kl of of 

h + D 
oo abed 00 

ab cd 
Proof 

We know , from exercise , that of 
.( - D 6~ > au pqrs r s 

(7f pq 
.60 D (6t_ ---

ij ijkl kl oo (;)f of 
kl h + D 

'Oo abed oo 
ab cd 

\~e note ~ the quantity ( h + 
at of 

D , and we 
00 abed 00 

calculate the product ab cd 
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of of 

~ 1::,~ ~() =D~ D b't-.. h + D 
ij ij ij ij kl kl oo abed 00 

ab cd 

6S 
'C)f of 

6E. - D -- L- D >. 
ij kl ij ao oo pqrs rs 

kl pq 

L'l~ 60 = ( h 6C. D 6t_ 
ij ij (6 ij ijkl kl 

f of f of 
+- D~ D ( .6 c. -- D --- -:. - o /::,. 't >l. 

~ d(} oo- 00 ij ijkl 

Noting that 

.62:. D .6S 
ij ijkl kl 

and 

and using 

D 
abed 

kl 

of 
00 

cd 

" X r 11 y 11 ~~ 1 X • y , ~ 
we get what we want • 

Exercise 4 

abed 'Oo 
ab cd 

Show that ~ (.6E ( \! ) ) = Inf J3 (DE( ~ ) ) 

Proof 

kl pq 

We note G the operator which associates 6<J to A"t € V 
ij 

.6<f ( b 1 ) 
ij 

D ( E 
ijkl kl 

(DVl 

of 
L.. - D 

00 pqrs 
of pq 

---
ao C1 f 

kl h + D 

pqrs rs 

<(_ (l::,~) > 
rs 

of --
00 abed 'do 

ab cd 
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G ( /j V ) satisfies ( 1) I ( 2 ) and ( 3) 

( G ( 6~ ) ,E(Ll"tl 
lim --------;.. + 00 ( 1 ) 

11 6 -;~ ~ +C.O II 6 ( 6 -;) II v 

Reme mber that 

( G ( i:,v ) ,E.(!:,""(!) ) I6~. (,6 -:; ) ~ . . (6 -:r ) diL 
::a_ lJ lJ 

( G (/.::, ~ ) - G (/::. tl ) ,E (/::. -; ) -E(/::.\7)) > 0 ( 2 ) 

V !J -:; € V , and V 6 \7 8 V ; 

if ~ ( 6-; ) is bounded on V then G (/:, V ) is bounded on V. ( 3 ) 

The operator G is hemicontinuous : :J [;, "tr 

Remember that 

Inf 23 ( ~ ( D ~ ) 

f::,--;j' 8 v 

D 
ijkl 

The functional 'sj ( C (!:. V ) ) is lower semicontinuous because it is 

the convex e nve lope of a continuous functional defined on V ; we ge t 

lim ~ ( ~ ( 6 ~ ) ) ~ + oo 

11~~11 

and 

~+DO 

v 

v !J ~ 8 v I JCJ. . ( /J ii ) ( E . . ( /j if ) - E ( b ti ) ) d _fl_ > 0 
l] lJ ij 

JL 

Exercise 5 

show that Jt1 ( bu ( li ) ) !::: Inf <ft: ( !J '( ) 

b,L. € z 
ad 

remembering that 
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ad 
{ 

( l) ( l) 

6 c . . , 6 ~ . . = 0 on Sl.. , 1 ,;;,: l { L , 6 't:' e L 2 
( ___D_ ) 

lJ lJ , J 

( l) ( l) 

6c n 

(1 +1 ) (1 +1 ) (l) 
6 C n , 1 {, l ~ L - 1 on r 

ij j 

b..C: .. n 
lJ j 

(d) 
= £1 T 

i 

ij j 

on r(J ~ 
Proof 

- 1 
It is possib l e to inverse the behavior law ; so the operator G can 

- 1 
be defined . The operator G satisfies (1 ), (2) and (3) 

-1 
( G (b,'c') ,/:, 't' ) 

lim 

II 11 -ell 

where 

We 

or 

- 1 1 ( G ((}(') ,b.'c:) = 6'i. . . (.6t:lf:Jt' dJL, 
ij 

- 1 
( G ( [\ '() , 6'() 

have 
- 1 - 1 

lJ 
Jl.. 

=16'c s b."t: d...n._ 
~ ij ijkl kl 

1 j cH "..,__ of 
+- Z-LlL > 

h 00 ij oo 
Jl_ ij pq 

( G ( 6CJ) - G (.~\(::') , 6o - 6'c l > 0 

'<! (IJCJ",6"ll el 
ad 

If 6'C is bounded 

XL 
ad 

on L 
ad 

Ji5(6cl 

- 1 
, then G ( !::. 't: ) is 

lim --7> + oe 

J/6c ~ Z ~+oo 116 cf 
ad 

:3 IJ(J e 2'. , c/1:5 ( h/J) L Inf cfi] ( !'J'C ) 
ad 

6Y € Z:. 
ad 

6c 
pq 

d Sl. • 

( 1 ) 

( 2) 

bounded on v. (3) 
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[jl. - f::,(J ) ) d__Q~ 0 
ij ij 

Note in the elastic case '"e have 

K ( 6. cl 1/zjt:Jr. .. s 6'[ d.il 
:JL l] ijkl kl 

We take 

/Jt lil s 6Q' 
ij ijkl kl 

We get 

K ( 60"') = Inf K (A L) 

tJ'C e z. 
ad 

We calculate 

K ( 60' + 6'() - K ( t.a) 

= 16 E. .. ( ti l 6 "C dJL + 1 I 216 c s 1J C. d Sl.. 
:.0- l] ij ij ij kl kl 

1L 
But 

j (l) (l) j 
6 t: . . n . ~ u . d r- /j r. . ~ u . d.!L. • 

1] J l 1],] l 

~fl(ll SL(ll 

Because L:l(::' € z , the last term is equal to 0 ; taking into 
ij ad 

account the continuity conditions on the interfaces 1 and the 

boundary conditions , we get 

J 6 E .. ( ii l 6 'C d_Q 
Sl 1] ij 

j (d) 

= !JT. bu. 
1 l 

ro-

Exercise 6 

Show that 

lvtax X (l~ (} I .6 ~ ) L ,;(; ( {j a I ~ If ) L run 'X ( t y I f, li 

IJ~ e v f:,'(e( 

remembering that 
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t 
( l) ( l+ 1 ) ( l ) 

v = ~ ( f:,""J' ) e L> ( _Q_ ) 1 s l ~L , /':, "t = t:,1 
i j 

l = 1 , ... , L- 1 ~::, -:; 0 on I f u 

,, 

z I 

~ it; '[ !J '[ }j [_ fie c L 2 ( .JL ) . 
ij j i ij 

i ' 1•3 ro r ms a ( /jo , D 'L) a nd b ( lJ 'c, /::, "t ) a re b icontinuous o n LX 2: 

:lil,! L ·:: 11 re s pect i ve ly • \•Je h a ve the inequality 

fJt IJE (D't'l ~ 
ij ij 

s 
ijkl 

tJc 6c 
ij kl 

0 ~ • 

Us i n c:r the inequality above 1ve get that b ( 6L., b.":t) is 

ll , , L ( A ~V ) Z - e lptlc . u is continuous on V ; by KORN inequality , 

:3 C , Sup 

a nd we get what we want • 

Exercise 7 

Show the convergence of the scheme described in ( 26 ) • 

Proof 

Th e equations of ( 26 ) can be written as 

n+ 1 ~ 
( 6G , E ( b v ) ) = L ( !:, ~ ) ( 2 ) 
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\·le choose 

ij 

and we get 

D 
ijkl kl 

...... 
( v ) in ( 1 ) , 

) n+1 n 
+ 1 ~ ( 6\i ) - E (6ti ) ,t::.c (~'l} . 

But , at the end of the iterations , we s hall have 

so , by substracting ( 4 ) from ( 2 ) , and choosing 

n+1 
!\ -'l> A _.,. 1\ -'> 
WV=WU -w u, 

we get 

( 3 ) 

( 4) 

n+1 n+1 '> n+1 _,.. 
( 6o , ~ ( 6 \i ) - ~ ( 6 u ) ) = ( 6 o, E. ( 6\i ) - E ( 6 u ) ) • ( 5 ) 

n+1 
h . . /\-'3> /\--"' /\->. C oos1ng aga1n wv = wu -w u 1n ( 3) , vie lvrite 

<; n+1 ~n n+1 
it (/::, I? ) - E (6 u ) , t ( 6 \T ) - E ( 6 li ) J 

n+1 n n+1 
~ ( 6 o - 6 o ( illi ) E ( 6 li' ) - t ( 6 il~ ) ) 

using ( 5 ) . 

We evaluate now 
\ ~n+1 n+1 

1 c (lJu ) - t(L~u> ), ~ ( 6\?)- E(6t:f) ~ 

~n n+1 
+ \ ( 6 o - !J Cl( !J u ) , E ( !J li ) - t ( 6 \[ ) ) 
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Using the CAUCHY inequality , and S D = 1 ,we get 

{- { E ( 6 ~n l - E ( 6li l ~ 

_,.n -'3>n ~ 
- 2 \ ( !Jo- !J 6"( 6 u l , c ( ~::, u l - E ( t::. u l l . 

Dut 

and 
~n ( :OJ 

£ i 't. ( 6u ) - t ( 6 tf ) 5 

~ 

The \ ~ 7 sequence i t ( 6 u ) - E ( ti u ) ) 0 for 

Note : for \' = 1 : we get in ( 3) 

n+1 ....,. 
60 ,6t(vll 

or 

n ~ 
(6 0 (6ti ) ,!Jf(v)) 

n+1 n 
+{E..wlf) -'E (.6u) ,f(!::.~)~ ~ 

L(l.v), 

= L ( 6 -;j ) + 16 c ( 1P ) D lJ t 
;JL ij ijkl 

--> 
( v ) dSL 

-j.6o .. ( tJi) .6t. ( \f) dSL • 
l] ij 

'JL 

But ( see exercise 1 ) 

where 

D,'t_ 
ij 

-7n 
u ) D 

(p) n 
6t. (/;:,li) 

ij 

ijkl 

ij 

D 
ijkl 

Ac(p) -=>n 
.<--l c.. ( 6u ) 

ij 
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lve have now 

of 

oa 
ij 

n 
o L:lc ( /Jti ) > 
ij kl kl 

(Jf 
D + h 

oo pqrs 'Oo 
pq rs 

D LIE ( ~) dSL 
i j kl kl 

= L ( LJ~ ) - /:)t_ ( 6u ) D 6~ ( v ) dSL, 1 ( p ) -~P ....,.. 

,:..li-
ij i j kl kl 

This scheme is the initial stress method proposed by ZIENKIEWICZ . 

Exercise 8 

Show the convergence of the scheme described in ( 27 ) • 

Proof 

The equations of ( 27 ) can be written as 

( 2 ) 

n+ 1 
We c hoose 6 t = /::;() - bO in ( 1 ) , and we get 

n+1 n n+ 1 
[D-o -6G,bo -.6o ] 

n+ 1 n n+ 1 
= \ ( t ( 6 ""(; ) -A E ( b a ) , e:, G - l:Jo ) ( 3 ) 

At the end of the iterations , we shall have 

( 4 ) 

and we get , by substracting ( 4 ) from ( 2 ) , and choosing 

n +1 n+ 1 
( tJ<J - 1:! <f , E ( 6li ) ) 

n+ 1 -"> 
( L)Cf - .b\l,t: (6u )) ( 5 ) 
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Using ( 5) in ( 3 ) results in 

We e valuate now 

n+1 n n+1 n n+1 
[ 6 () - 6 () I Ll 6 - 66 J + [!:> <Y - DO I 6 0 - !JQ"] 

n n+1 
\ ( c:: ( 6 ti> l - 6 ?: ( b a l I .6 G' - tJ a) 

n n n+1 
= ( ~ ( E ( 6 it l - !::. t ( ~::; <5"" l ) + s ( ocs - 66) I t:, o - M1 • 

Using the CAUCHY inequality 1 we get 

Using the fundamental inequality 1 we find 

n+1 n n 
{;. [ 6 0 - 6<5J + \ 

2 ~ C ( 6 tr ) - /jt_ ( lY:S ) ~ 
n 2 

- 2 f[D() - 6oj 

3 M > 0 1 so that 
2 

{_ E (L)u>) - 6?: ( b<Jn l ~ L 

2 
If 0 L ~ ( - 1 the sequence converges • 

!vi 

Exercise 9 

Show the convergence of the hybrid dual scheme ( 22 - 23 ) • 

Proof 

2 

At the e nd of the iterations in one increment of load DP 1 the 
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increme ntal solution will satisfy the system 

( 1 ) 

= L ( 6v"> l ( 2 ) 

The hybrid dual scheme can be written as 

n+1 n+1 n 
(6<f ,6c ) - ~b ( 6li ,be ) = ( DO ,IJ'( ) 

( 3 ) 
n 

- ~ a ( lJ E. ( t. a ) ,,Lj t ) 

n+1 , 
b ( 6o , 6v l = L ( tJ ~ ) ( 4 ) 

We substract ( 2 ) from ( 4 ) 

n+ 1 ~ 
b ( .6G - 60, b.v 0, 

n+1 
f h 11 -> A ~U _ A -U;:> and , i we c oose wv = u D , we get 

n+ 1 n+ 1 
b ( b,\f ,60 _ l:J<f) 

n+ 1 
b ( !J ii' , lJ <s- - bo) 

n+1 
Taking now ~ 'L =DO - .60 in ( 1 ) , we finally obtain 

( 5 ) 
n+1 

= a ( bt ( 60 ) , DO - Do ) 

n+1 
Choosing 6 't = 60 - DO in ( 3 ) results in 

n n+1 
- a ( 6E ( 6Cl ) , b <S - 60 ) ) 

Using ( 5 ) and the notation ) , we fina l ly get 

n+ 1 n n+1 n+1 
( !J<J - /JO ,J::,.(; - 60 ) =~ ( a ( .1€- ( i:>O) ,DO -A G" ) 

n n+ 1 
- a ( !JE ( 6 0 ) , l~ - 6 0 )) 
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n n+ 1 
= \(DC(l\\J) -IJE(l~o ) ,.6\J -b<J ) 

We eva luate now the quantity 

n+1 n+1 
( 66 -t>a, 6o -60 ) ( 7) 

n+1 n n n+1 
( .6 o - Ll () + .t. 0 - L\ IS"', b 0 - C:. 0 ) 

n n n+1 
~ ( 6 c ( b ()) - l> c ( 6 o ) ) + 6 <J - b<f, 6 a - /.J a 

Using the inequality 

216 c J:J G- d SL sl ( 61:: 6 y + 6 e l:iJ ) d.n_ , 

:_n_ Jl. 

we can writ e in our case 

n n n+1 
f ( tl E ( 60) - Lt ( ba ) + 6a - bo, ll o - .6. o) 

2 

n n n n 
+-

2 
( 60 - L':>O, 60 - flO) + ~ ( 6t ( 6o) - IJ't ( !)() ) , IJ~ - /YY) 

+-
2 

So , we get for (7) , introducing ( - , - ) = ( -

n 
~~ (6 ~ (6 <5"") -.0~ ( Do) 

( 8) 

n n 
- 2 \ (b t(i~O) - /Jc( bo) ,bo - DCJ) . 

Using one of the fundamental inequalities established in the 

exercise 2 of the appendix 
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n n 
( 6E ( 60) - 6t ( 6o ) ( 60- Do 

n n 
s UY\f - tJ~ l ( ll o - l':lo 

i jkl 

we write for t he who l e volume 

n n n 
( 6 c ( Ll<f ) - 6 c ( {::;, 0 ) , {J <f - iJ 0 ) ~ 0 ( !J () - 6 () ) 

~ M > 0 s uch that 

n n 
( .6t_ ( [J0 ) - ,6t_ ( Do) ) £ M ( L)o - bo- ) 

Then 
n+ 1 

(bo - 6o l 

n 2 

+ ( ~" M - 2~o ) ( /j(S -IJ 0 ) 

To prove the convergence of the scheme ( 22 , 23 ) , 
2 

satisfy ( ~ 2 N - 2 ~ 0 ) .(__ 0 , that is 0 <(. 'f z 
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( 9 ) 

has to 
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