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ABSTRACT: ln several mechanical systems some of the parameters 1 ike the stiffness 
may vary periodically. In those cases there is a risk for so called parametrically 
excited vibrations. By studying simple systems, one may get some general feeling 
for the problem and a rough estimate whether the phenomena may occur or not. 

INTRODUCTION 

The majority of machine vibrations consists of ·so called forced vibrations. 

However, there is another major class of machine vibrations, i.e. self-excited, 

which are rarer than forced vibrations, but they are difficult to anticipate be 

fore the fact and diagnose after the fact because of their subtlety /1/. 

Parametric vibrations form a special subclass of self-excited vibrations. They 

can be explained by periodical variation of some parameters in the equations of 

motion. During the last years investigations have been performed by several authors, 

e.g. Todl /2/, Eicher /3, 4/ and Schmidt /5/. 

Eicher /4, p. 8/ has given several technical applications were parametric exci

tation could occur, e.g.: 

- centrifuges with anisotropic mass properties, 

-wind power plants with two wings, 

gears with varying number of teeth in action, 

- pendulum with varying length. 

In order to understand the phenomena let us study the simplest possible equation 

written in nondimensional form: 

x + (1 + ycos2t)x D. (1) 

By moving the term with periodically varying coefficient over to the right hand 

side an equation 

X + X - ycos2t•x (2) 
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is obtained which can be solved by means of iteration. The first order approxima

tion is obtained from 

X + X 
0 0 

0 

which has the general solution 

x A cost+ B sint. 
0 

The next approximation is obtained from 

x
1 

+ x
1 

= - ycos2t•x
0

. 

By using the trigonometrical formulae 

one obtains 

2 cost cos2t 

2 s int cos2t 

cos3t + cost, 1 

sin3t - sint J 

x
1 

+ x
1 

=- f (Acos3t + Acost + Bsin3t- Bsint). 

(3) 

(4) 

(5) 

(6) 

(7) 

The particular so lution of x
1 

will now contain oscillating terms with 1 inearly 

growing amplitude. In a similar v1ay terms proportional to time squared are obtain

ed in the next iteration. 

In fact one can show that the general solution of (1) is /4, p. 10/ 

x( t) (8) 

c
1 

and c2 are real coefficients, P1(t) and P2(t) are periodical functions and~,. 

~ 2 are characteristic exponents. 

In our analysis we have assumed that the frequency of parametric variation is 

equa l to twice the e igenfrequency of the system. This is the case for the so called 

main parametric resonance. However , there is an infinite number of finite inter 

vals for w where unstable solutions are obtained for equation: 

x + (1 + ycoswt) x 0. (9) 



The intervals are located around the angular frequencies 

( 1 0) 

where n is the order of the parametric resonance. However, the parametric reso

nances of higher order are generally so easily damped out, that they will hardly 

occur in practice. 

INFLUENCE OF DAMPING 

We shall now introduce a viscous damping term into our equation of motion: 

x + 20x + f(t)x 0. ( 11) 

D is a common nondimensional measure for damping, first introduced by Lehr /6/ in 

1930, defined as the ratio between viscous damping and critical damping. 

By making the transformation 

x = y exp(-Dt) ( 12) 

one obtains 

0. ( 13) 

In most practical cases 0<<1 (otherwise a more careful investigation of parametric

ally excited vibrations is hardly required). It is readily seen that the amount of 

damping necessary to damp out the parametrically excited vibration is equal to the 

positive characteristic exponent. 

The amount of damping necessary to damp out the vibrations of the first order 

parametric resonance is given by 

D > i ( 14) 

The corresponding expression for the parametric resonance of second order is 

( 15) 

In fact the amount of damping necessary to damp out the vibrations at the para-
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metric resonance of n:th order is proportional to the n:th power of y /5, p. 9/. 
In general y << 1 which indicates that parametric resonances of higher order are 

of minor interest. 

If the dynami c system is damped, but not enough damped, the vibrations will 

still grow exponent ially , but with a lower rate. 

INFLUENCES OF NONLINEARITIES 

In the last sect ion we noticed that parametrically excited vibrations may grow 

without bound even if a certain amount of damping is present in the system. However, 

every physical system is to a smaller or greater extent nonlinear. We shall now 

introduce a nonlinear term into our equation: 

x + 2D x + (1 + ycos2t + Ex2)x = 0. (16) 

The equation can be rewritten as two first order equations: 

( 17) 

and integrated by means of e.g~ the Runge-Kutta method. 

For the values D = 0, E = 0.001, y = 0.25 (undamped, slightly nonlinear case) 

the amplitude first grew exponentially as one might expect from the 1 inear theory. 

However, after reaching it s peak value it started to decrease again and then, after 

a while grew again. A low-freq uent swaying was superimposed on the high -freq uency 

vibration (Fig. 1). 

In a slightly damped case (D = 0 . 01) the amplitude reached a 1 imit value after 

a few cycles (Fig. 2). 

THE METHOD OF YANO 

Yano /7/ used a method which enables a transformation to an autonomous set of 

equations (i.e. the t ime does not occur explicitly in the set of equations). 
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Figure 1. Main parametric resonance. 
x + (1 + ycos2t + £x2)x = 0. 
x(O) = 1, x(O) = o, y = 0.25, £ = 0.001. 

The transformation method of Yano is used for our equation 

2 y + 2Dy + (1 + ycos2~t + £Y )y 0 ( 10) 
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which can be expressed as two first order differential equations 

Y 1 ny2 ' 

y2 - 2Dy 2 
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Figure 2. Main parametric re sonance.
2

Sl ightly damped case. 
i~ 2D~ + (1 + ycos2t + ~x )x =D. 
x(O) = 1, x (D) = o, o = 0.01, y = 0.25. 
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By introducing the following transformation 

~cosnt + ~sinnt, } 

~sinnt + ~cosnt 

(20) 

and assuming that the parameters D, y and£ are small enough, and that ~ . n are 

varying slowly a set of autonomous equations is obtained after an averaging proce 

dure: 

A - 2DA - yA 
sin2.P 1ili ' ) 

~ 1 2 + ~ A2) - fn cos2<f> J -- (1 - n 2n 4 

(21) 

where 

~ Acos<f>, ~ = As in<f>. (22) 

lt is read i 1 y seen that 

A2 2 2 2 + (Y) 2. y1 + y2 y 
n 

(23) 

By multiplying the first equation by A, our final set of equations is obtained: 

d 2 2 A2 
f 1 = dt (A ) = -2DA - ~~ sin2.p, 

f = ~ = (1 - 2 3£ A2) - r_ cos2~ 2 dt - 2n n + ~ 4n o/o 

} (24) 

This set of equations can be studied analytically in the A2- .p phase plane. Two 

important questions must be answered. First we must find the steady state solutions, 

i.e. the critical points in the phase plane. After that we must investigate their 

stability. The critical points are obtained from the conditions 

f1 = f2 = 0. (25) 

For n one obtains the trivial solution 

2 

} A = 0, (26) 
cos2<f> = 0 
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and the nontrivial so luti on 

sin2~ 

cos2~, 

40 
y 

} (27) 

The stability conditions are obtained from the 1 inearized e ig envalu e equation 

df1 df 1 
-

dA 2 0 CiT 
0 . ( 28) 

df2 df2 
-

dA
2 d¢ 0 

For th e trivial so 1 uti on we get 

I - 20 ± .r - 0 0 
2 0. ( 29) 

3£ + j_ - 0 -8 - 2 

If y < 0/4 the time derivative of A2 i s a lways negative. Otherwise we get un s tab l e 

e igensolutions. For the nontri v ial solution we obtain 

and thu s 

- o• i 
2/ 
3£ 

-2 0 - o·i 

I 2 i' 
i ·o = - 0 ± V 0 - ~ 

The solution is thus always stable. 

0 (30) 

(31) 

In the damped casey= 0.25 and £ = 0.001 one obtains the amplitude A = 12.9 

and the swayi ng angular frequency o = 0 . 125. In t he damped s lightly damped ca se 

good agreement with the res ul ts of numerical s imul at ion were obtained. (See Fig. 2). 

In the undamped case the ass umption of s lowly varying amp! itede is not valid any 

more. 
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TWO DIMEN SIONAL CASE 

I f a rotor is mounted on an anisotropic shaft (Fig. 3), and we are cons i de ring 

- -' • X 

F i vu1e 3 Cross sec;tion of ;,n •''nis0tropic shaft. 

tlw eo,u<ti: i(lw. of motion in a 11Dilrvtf1Ling coorrlinate system. the te rm s in the st iff 

nr::ss rnai·r·ix are ·1a1ylnq rcrindic~:lly. !his pr0l>iem has l•een st udied by se veral au

i· hor s, e.n. l;i'~cl! /H/. li' iherc~ ir. a !]yrosrnpic coupling i n the s y ~tem , a ve l ocity 

i1 1 1!1·'! ;; rli1Action v!ill rause <• fon~c in y ·dircction ,,n cl vice versa . l-ie shnl l in 

clude Lh;,t effect i nto our ;:na lysi ,; hy rne<•r•s of a sy1nbo l i c gyroscopic term: 

r~ n {'<1 [ 11 
,., J::"l 

l~ n {}(1 
y.J gw 

-1 OJ \.Yf Y; 

[c~s 2wt S lfi /u.1t l J>:1 {~} . ·,· 
2wt 2wlJ lYJ 

S ill -cus 
(32) 

w is t he angu lar speed of r~volut ion. By in t r oducing t he compl ex notat ion 

Z = X + iy (33) 

a single complex eq ua tion i s obtained 

11 



z - iwgz + z - yz*ex p(2i wt ) 0 (34) 

where z* denotes the comp lex conjugate of z. Let us first consider the i sot ropic 

ca se, i .e. y = 0. The e igenfreq uenc ie s are obtained by mea ns of the common tria l 

Thus 

z = z exp(int). 
0 

2 n - wgn - 1 

(35) 

0 . (36) 

At each speed of revo luti on we obtain two e igenfrequencies, one with positive 

and the othe r with negative s ign : 

(37) 

The former is denot ed as forward and t he latter as backward precessional whirling 

fr equency in commo n rotordynamic terminology. 

Hhen the frequency of the forward precessional whirl coincides with the spin 

speed (i. e. n=w) we have a forward precessional critical speed 

W . = j 1 I 

+ 1 - g 
(38) 

That critical speed is directly excited by an unbal~nce. 

Hhen the frequency of the backward precessional whirl coincides with the spin 

speed (i.e. n = -w) we have a backward precessional critical speed 

w = j 1 ' 
- 1 + g (39) 

That critical speed is normally not strongly excited by an unbalance. However, it 

can be noticed, e.g . if the bearings stiffnesses are anisotropic. 

Equation (34) can be readily transformed to a rotating coordinate system by 

taking 

which gives 
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z = z (t)exp(iwt) 
0 

(40) 



( z 2 iwz 2 iwgz 
2 

yz~) e 
iwt 

0. + - w z - + gw z + z 
0 0 0 0 0 0 

(41) 

~Je sha 11 assume 

z AZ o' z A2z 0 0 0 
(42) 

where A is a real number, and introduce 

(43) 

which gives, after identification of the real and imaginary parts, the following 

.set of equations 

2 2 2 
z R ( A - w + w g + 1 - y) - z I ( 2 wg - wg A) = 0 , } 

2 2 2 
zR (2wA - wgA) + z 1(A - w + w g + +y) = 0 . 

(44) 

The condition for nontrivial solution give s 

(45) 

In this case we are thus able to calculate the growth rates of the characteristic 

equation analytically. If we assume A« 1, we obtain 

(46) 

The maximum value of A is found in the vicinity of the forward precessional critic

a 1 speed w+: 

(47) 

CONCLUSIONS 

By studying simple mechanical systems, one can obtain some general ideas of the 

phenomena called parametrically excited vibrations. It is also pos s ible to judge 

if the parameter variation is strong, and the damping weak enough, so that para -
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metrical exc itation might occur. The greatest risk for excitation i s when t he 

frequency of parameter variation i s twice the e igenfrequency of the system (i. e. 

parametric resonance of fir s t order ). The condition for un s table solution i s 

y > 4D. (48) 

y i s the re lative vari a tion of st iffne ss, and D is the ratio be tween viscous damp

ing an d cr iti ca l viscous damping. 

For a system wit h a harden ing spri ng, the vibration amplitude doe s not grow 

without bound . In the undamped case a "bur st" phenomenon ca n be observed. In the 

moderate ly damped system the 1 imit amplitude was reached fa irly quickly. By means 

of a transformat ion introduced by Yano , the equat ion s can be transformed to an auto

nomous system and st udied in the phase plane. For t he damped case, a good approx i 

mat ion was obtai ned for the 1 i mit eye 1 e and t he "beat" frequency. In the undamped 

case t he assumpt ion of s l ow ly varying e nergy i s obviously not valid any more. 

For the s ingl e-mass rotor with massles s ani sotrop ic shaft it i s possible to 

s tudy parametrically exc ited vibrations analytically . 
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